Nonlinear Systems of
Partial Differential kquations

Applications to Life and Physical Sciences




Nonlinear Systems o'
Partial Differentia Equations

Applications to Life and Physical Sciences



This page intentionally left blank



Nonlinear Systems of
Partial Ditferential Equations

Applications to Life and Physical Sciences

Anthony W Leung

University of Cincinnati, USA

\\3 World Scientific

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN



Published by

World Scientific Publishing Co. Pte. Ltd.

5 Toh Tuck Link, Singapore 596224

USA office 27 Warren Street, Suite 401-402, Hackensack, NJ 07601
UK office 57 Shelton Street, Covent Garden, London WC2H 9HE

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library.

NONLINEAR SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS
Applicationsto Life and Physical Sciences

Copyright © 2009 by World Scientific Publishing Co. Pte. Ltd.

All rightsreserved. Thisbook, or partsthereof, may not be reproduced in any formor by any means, electronic or mechanical,
including photocopying, recording or any information storage and retrieval system now known or to be invented, without
written permission from the Publisher.

For photocopying of material in this volume, please pay a copying fee through the Copyright Clearance Center, Inc., 222
Rosewood Drive, Danvers, MA 01923, USA. In this case permission to photocopy is not required from the publisher.

ISBN-13 978-981-4277-69-3
ISBN-10 981-4277-69-X

Printed in Singapore.



TO MY

FAMILY



This page intentionally left blank



Preface

Substantial progress had been made in the last two decades in the theory of
nonlinear systems of partial differential equations. Much of the developments
are motivated by applications to the natural sciences of biology, physics and
chemistry. There is a considerable amount of results concerning positive solu-
tions for the study of ecological and medical sciences. Other applications involve
reactor dynamics, fluid, plasma, display technology etc. There are several excel-
lent books published in such topics in the last decade; however, due to numerous
recent developments of new methods and results there is a need for a book to
collect them for convenient reference and study. The gathering of many exist-
ing theorems enhances the understanding of the subject and leads to directions
for further research or applications. In the mean time, the demand for reliable
applications encourages deeper understanding of the underlying mathematical
methods of nonlinear partial differential equations. Many of the problems were
introduced in my first book in 1989. In the last twenty years, there is tremen-
dous progress in the mathematical formulation for studies in cancer, cardiology,
epidemiology and cell development etc., leading to larger systems of nonlinear
partial differential equations. More thorough understanding of the interaction
between a few components is crucial for building to large systems. Serious efforts
are made to make this book self-contained. Although many theorems used in
the book are presented in other books or papers, we include their explanations
in the Appendices so that this book is more readable to many graduate students
and researchers who are not specialists in these topics.

For the study of positive solutions, several methods are used extensively in
this book. Topological degree theory method is extremely fruitful in proving the
existence of positive equilibrium for several coupled elliptic systems. One of the
most important tools in nonlinear analysis is the Leray-Schauder degree. Due
to the fact that the positive cone is a retract of a Banach space, it is possible
to define a fixed point index for compact maps as introduced by H. Amann.
The fixed point index is equivalent to Leray-Schauder degree. Many existence
theorems follow from the property of homotopic invariance of degree. Another
powerful method in nonlinear analysis is the use of bifurcation theory as devel-
oped by Crandall and Rabinowitz. Bifurcation of solutions may occur at points
where the implicit function theorem does not apply. Estimation of solutions by
means of maximum principle combined with global bifurcation theory provides

vii
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convenient analysis of the behavior of positive equilibria as various parameters
changes. Many diagrams are included describing the range of parameters so
that coexistence can occur. Through the use of maximum principle for WP
solutions, the book considers the theory of non-classical solutions for interact-
ing species. By means of weak upper-lower solutions, it studies solutions with
discontinuous and highly spatially varying growth rates.

For the study of parabolic time-dependent problems, we use both semigroup
methods and the classical Schauder’s theory. The semigroup method provides
existence of solution of initial value problems in various function spaces. Com-
bined with the spectral analysis of the related linearized parabolic system, we
obtain many time-stability results for positive equilibria. Comparison theorems
for parabolic systems under various boundary conditions also provide estimates
of solutions by means of upper and lower solutions.

A significant part of the book is devoted to the study of optimal control of
systems of nonlinear partial differential equations as developed by J. L. Lions.
They are systems motivated by applications involving equilibrium or time de-
pendent problems. The object is to control the coefficients of the systems so
that certain properties of the subsequent solutions are maximized. Both the
theories of weak and classical solutions are used. A larger optimality system
of equation is deduced for the optimal control. Combined with the method of
upper-lower solutions, we construct monotone sequences converging to estimates
of the optimality system.

The book also describes results concerning systems of nonlinear wave equa-
tions and traveling wave solutions for parabolic systems. The system of wave
equations is analyzed by semigroup method. In contrast to the popular method
of finding traveling wave solutions by means of dynamical system theory, we
carefully explain the method of finding traveling solutions for parabolic sys-
tems by using upper-lower solution in an unbounded domain. Other topics
studied include invariant manifolds for coupled parabolic-hyperbolic systems,
cross-diffusion for elliptic systems, persistence, blow-up due to boundary inflow,
coupled elliptic-parabolic system related to display technology, degenerate dif-
fusive systems and other related topics. Although the systems are motivated by
applications, the techniques of analyzing such types of problems are carefully ex-
plained. They involve extensions of methods described in the above paragraphs.

Chapter 1 considers systems of two coupled nonlinear elliptic or parabolic
equations. The nonlinear terms incorporate the interactions between two life
species occupying a common domain. The cases of competition, cooperation or
prey-predator relationship are covered in detail in separate sections. The bound-
ary values are given in the Dirichlet type. The trivial vector function is always
a solution of the systems. The major concern is the additional possibility of
coexistence solutions when both species survive together. We use the methods
described in the last few paragraphs to find coexistence states under various con-
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figuration of interaction parameters, diffusion rates and size of the environment.
Many results are related to the principal eigenvalues of various scalar problems
induced by the original larger system. The time-stability of the coexistence
states for all the three cases are discussed in the last section of the chapter.
Some other long-time behavior of the corresponding reaction-diffusion systems
are also studied. Most of the results are published by many researchers in the
nineties or afterwards, and cannot be found in other books. Chapter 2 extends
our discussion of problems in the first chapter to larger systems of equations.
The species components may now be classified into groups inside which they
interact in competition, cooperative or food-chain manner, while the different
groups interact in various ways. The conditions for coexistence becomes more
complex. However, we see the methods developed in the first chapter can be
extended to cover many different cases. For practical applications, we consider
analysis of epidemics, fission reactor engineering and other problems.

Chapter 3 studies the optimal control of nonlinear systems analyzed in the
first two chapters. We control the interaction parameters or boundary conditions
in order to optimize an expression involving the solutions of the systems. Using
the understanding of the uncontrolled systems in the last chapters, we deduce
conditions when optimal control is possible. We consider the control of elliptic,
parabolic and time-periodic systems. For biological systems, we maximize the
economic return of species-harvesting; and for reactor problems, we optimize
the target temperature profile. From the original systems together with the
optimization criteria we deduce larger optimality systems which describe the
optimal controls. We further analyze the solution of the optimality systems by
means of monotone convergence schemes. So far, results for such systems have
not been gathered coherently in a book form.

Chapter 4 emphasizes on other aspects of the solutions of the reaction-
diffusion systems. We consider conditions on the equations when certain com-
ponents can persist indefinitely in time. We study the effect of diffusion rates
which may depend on the concentrations of other species. Such self and cross-
diffusion property can have significant effect on the coexistence problem. Ques-
tions concerning blow-up, extinction, degenerate diffusion rates and others are
also investigated by various methods described above. Chapter 5 first considers
traveling wave solutions for competitive parabolic systems. There had been nu-
merous results on such topics over two decades ago found by means of dynam-
ical systems technique. Here, we present some very new recent results found
by means of upper-lower solution method in an unbounded domain. We also
study a system of hyperbolic equations and the stability of their equilibrium.
We further discuss the problem of invariant manifold for solutions of coupled
Navier-Stokes and wave equations. Roughly speaking, we find a relationship be-
tween the fluid velocity field and the magnetic field so that it is invariant as time
changes. Finally, we consider a coupled elliptic-parabolic problem motivated by
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research on plasma display technology. We estimate whether the sizes of the ion
concentrations can reach a high enough level for light emission.

We painstakingly itemize in the Appendices those theories and theorems used
in deducing the results in Chapters 1 to 5. They include many standard the-
orems in scalar and systems of partial differential equations, methods in linear
and nonlinear functional analysis and topology. In real world applications, mod-
els are very complicated and they have to be continuously improved with deeper
investigation. It is therefore important to understand how the applicable results
in Chapters 1 to 5 are deduced from the more fundamental theories in the Ap-
pendices. With the standard tools conveniently displayed, one can then readily
modify the theorems in the first five chapters to forms more suitable for proper
utilization. The stress of this book is consequently different from others with
similar titles existing in the literature. On the other hand, the presentation of
the topics in the first five chapters are motivated by practical applications. Con-
sequently, the results can be applied to real world problems by non-specialists,
even if the rigorous proofs presented are not completely understood. Finally,
this book can only cover those topics which have interest me, my friends and
colleagues. Many other subjects concerning systems of nonlinear partial differ-
ential equations are beyond our present scope. 1 hope that this book is helpful
for researchers who will continue to explore on the subject.

I am grateful to many colleagues, students and friends who had discussed
various topics with me. They include in alphabetical order: G. Chen, R. Cantrell,
C. Cosner, E. Dancer, Q. Fan, F. He, X. Hou, P. Korman, A. Lazer, S. Lenhart,
L. Li, W. Ni, L. Ortega, C. Pao, S. Stojanovic, B. Villa, Q. Zhang, B. Zhang
and many others. Their inspirations and encouragements are valuable in the
development of the subject matter of this book. I would also like to thank my
wife, Soleda, for the design of the book cover and her joint preparation of some
figures in the book with Z. Kang. I also appreciate the help of R. Chalkley,
D. Mueller and L. F. Kwong for the efficient production of this manuscript.

Anthony W. Leung
Cincinnati, 2009
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Chapter 1

Positive Solutions for Systems
of Two Equations

1.1 Introduction

In this chapter, we consider a system of two partial differential equations de-
scribing two interacting population species. Each species diffuse from location
of higher to lower concentration, and they interact with each other in a prey-
predator, competing or cooperating relationship. We emphasize the situation
when the species must have zero concentration at the boundary of the envi-
ronment. These are known as reaction-diffusion equations with homogeneous
Dirichlet boundary condition. The boundary condition is known as “hostile” in
some ecological studies. We first consider the possibility of positive coexistence
equilibrium for the case of prey-predator in Section 1.2, competing species in
Section 1.3, and cooperating species in Section 1.4. They are thus systems of
elliptic partial differential equations of the form:

o1Au+u(a; + fi(u,v)) =0
in €,
(1.1) o2 Av 4+ v(ag + fa(u,v)) =0

u=v=>0 on 0f).

In this chapter, we always assume that € is a bounded domain in RN, N > 2,
unless otherwise stated. If N > 1, we assume that the boundary 99 € C?*1*,0 <
a < 1; that is, the boundary has local representation whose second order partial
derivatives are Holder continuous with exponent «. The symbol A denotes the

Laplacian operator:

N 82

=1 8.1‘18.1‘3

2
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2 CHAPTER 1. SYSTEMS OF TWO EQUATIONS

The constants aj,as are respectively the intrinsic growth rates of the species
whose population concentrations at the position x are denoted by u = u(z)
and v = v(x). The parameters o1, 09 are positive diffusion coefficient constants.
The reaction functions f1(u,v), fo(u,v) involve many other parameters reflecting
interaction rates and self-crowding effects of the species. We shall investigate
the ranges of these parameters and their sizes relative to that of the size of
the environment domain €2 so that coexistence states are possible. We shall
use various methods of nonlinear analysis to study these problems, including
upper-lower solutions, monotone schemes, bifurcation, degree theory and their
generalizations. We usually begin with the simplest cases in order to illustrate
how the various methods are used in obtaining the results.

In Section 1.5, we consider the time dependent parabolic system associated
with system (1.1):

up = o1Au+u(ar + fi(u,v))
in Q x (0,00),
(1.2) vy = oAv + v(ag + fa(u,v))

u=v=>0 on 0f).

The main emphasis is to analyze the long time behavior of the system, and to
find whether the solutions are tending to the equilibria described in the previous
sections.

We now proceed to introduce some symbols which will be used repeatedly

in this and later chapters. For any real ¢(z) in C*(Q2) and ¢ > 0, the linear
eigenvalue problem:

(1.3) —oAu+q(z)u=pu in Q, u=0 on I

has an infinite sequence of eigenvalues, p; < ps < p3 < ..., which are bounded
below. It is also known that the first eigenvalue:

(1.4) p=p1=pi(—0A+q(z))

is simple, and all solutions of (1.3) with p = p1(—0A + ¢(z)) are multiples of a
particular eigenfunction, which does not change sign on €2 and has its normal
derivatives never vanish on the boundary 0f2.

For convenience, we define

(15) A1 = pl(_A)a

and denote by w(z), a positive eigenfunction of the operator —A on Q with

boundary condition v = 0 on 0. Similarly, for any real ¢(x) in C*(Q2) and
o > 0, the linear eigenvalue problem:

(1.6) oAu+ ¢(x)u=pu in Q, u=0 on IN
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has an infinite sequence of eigenvalues, p; > p2 > p3 > ..., which are bounded
above. We denote the largest eigenvalue by:

(1.7) p= i1 = picA+q(x)),

which is simple. As shown in Sections 1.4 and 1.5 below, most of the results
in this chapter are valid if the Laplacian operator is replaced with the uniform
elliptic operator:

N
L= z_: 8332833] Z il o)

7]_

where a;;(z), bi(x),c(x) are in C*(0),0 < a < 1, ¢(z) <0 in £, and

N N
Y ay(@)& = po Yy & po >0,
=1 i=1

for all z € Q, all (&1, ...,6N) € RN, For simplicity, we present most of the results
using the Laplacian.

For convenience, we state a simple direct consequence of the maximum prin-
ciple, which will be used repeatedly to assert that in many instances non-negative
non-constant solutions in Q are actually strictly positive in €.

Lemma 1.1. Let u € C%*(Q) be a non-negative non-constant solution of:
Lu+h(z)u=0 inQ, u=0 on 09,

where L is the operator described above and h(z) is bounded, then u must satisfy

u(z) > 0 for all x € Q.

Proof. Let P be a positive constant such that h(z) — P < 0 for all z € 2, and
define v = —u. Then we have

Lv+[h(x) = Plv=—Pv>0 inQ, v=0 on 90.

From the maximum principle, we obtain v(x) < 0 in €, since v(z) is not a
constant function. This means u(x) > 0 in Q.
In this chapter, we avoid the consideration of zero outward normal derivative:

Ou  Ov
=0 9.
o v on
Such homogeneous Neumann boundary condition, which represents no flux of
species across the boundary, has been studied more extensively in other books
in the literature, e.g. Smoller [209] and Leung [125].
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1.2 Strictly Positive Coexistence for Diffusive Prey-
Predator Systems

Let u(x) and v(z) be respectively the density of prey and predator at the point
z in a bounded domain 2. We first consider an earliest result concerning coex-
istence equilibrium when both species are restricted to vanish on the boundary.
We consider the following homogeneous Dirichlet boundary value problem for
the coupled Volterra-Lotka type reaction-diffusive system.

o1Au+u(a —bu —cv) =0
in Q,
(2.1) ooAv +v(e+ fu—gv) =0

u=v=0 on 0f).

Here, 01,09,a,b,c,¢, f,g are positive constants. The parameters a,e are the
intrinsic growth rates and b,c, f,g are interaction rates. Note that the prey-
predator relation is reflected by the signs of —c¢ and +f.

Part A: Early Results via Upper-Lower Solutions and Bifurcation.

The following theorem concerning the coexistence of both species can be
readily deduced by means of upper-lower solutions method for a system of elliptic
equations.

Theorem 2.1. The boundary value problem (2.1) under hypotheses:
a > 0'1)\17 e > 0'2)\17

(2.2) cf < gb, and

o1gb ce
a > gb—cf[)\l + {FTl]

has a solution with each component strictly positive in 2. Here \1 is defined in
(1.5).

Proof. The last two inequalities of hypotheses (2.2) imply that a(1 — ;—J;) >
o1(A 4 557); hence a > o1A + £(e + f3). It follows that for each fixed v,
0<wv< %(e + f%), the function u; := dw(x) > 0 is a lower solution of the first
equation in (2.1), for § > 0 sufficiently small. (Here w(z) is described in Section
1.1.) That is, we have for each such v:

o1Au; +ui(a —buy —cv) >0 in Q, and
(2.3)
u <0 on 0.
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On the other hand, the function us(x) := a/b is an upper solution for the first
equation in (2.1). That is,

o1Aus + uz(a — bug — cv) <0 in Q, and

uy >0 on 0.

Similarly, for each fixed u, 0 < u < a/b, the functions v := dw(x), for sufficiently
small positive 0 and vy () := é(e—i— [%) are respectively lower and upper solutions
for the second equation in (2.1). By means of an intermediate-value type theorem
(see Tsai [221] or Theorem 1.4-2 in Leung [125]), we assert that there exists a
solution (u*(x),v*(x)) of (2.1) satisfying u1(z) < u*(z) < ug,v1(2) < v*(x) < vo

for all x € €. Note that since v; > 0, we have (2.3) valid for all v satisfying
v < v <.

Remark 2.1. The proof of Theorem 2.1 is simple. However, it uses an
intermediate-value type theorem, whose proof requires Leray-Schauder degree
theory. Observe also that the inequalities in (2.2) are more readily satisfied for
large domains, because A; will then be small.

We next use a more sophisticated procedure to see how the various sizes of
the parameters a and e lead to different results of existence and non-existence
of positive solutions. We first consider the boundary value problem:

(2.4) —oAu+ q(z)u =u(a —bu) in Q, u=0 on 0,

where o > 0,¢(z),a and b are as described above. Suppose that a < p1(—cA +
q(z)). Let ¢(x) > 0 be an eigenfunction for (2.4) with p = p1(—cA + ¢(x)).
Using the family of upper solutions ep(x),e > 0, for (2.4) and the sweeping
principle described in Theorem 1.4-3 [125] one readily deduces that u = 0 is
the only non-negative solution of (2.4) if a < pi(—0A + ¢g(z)). On the other
hand, suppose a > pi(—cA + q(z)). We use large constant as upper solution
and small multiple of ¢(z) as lower solution for (2.4) to deduce the existence of
a solution which is positive in 2. Furthermore, such positive solution is unique,
when a > p1(—0A+¢q(x)). (See Lemma 5.2-2 in [125].) We will state the above
observation in a slightly more general situation, which will be used repeatedly
in many chapters.

Lemma 2.1. Let q(x) be in C*(Q), 0 < a < 1; G € C([0,00)),G" < 0 in
(0,00) and there exists some ¢y > 0 such that G(cg) < 0. Consider the boundary
value problem

(2.5) —oAu+ q(x)u =uG(u) in Q, u=0 on IN.

(i) If G(0) < p1(—0A + q(x)), then u = 0 is the only non-negative solution of
the problem.
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(i) If G(0) > p1(—0A + q(x)), then the problem has a unique strictly positive
solution in €.

We consider the problem (2.1) under the simplest situation when the growth
rate a of the prey is small. In such situation, no prey population can survive as
described below.

Theorem 2.2. Suppose a < p1(—cA) and (u,v) is a non-negative solution of
(2.1). Then the following are true:

(i) u =0 in Q.

(ii) If e < p1(—02A), then we also have v = 0 in Q; if e > pi(—02A), then
either v =0 in Q or v is the unique positive solution of

(2.6) o9Av+v(e—gv) =0 in Q, v =0 on .

Proof. Multiplying the first equation of (2.1) by u, and integrating over 2, we
obtain

(2.7) —01/ uAudz < a/ u2daz—b/ udde.
Q Q Q

On the other hand, the characterization of the first eigenvalue gives

(2.8) pl(—alA)/u2d33§/01|Vu|2d33:—01/uAudac.
Q Q Q

Inequalities (2.7) and (2.8) imply that fQ widr < mfﬂ u?dr if u # 0.
Thus we must have v = 0 in Q. Consequently, assertion (ii) follows from the
discussion for single equation above analogous to (2.4), with ¢ = 0, and o, a,b
respectively replaced by o9, ¢, f.

We next use bifurcation technique to analyze problem (2.1) as the parameters
e or a varies. This will eventually lead to Theorem 2.3 and Theorem 2.4. The
approach involves decoupling the two equations in (2.1). We write the first
equation in (2.1) in the form;

(2.9) —01Au+ cvu = u(a —bu) in Q, u=0 on 09,

which can be regarded as a special case of (2.4) with ¢ = o1,q(z) = cv(x).
Thus, if a < pi(—01A + cv(x)), then (2.9) has no positive solution; while if
a > p1(—o1A + cv(x)), then (2.9) has a unique positive solution in €. Let v be
an arbitrary function in C1(£), we define u(v) as a function on Q by:

0 if a < pi(—01A + cw),
(2.10)  wu(v) =
unique solution of problem (2.9) if a > p1(—01A + cv).
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Clearly, if v satisfies the single equation:
(2.11) —03Av =v(e —gv+ fu(v)) in Q, v=0on 0,

then the pair (u(v),v) will be a solution of (2.1). To analyze (2.11), we first
obtain the following properties of the mapping v — wu(v).

Lemma 2.2.(i) The mapping: v — u(v) defined by (2.10) considered as a
function from C*(Q) to C1(Q) is continuous;
(ii) if v1 > vo in Q, then u(vy) < u(va) in Q.

The proof of this lemma can be found in Brown [15] or p. 360 in Leung [125].

To study more interesting situations, we now suppose that
(2.12) a> p1(—o14).

In the following Theorem 2.3, we let the parameter e varies, while all other
parameters are held fixed. Problem (2.1) has two non-negative solutions (0, 0)
and (u(0),0) for all values of e. We consider the global bifurcations as e varies in
the decoupled equation (2.11). This leads to bifurcation from the line of solution
(u(0),0) to solution of (2.1) with both components positive in 2. Let L be the
operator defined by

Lv = —o3Av — fu(0)v.

Without loss of generality, we may assume that p;(—o2A — fu(0)) # 0. Other-
wise, we replace L by L+k for an appropriate constant k. For each hin C1(£2), let
Kh denote the unique solution of the problem: Lu = h in 2, u = 0 on 9€2. The
map K : CH(Q) — C1() is a compact linear operator. Let F : C*(Q) — C1(Q)
be defined by

F(v) = —gv® + flu(v) — u(0)]o.

By Lemma 2.2, F' is continuous and |[F(v)|| = o(||v]|) as v — 0 in C1(Q), where
|| - || denotes the norm in C'*(Q2). We now write (2.11) in the form:

(2.13) v—eKv— KF(v)=0.

Since ||KF(v)|| = o(||[v]]) as v — 0 in C1(£2), we can apply the global bifurcation
results of Rabinowitz [190] as the parameter e varies. We can also apply results
concerning bifurcation from simple eigenvalues described in Crandall and Ra-
binowitz [33], Blat and Brown [11] or [125] to obtain properties concerning the
local behavior of the bifurcation solutions. It is shown that in a neighborhood
of the bifurcation point (p1(—o2A — fu(0)),0), all non-trivial solutions (e, v) of
(2.13) lie on a curve of the form {(é(a), #(a)) : =6 < a < 6} in Rx CH(Q), where
€(0) = p1(—02A — fu(0)) and ¢(a) = agy+ terms of higher “order” in «. Here,
¢1 is a positive principal eigenfunction for the eigenvalue pi(—o2A — fu(0)).
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From the fact that % < 0 on 0f2 where v is the outward unit normal at the
boundary, we thus conclude that for « sufficiently small and positive, the corre-
sponding non-trivial solution v lies in the cone

P={veC'Q):v(z)>0 forxzcqQ, %(az) <0 for xz € 00}.
Moreover, the closure of the set of non-trivial solutions (e, v) of (2.13) contains
a component S (i.e. a maximal connected subset) such that either S joins
(p1(—02A — fu(0)),0) to co in R x CH(Q) or S joins (p1(—0o2A — fu(0)),0) to
(p,0), where p is some other eigenvalue of L. More precisely, we can further
deduce (see [125] or [11]) the following properties for the set S.

Lemma 2.3. The component S contains a connected subset ST C S — {(e(a),
¢(a)) : =6 < a < 0} with the following properties:

(i) ST is contained in R x P;

(i) {p € R (p,0) € S} = (pr (=02 — fu(0)), +0).

Let (u,v) be any solution of (2.1) with each component non-negative in €.
Suppose that v is not the trivial function, then v is the unique positive solution
of the equation

(2.14) —03Av — fuv =wv(e —gv) in 2, v =0 on .

Let A1 and w; be the principal eigenvalue and the corresponding eigenfunction
with max{wy(z) : © € Q} = 1. Tt is readily checked that if e > o3A1, then
the function g~!(e — o2 A1 )w; is a lower solution of the problem (2.14), and that
any sufficiently large positive constant is an upper solution. Since v must be
between the upper and lower solutions, we conclude that if e > o9A; we have
v > gl (e — goA)wr = k(e)wr in Q, where k(e) := g~ '(e — gaA1) — 00 as
e — 00. Now, consider the eigenvalue problem

(2.15) —01Au + ck(e)wiu = Au in Q, u=0on 0.

The least eigenvalue A = A (e) has the characterization:
Aile) = inf. {/ o1|Vul* 4 ck(e)wiu’dr : u € W01’2(Q),/ wde = 1}.
Q Q

Thus from the limit of k(e), we can deduce that A;(e) — oo as e — oo. Conse-
quently, we have 5\1(6) > a, if e is large enough.

Next, from the characterization of first eigenvalue and comparing with (2.15),
we find that the first eigenvalue of

—01Aw+cvw = w in Q, w=0 on IN
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is greater that a. Hence the only non-negative solution of
—01Au+ cvu = u(a —bu) in Q, uw=0, on N

is the zero function. We have proved that if e is large enough and v is not the
trivial function, then v = 0. From Lemma 2.3, we see that the only way the
continuum of solutions S can join the bifurcation point (p1(—o2A — fu(0)),0)
on the (e,v) plane to co is by u(v) becoming equal to zero for e sufficiently
large. However, when u(v) = 0, then clearly v satisfies (2.6). If we consider
the bifurcation diagram on the e — (u,v) plane, the continuum of solutions
{(e,u(v),v) : (e,v) € ST} for (2.1) must join up with the continuum of solu-
tions {(e,0,v) : (e,v) is a solution of (2.6)}, Solutions of (2.6) are discussed in
Theorem 2.2(ii). From the above arguments, we obtain the following theorem.

Theorem 2.3. (i) Suppose:

(2.16) a> o).

Then there exists \* > o9\1 = p1(—02A) such that if e satisfies: p1(—oaA —
fu(0)) < e < A, that is:

(2.17) pr(oc2A+e+ fu(0)) >0  and e <A\,

the boundary value problem (2.1) has a solution with each component strictly
positive in 2. Moreover, there exists A > X\ such that if e > 5\, then any non-
negative solution (u,v) of problem (2.1) with v # 0 must have u = 0. (Recall the
definition of p1 in (1.7).)

(ii) Suppose:

(218) a < oM.
Then any non-negative solution (u,v) of problem (2.1) must have u = 0.

In the following theorem, we let the parameter a varies, while all other
parameters are held fixed. We write the second equation in @.1) in th§ form of
(2.14). Analogous to Lemma 2.2, we define a map from C1(Q) to C1(€2) by:

0 if e < p1(—02A — fu),
(2.19)  w(u) =
unique solution of problem (2.14) if e > p1(—02A — fu).

We can show as in Lemma 2.2 that u — v(u) is a continuous function from
C1(Q) to C'(Q) and that u — v(u) is an increasing function.

Theorem 2.4. (i) Suppose:

e > o9\ and
(2.20)
p1(01A 4+ a—cv(0)) > 0,
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then the boundary value problem (2.1) has a solution with each component strictly
positive in ).

(ii) Suppose that e < o9X1. Then, provided that a is sufficiently large, the
problem (2.1) has a solution with each component strictly positive in €.

Proof. Let e > 091, then problem (2.1) has a solution (u,v) = (0,v(0)) with
v(0) non-trivial. We write the first equation of (2.1) as:

(221)  —o1Au+ cv(0)u = au — bu® — cfv(u) — v(0)]u in Q, uw=0 on 9N,

and bifurcate with the parameter a at a = p1(—01A + cv(0)) when (u,v) =
(0,v(0)). As in Lemma 2.3, we can show that there exists a continuum of
solutions ST of (2.21) contained in R X P, i.e. u > 0 whenever (a,u) € S*, and
that {a: (a,u) € ST} = (p1(—01A + cv(0)),00). If (a,u) € ST, then v > 0 and
so v(u) > v(0), i.e. v(u) is not the trivial function. Consequently, the continuum
of solutions {(a,u,v(u)) : (a,u) € ST} for the system (2.1) cannot connect with
the continuum of solutions {(a,u(0),0) : @ > o1 A;1}. This leads to the assertion
of part (i).
For part (ii), suppose that e < o1 A;. We have u(0) satisfies

—o1Au=au—bu? in Q, u=0 on AN.

Let A; and w; be the principal eigenvalue and the corresponding eigenfunction
with max{w;(z) : * € Q} = 1. Using a/b and b~ (a— o1 \)w; for a large enough
as upper and lower solutions respectively, we find that b= (a —o1\1)w; < u(0) <
ab—!. Comparing the least eigenvalue of

(2.22) —02Aw — fu(0)w =Aw in Q, w=0 on 0L,
with that of
—09Av — fb_l(a —o1A)wiv = Av in Q, v=0 on 01,

by means of Rayleigh’s quotient, we conclude that the first eigenvalue p1(—ooA—
fu(0)) of (2.22) tends to —oo as a — +o00. That is we have p;(—o2A — fu(0)) <
e < o9 for a sufficiently large. Thus by Theorem 2.3(i), we assert that problem
(2.1) has a solution which is positive in both components.

Part B: General Results via Degree Theory.

We next consider a prey-predator system with more general type of interac-
tion than quadratic (or Lotka-Volterra type). Moreover, we will obtain some-
what sharper results, and find necessary and sufficient conditions for the exis-
tence of positive solutions. We shall use degree theory method of cone index to
prove that the conditions in parts (ii) and (iii) of the following Theorem 2.5 is
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sufficient for the existence of positive solution. More precisely, for a constant
d > 0, we will consider the boundary value problem:

Au+ uM(u,v) =0
in €,
(2.23) A + v(h(u) — m(v)) = 0

u:’l):O OnaQ,

where M (u,v) and its first partial derivatives are continuous in the first closed
quadrant. Moreover, it satisfies

(2.24) M, (u,v) <0 for u,v > 0; M,(u,0) <0 for u >0,

(2.25)
M(0,0) > 0; there exists a constant Cy > 0 such that M (u,0) < 0 for u > Cj.

The functions h and m belong to C(]0, 00)),

2.2
(2.26) with each function strictly increasing in [0, 00).

A solution (u,v) of problem (2.23) is called a positive solution if both com-
ponents are > 0 and Z 0 on 2. A common assumption in ecological studies is to
set the rate M (u,v) = al_l(a—bu— ) where o1, a,b, ¢, k are positive constants
or other rates involving ratios of u and v. Such type of growth rate is called
Holling’s type. From the smoothness of M, h and m, the positive solutions of

(2.23) are classical solutions with components in C?(Q), if they exist.

Theorem 2.5. Assume hypotheses (2.24) to (2.26) and there exists a positive
number By such that

(2.27) m(Bo) > h(Co).

Then all positive solutions (u,v) of (2.23) must satisfy 0 < u < Cp,0 < v < By.
Moreover:

(i) Suppose M(0,0) < A1, and h(0) < A\id + m(0), then (0,0) is the only non-
negative solution of (2.23).

(ii) Suppose h(0) < A1d+m(0), then problem (2.23) has a positive solution (u,v)
iff:

(2.28) M(0,0) > Ai; and py(dA + (h(ug) — m(0))) > 0.

(i5i) If h(0) > A\yd+m(0), and M(0,v) > M (u,v) for u,v > 0. Then (2.23) has
a positive solution (u,v) iff

(2.29) M(0,0) > A1; and p1(A+ M(0,v9)) > 0.
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(Note that the assumption on h(0) in case (iii) already implies that the second
inequality in (2.28) is true.) Furthermore, from the boundedness of the posi-
tive solution of (2.23), we have each component of the positive solution strictly
positive in ), by Lemma 1.1.

Remark 2.2. In (ii) above, the function ug is the unique positive solution
of Au+ uM(u,0) = 0 in 2, u = 0 on 9Q. Such solution exists provided
M(0,0) > A1, by Lemma 2.1. In (iii) above, the function vy is the unique
positive solution of dAv + v(h(0) —m(v)) =0in Q, v = 0 on 9. Such solution
exists provided h(0) > A1d + m(0), by Lemma 2.1.

Example 2.1. In the usual Volterra-Lotka model, we let
(2.30) M(u,v) = oy (@ —bu— ), d =02, h(u) = e+ fu, m(v) = gu,

where 01,09,a,b,c, f,g are positive constants and e is any constant, then The-
orem 2.5 readily leads to the following corollary.

Corollary 2.6. Consider problem (2.23) with M (u,v),d, h(u), m(v) as given in
(2.50).

(i) If a < 011, e < \oa, then (0,0) is the only non-negative solution of (2.23).
(ii) If e < oaA1, then problem (2,23) has a positive solution iff

(2.31) a> o1\ and ﬁl(O'QA +e+ fU()) > 0.

(iii) If e > o9y, then (2.28) has a positive solution iff
(2.32) 01 (0‘1A +a— CU()) > 0.

(Note that part (ii) is closely related to Theorem 2.4(ii). When a is sufficiently
large, the second inequality in (2.31) will be satisfied. Note also part (iii) above
is closely related to Theorem 2.4(i) and Theorem 2.3(i); when e is large enough,
(2.32) cannot hold.)

The following lemma is very useful for proving Theorem 2.5.

Lemma 2.4. Assume a(z) € L*>(R). Let u be an arbitrary function satisfying
u > 0,%Z 0 in Q with u =0 on .

(i) If 0 £ (A + a(z))u > 0 in Q, then p1(A+a(z)) > 0.

(11) If 0 £ (A + a(x))u < 0 in Q, then p1(A +a(z)) <0

(1ii) If (A + a(z))u =0 in Q, then p1(A + a(z)) = 0.

Proof. (i) Let (x) > 0 in  be an eigenfunction corresponding to the principal
eigenvalue p = p1(A + a(z)). Then 0 < [(A + a(x))uf dz = p [, ud dz, hence
we must have p > 0.

(ii) We simply reverse the sign in the argument in part (i) involving the integral.
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(iif) We have 0 = p [y uf dz with u > 0,u # 0, 0 > 0 in Q. This implies that
p= (A +a(x) =

Proof (of Part (i) and necessity part of (ii), (iii) of Theorem 2.5 for the
existence of positive solution). We first prove the existence of an a-priori
bound for all non-negative solutions of (2.23). For any given v > 0 in €, we
have by (2.24) and (2.25) a family of upper solutions w = C in 2, C > Cj for
the first equation in (2.23), i.e.

Aw 4+ wM(w,v) < 0in Q, w >0 on .

By the sweeping principle,any positive solution of problem (2.23) must have
0 < u < Cy. Let (a,0) be a positive solution of (2.23). Suppose xg €
such that v(zg) = max,cq0(x) > 0. Then from the second equation in (2.23),
0(xo)[h(a(zp)) — m(0(x0))] = —dA(zp) > 0 at the interior maximum point.
Thus we must have

(2.33) m(o(zo)) < h(u(zo)) < h(Co).

By the increasing property of the function m, we must have (z¢) < By.

We now prove the necessity assertion for part (i) and (iii) of Theorem 2.5.
Suppose h(0) < A\yd+m(0), and (@, 0) is a positive solution of (2.23). Since v > 0
in Q, and dA? + 9(h(a) —m(?)) = 01in ©, 0 = 0 on 0f2, we can obtain by max-
imum principle that © cannot have a nonpositive minimum in 2. Consequently,
we must have © > 0 in  (cf. Lemma 1.1). Next, consider the scalar problem:
Aw~+wM(w,0) =0in Q, w = 0 on IN. The constant function Cy+ € is a upper
solution. On the other hand, the fact that Aa+aM (@,0) > Aa+aM (4, v) = 0in
), implies the function u is a lower solution. We conclude that @ < ug < Cy+e.
By Lemma 1.1, we have ug > 0 in Q, and Lemma 2.1(i) implies M (0,0) > 0.
The fact that ug > @ implies that

AAD + B(h(ug) — m(0)) > dAD + 5(h(@) — m()) = 0

in Q. By Lemma 2.4(i), the above inequalities implies the second inequality in
(2.28).

Next, suppose h(0) > Aid + m(0). Consider the scalar problem: dAw +
w(h(0) — m(w)) =0 in Q, w = 0 on IQ). We can verify readily as above that
v and dw are respectively upper and lower solutions, where § > 0 is sufficiently
small and moreover o > dw in 2. (Recall the definition of w in (1.5).) The
uniqueness of positive solution of this scalar problem leads to dw < vy < ¥ in 2.
Consequently, we have Aa+uaM (0,vg) > Au+aM (a,vy) > Au+uM (ua,v) = 0.
By Lemma 2.4(i) again, we conclude that the second inequality of (2.29) is valid.

Before we begin to prove the sufficiency part of Theorem 2.5, we need to
introduce some concepts in cone index method. Roughly speaking, we will apply
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the theory to compact operators on the cone of positive vector functions. Let E
be a Banach space, W C FE is called a wedge in F if W is a closed convex set and
aW C W for every real a > 0. A wedge is called a cone if W N {-W} = {0}.
For y € W, define

Wy={xeFE:y+0xecW,for0<60 <+, for some v > 0}.

One readily verifies that W), is convex, and W, 2 {y} U {—y} U{W}. Moreover,
the set W,,(the closure of W y), is also a Wedge Let Sy ={z e W, : —z € W, };
we easily see that Sy is a linear subspace of E.

A nonempty subset A of a metric space X is called a retract of X if there
exists a continuous map 7 : X — A (called a retraction), such that r|A = id4.
By a theorem of Dugundji [53], [54], every nonempty closed convex subset of a
Banach space E is a retract of E. Let X be a retract of a Banach space E. For
every open subset U of X and every compact map f : U — X which has no
fixed points on QU, there exists an integer ix(f,U) defined by

ix(f,U) =ig(for,r Y (U)) =deg(id — f or,r—1(U),0),

where ig(for,r~1(U)) is the well-known Leray-Schauder degree. This definition
is independent of the choice of the retraction. The integer ix (f,U) is called the
fixed point index of f (over U with respect to X). This index satisfies the
normalization, additivity, homotopic invariance and permanence properties as
the Leray-Schauder degree (cf. Theorem A2-1 in Chapter 6). If 2o € U is an
isolated fixed point of f, and zg is the only fixed point of f in xzg + pB,p > 0,
where B is the open unit ball of E. We define the fixed point index by

indexx (f,zo) :=ix(f,xo+ pB).

Definition 2.1. Let L : E — E be a compact linear operator such that L(W,) C
W,. L is said to have property (o)) on W, if the following holds:

(o) There ezists t € (0,1) and a w € Wy\S, such that w — tLw € S,,.

Remark 2.3. If ] — L is invertible in Wy, an important consequence of property
(o) on Wy, is given below in Lemma 2.5, asserting that there exists z € W), such
that the equation x — Lz = z has no solution for x in W Under appropriate
circumstances, this in turn leads to indexy (A, yo) = 0, by Lemma 2.6(i), where
L is the Fréchet derivative of A at yg in W.

Lemma 2.5. Let L : E — E be a compact linear operator such that L(W,) C
W,. Assume I — L is invertible in Wy, (in the sense that h # Lh if h € W,\{0} ).
IfL has property («) on Wy, then there erists z € W such that the equation
x — Lx = z has no solution for x in W
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Proof. Since L has property (), there exists v € W,\S, and ¢ € (0,1) such
that v —tLv = h € S. Thus —v ¢ Wy, —h € S, and —v — L(—v) = —v + Lv =
—v+tLv+(1—t)Lv = —h+(1—t)Lv € W,,. Let z :== —h+(1—t)Lv = —(v—Lwv).
If there exists g € Wy such that ¢ — Lg = z. Then we have v+ q¢ — L(v + q) =
v—ILv+4+q—Lg=—2+2=0. This impliesv+¢g =0, and —v =q € Wy. Thus
we have v € Sy, which is a contradiction.

Lemma 2.6. Let W be a wedge in Banach space E, By := W — W is dense in

E, and D is an open set in W. Suppose that A : D — W is a compact map with

fized point yy = Ay € D, and the Fréchet derivative of A at yo in W, denoted

by L= A (yo), is compact on E. Then L maps Wy, into itself. Moreover:

(i) Assume that I — L is invertible in I/Vy0 (in the sense that h # Lh if h €
Wy, \{0}). If there exists an element =z € Wy, such that the equation v — Lz = z

has no solution for x in Wy, then indexw (A,yo) = 0.

(ii) Assume I — L is invertible in W,. If L does not have property (o)) on Wy,

then indexw (A,yo) = indexs, (L,0) = (—1)°Wo) = +1. Here, o(yg) is the sum

of multiplicities of the eigenvalues of L in Sy, which are greater than one.

Proof. The proof can be found in Dancer [37] and Li [148]. More explanations
are found in Remark 2.1(i) and (ii) in Ruan and Feng [194]. Remark 2.1(ii) in
[194] is same as Theorem A2-3 in Chapter 6 (Appendices).

From Lemmas 2.5 and 2.6, we obtain the following lemma.

Lemma 2.7. Under the hypotheses of Lemma 2.6, let I — L be invertible on
Wy, as described in Lemma 2.6.

(i) If L has property (o) on Wy, then indexw (A, yo) = 0.

(ii) If L does not have property (o) on Wy, , then indexw (A, yo) = indexs, (L,0)
= =+£1.

We are now ready to prove the sufficiency part (ii) and (iii) of Theorem
2.5. Let [Co(Q)]? := {(u1,u2) : u; € C(Q), and u; = 0 on 9Q, fori = 1,2}.
Let [C(Q)]? = {(u1,u2) : vy € Co(Q),u; > 0in Q, fori = 1,2}, By =
max.{Cy, B}, and [E(B1)]? := {(u1,u2) : u; € C(Q), |us| < By in Q, fori=
1,2}, with closure [E(Bl)]Q. For each (up,uz) € [C(Q)]%,60 € [0,1], define the
operator Ay : [Co(Q)]? N[E(B1)]? — [Co(Q)]? by Ag(u1,us) = (v1,v2) where

(2.34) {1)1 = (—A+ P)"Ouy M (uy, us) + Puy]

vy = (—A + P)7H0d tug(h(u1) — m(ug)) + Pus).

Here, the inverse operator is taken with homogeneous Dirichlet boundary con-
dition on 0f2, and P > 0 is a large enough constant such that the operator
Ay is positive, compact and Fréchet differentiable on [Cy(Q)]?> N [E(By)]?. For
convenience, let K denotes the cone K := [Cy (Q)]%, as described above, and
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D = [C§(2))2 N [E(B1)]?. The bound on the solution implies that the oper-
ators Ay has no fixed point on the boundary 9D in the relative topology, i.e.
on the intersection of boundary of [E(B1)]? with K. We can further use a fa-
miliar cut-off procedure (see Li [148]) to extend Ay to be defined outside D as
a compact positive mapping from the cone K into itself. For convenience, we
will denote A := A;. We will denote the fixed point index of Ay over D with
respect to the cone K by ix(Ag, D). By homotopy invariance principle, we ob-
tain ig (A, D) = ix (A1, D) = ig (Ao, D). From definition, the i-th component
of Ag(u1,u2) is (—=A + P)~Y(Pu;). One readily verifies by maximum principle
that Ag(u) # Au for every u = (uj,uz) € 9D and A > 1. Hence, by Theo-
rem A2-4 in Chapter 6 (Appendices), we conclude by contraction argument that
ik(A, D) =1ix(Ap, D) =1.

Let y be an isolated fixed point of the map Ay in K, we denote the lo-
cal index of Ay at y with respect to K by indexy(Ag,y).We now show that
index (A, (0,0)) = 0 for both cases (ii) and (iii). For y € K, define

K, ={pelC(Q)?:y+spe K for some s> 0}, and
Sy={peK,:—pe K}

Here K, denotes the closure of K,. We have Ko = K, S0 = {(0,0)}. Let
A’ ((0,0)) be the Fréchet derivative of A at (0,0) in K. The first component of
A’ ((0,0))(u1,uz) is (—A + P)~1(M(0,0) + P)us. Hence [I — AL ((0,0)]u =0
for u = (u1,us) € K implies that [A + M(0,0)]u; = 0, u; € CF (). Thus the
assumption M (0,0) > A; in (2.28) or (2.29) implies that u; = 0. Similarly, we
have for the second component [d1 A + h(0) — m(0)Jug = 0, uz € Cgf (). Thus
the assumption h(0) # A\id + m(0) in (2.28) or (2.29) implies that uy = 0. We
thus conclude I — A’ ((0,0)) is invertible in K. Further, the assumption
M (0,0) > A\ implies that p;(A + ¢tM(0,0) + (t — 1)P) is positive when ¢ = 1
and negative when ¢ = 0. From the continuity in ¢ € [0, 1] for the eigenvalue
p1(A+tM(0,0) + (t — 1)P), there must exist some ¢ € (0,1) and a nontrivial
function 4 € C () such that (—A + P)u = t(M(0,0) + P)a or @ — t(—A +
P)~Y(M(0,0) + P)i = 0 in Q. We thus have [I — tA4’, ((0,0))](@,0) = (0,0) €
S(0,0), with (@,0) € K(90)\S(0,0)- We thus conclude by Lemma 2.7(i), with W,
replaced by K(q ), that indexk (4, (0,0)) = 0.

We will show that for both cases (ii) and (iii), we have index (A, (up,0)) =
index i (A, (0,v9)) = 0.

Consider case (ii) when h(0) < Ad + m(0), and assume (2.28). Let
L = A’ ((u0,0)) be the Fréchet derivative of A at (ug,0) in K. Suppose that
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(I — L)(u1,uz) = 0, for some u; > 0,uz > 0in Q, and u; = ug = 0 on JQ. Then

Auq + [M(U(), 0) + quu(uo, 0)]U1 + UOMU(U(), O)UQ =0
in €,
(2.35) ¢ dAug + [h(ug) — m(0)]ug =0

U1:U2:0 on 0f).

Thus the second assumption in (2.28) and the second equation above imply
that ug = 0. We then consider the first equation above again. Since pi(A +
M (up,0)) = 0, and uoMy(up,0) < 0 by (2.24), we have p1(A + M (up,0) +
uoMy (up,0)) < 0. Hence, all the eigenvalues p of the problem:

Au + [M(ug, 0) + ug My (ug, 0)]u = pu in 2, v =0 on 09,

satisfy p < 0. However, uy satisfies this problem with p = 0. Thus u; = 0. That
is the operator (I — L) is invertible on K, o).

We next show that the operator L has property («) on K (uo,0)- Let P > 0;
observe that the eigenvalue p1(dA —dP +t[h(ug) —m(0) +dP]) is negative when
t = 0, and is positive when t = 1. By continuity, there exists some ¢t* € (0, 1),
such that pq(dA — dP — t*[h(ug) — m(0) + dP]) = 0. There exists uj > 0 in €,
vanishing on 02 such that (—dA + dP)ub — t*[h(ug) — m(0) + dPJul = 0 in Q.
Since S(y,0) = Co(Q2) x {0}, we can readily verify that if we let w = (0,u3), then
we have w — t*Lw € S(y,,0) With w € Ky, 0)\S(u0,0)- Consequently, by Lemma
2.7(i), with Wy, replaced by K, ), we conclude that indexk (A, (ug,0)) = 0.

Next, consider the case (iii) when h(0) > Aid + m(0), and assume (2.29).
Let L = A’ ((u0,0)) and (u1,u2) be as described above for case (ii), and thus
obtain (2.35) again. The assumption ~(0) > A;d+m(0) and increasing property
of the function A imply the validity of the second assumption in (2.28). Thus
we obtain up = 0 as before. We then follow the same argument as before to
conclude that I — L is invertible in K, (u0,0)- We then prove the operator L has
property (a) on K, o) exactly as in case (ii) above. Thus we conclude that
index (A, (up,0)) = 0.

We now consider the point (0,vg). For case (ii), that is, h(0) < A1d + m(0),
we must have vg = 0. Thus (0,v9) = (0,0), and the index of A at this fixed
point has been shown to be 0.

For case (iii) when 2(0) > Aid + m(0), let L = A’_((0,v0)) be the Fréchet
derivative of A at (0, vg).Suppose that (I — L)(u1,us) = 0, for some u; > 0,ug >
0in €, and u; = us = 0 on OQ. Then

Auy + M(O, Uo)ul =0
in Q,
dAuy + voh/ (0)uq + [h(0) — vom/(vg) — m(vg)]ug =0

Ul :U2:0 on 0f).
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The second assumption in (2.29) implies that p(A + M(0,v9)) # 0; thus we
conclude from the first equation above that u; = 0. Since pj(dA + h(0) —
m(vp)) = 0 and m/(vp) > 0 is not the trivial function, we have p1(dA + h(0) —
vom/(vg) — m(vg)) < 0. We thus deduce from the second equation above that
ug = 0. We thus conclude that the operator I — L is invertible in K (0,00)-

From the second assumption in (2.29), we deduce that for P > 0, the eigen-
value p1(A — P + t[M(0,v9) + P]) is negative if ¢ = 0 and is positive if ¢ = 1.
Hence, there exist t* € (0,1) and a non-trivial, non-negative function uj vanish-
ing on 92, such that

—Auj + Puj — t"(M(0,v) + P)ui = 0 in Q.

Since S(g,u) = {0} x Co(Q), we can readily verify that if we let w = (u?,0), then
we have & — t*Lw € S(0,00) With w € I_((O’UO)\S(O,UO). Consequently, by Lemma
2.7(i), we conclude that indexy (A, (0,v9)) = 0.

From the above paragraphs, we thus have

ik(A, D) =1, indexk (A, (0,0)) = indexk (A, (ug,0)) = indexx (A, (0,v9)) = 0.

If one component of a solution of (2.23) in K is identically zero, there are at most
three solutions (0, 0), (up,0) and (0,vp) in K. In order to avoid contradicting the
additive property of the indices of the map on disjoint open subsets, there must
be at least another fixed point of A in D. (See Theorem A2-1(ii) in Chapter 6.)
This complete the proof of Theorem 2.5(ii) and (iii).

In some interesting applications, the predator v may have no crowding effect
on its own growth rates. This lead to the following theorem.

Theorem 2.7. Let N = 1,2 or 3. Assume hypotheses (2.24) to (2.26) except
that here m = 0. Moreover

h(0) < 0; and there existsd > 0, such that M,(u,v) < —6 for 0 < u < Cy,v > 0.

Then all positive solutions (u,v) of (2.23) must satisfy 0 < u < B1,0 < v < B,
for some positive constants By, Ba. Moreover

(i) If M(0,0) < A1, then (0,0) is the only non-negative solution of (2.23).
(ii) Problem (2.23) has a positive solution iff

(2.36) M(0,0) > A1; and p1(dA + h(ug)) > 0.

Proof. We first prove the existence of an a-priori bound for all non-negative
solutions of (2.23). For any given v > 0 in 2, we have by (2.24) and (2.25) a
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family of upper solutions w = C in Q, C > Cj for the first equation in (2.23),
ie.
Aw 4+ wM(w,v) < 0in Q, w >0 on ON.

By the sweeping principle, any positive solution of problem (2.23) must have
0 < u < (Cy. Suppose there is no a-priori bound for v. Then there exists a
sequence of positive solutions (u,,v,) for (2.23) satisfying:

llvn||Lee — 00, asn — o0, 0 < u, <Cpin Q.
Let vy, = vy, /||vn||Lee; it satisfies 0 < v, < 1 and:
(2.37) dAvy, + h(0)v, = —[h(un) — h(0)]D, in Q.

By W?2P(Q) estimates and appropriate embedding, we can find subsequence,
again denoted as {#,} such that v, — vy € C*() uniformly for some a €
(0,1), and wvo(z) > 0,% 0 in Q.

Next, let @, = up/||un||r2z > 0 in Q. Divide the first equation satisfied by
(tp, vy ), multiply by ,, and integrate over (2, we obtain:
(2.38)

_M(0,0) < / (Vi [2d — / M(0,0)i2 d = / (M (1, v) — M0, 0)]i2 dz < 0.
Q Q Q

The last inequality above is due to assumption (2.24) on M,, M,,. From (2.38),
we obtain a uniform bound on the W12(Q) norm on 4,. We can select subse-
quence, denoted the same way, such that i, converge weakly in W12(Q) and
strongly in L(Q), ¢ < 2N(N —2)~! to a non-negative function iy € W12(Q), if
N > 2 (by Rellich-Kondrachov Compactness Theorem, see e.g. p. 272 in Evans
[57]). If the space dimension N = 3, the inequality ¢ < 2N (N —2)~! is satisfied
if we choose ¢ = N = 3. If the space dimension N = 2, using pN(N —p)~! — oo
as p — N, we can also assume 1,, converge to g in L9(2),q = 2. We also have
l|To|| 12 = limp—ool|tn||z2 = 1, and we may assume ||uy||;2 — k > 0, as n — oo.
Taking limit in (2.37), and using W24 theory, we find 7y € W02’q = W02’N is a
strong solution of

(2.39) dATo + h(0)To = —[h(kito) — h(0)]To

for N = 3 or 2. Moreover the increasing property of h(u) and equation (2.37)
implies that

(2.40) dAvy + h(O)l_lo <0 in Q.

Since h(0) < 0, we obtain by maximum principle for the strong solution that
vo(x) > 0 for all x € Q. (See e.g. Gilbarg and Trudinger [71] or Theorem A3-1
in Chapter 6.) For the case N = 1, the convergence on the right of (2.37) to
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(2.39) is valid in C97(Q),y =1 — %, by Morrey’s inequality (see e.g. p. 266 in
[57]). Thus the solution 7y of (2.39) is in C?(£2) by Schauder’s theory. Therefore
we can also conclude that tp(z) > 0 for all z € Q by means of (2.40).

Consider the integral on the right side of (2.38). We use (2.24) and the
assumption concerning M, in the statement of Theorem 2.7 to obtain

Jo M (tn, vy) — M(0,0)]a2 dz < [, —Ovnt2 da
(2.41)
= —0||vn|| Lo [, Unt2 da.

However, we have
(2.42) / VptiZ dx — / Totid dz >0, as n — oo.
Q Q

Taking limit as n — oo in (2.38) and using (2.41) and (2.42), we obtain the
contradiction —M (0,0) < —oo if ||v,||pe — 00. Consequently, we must have an
a-priori bound for all positive solutions of problem (2.23).

Parts (i) and (ii) of this Theorem follow readily from parts (i) and (ii) of
Theorem 2.5 respectively, with the role of Cy and By respectively replaced by
By and Bs.

Example 2.2. Let M(u,v) = o7 *(a — bu — cv), d = o9, h(u) = u —y.m = 0,
where 01,09, a,b, ¢,y are positive constants. Note that h(0) = —y < 0. Thisis a
very common model, when the predator has negative intrinsic growth rate, and
there is no crowding effect of the population of predator on itself. Here, we can
apply Theorem 2.7. The conditions in (2.36) becomes

(2.43) a>o1A1; and  pp(02A + ug —y) > 0.

Example 2.3. We can also apply Theorem 2.7 to models not of Volterra-Lotka
type reaction. The popular Holling’s type of growth rate assumption may be
assumed. Let M (u,v) = oy *(a — bu — 57 ), d =02, h(u) = kug —v, m =0,
where 01,09,a,b,¢,d, k,v,d are positive constants.

Part C: Coexistence Regions in Parameter Space.

We now return to the diffusive Volterra-Lotka model, and describe a region
on the (a, e) intrinsic growth rate parameter plane when positive solutions always
exist while the other parameters are fixed. This leads to Theorem 2.8, Fig. 1.2.1
and Fig. 1.2.2. More precisely, consider problem (2.1) with o3 = 09 = 1 for
simplicity. Let the parameters b, ¢, f and g be fixed positive constants. We can
readily use Theorem 2.5(i) and (ii) to obtain a region in the (a, e) plane between
certain lines or curves so that positive solutions will always exist. Here, we have
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(2.23) with 01 = 09 = d = 1. The conditions h(0) < A\yd + m(0) and (2.28) in
Theorem 2.5(ii) are the same as

(2.44) AL > e > pi(—A — fug), a> p1(—A+ cvy), vy = 0.

The conditions h(0) > A\d + m(0) and (2.29) in Theorem 2.5(iii) are the same
as

(245) e> A = pl(—A) > pl(—A — qu), a > pl(—A + Cvo).
Consequently, if 01 =09 =1, a # A1, e # Ay, and
(2.46) a> p1(—A+cvg), e> p1(—A — fug),

then Theorem 2.5(ii) and (ili) imply that problem (2.1) has a solution with
each component strictly positive in . We next use (2.44) to (2.46) and the
characterization of principal eigenvalue to obtain very simple description, in
terms of the interaction parameters and the size of 2, of a region on the (a,e)
plane where positive solutions always exist. By avoiding the reference to ug and
v, the description is easier to use.

Theorem 2.8. Consider the boundary value problem (2.1), under the assump-
tions o1 =00 =1, a # A\, e # Ay,
(i) Suppose ¢ > g and

C

(2.47) a> M+ (e — Al)g .

e>/\1—(a—)\1)

SR

Then (2.1) has a solution with each component strictly positive in €.
(ii) Suppose ¢ < g and

e> A, a>min{)\1—|—%,e[l—(l—g)(l—%)?’f(]}; or
(2.48)
/\1>e>)\1—(a—)\1)%, CL>A1,

where K = |Q| 7! Jo p3dx,|Q| = measureof Q and ¢ is the positive principal

eigenfunction of —A with mazqe = 1. Then problem (2.1) has a positive solu-
tion with each component strictly positive in §Q.

Proof. (i) Suppose ¢ > g. First, assume e > A;. We now show that in this case
c

(249) /\1 + (6 — )\1)5 > pl(—A + CU()).

By the characterization of principal eigenvalue, we have

p1(—A+cvg) = infues{/ \Vul*dx + cvou’da},
Q
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where S := {u € H} (), Jo u?dr = 1}. Consequently,

(2.50) p1(—A + cvg) < ||U0||ZQ2(Q){/Q |Vol?de + c/ﬂv%daz}.

From the equation satisfied by vy, we have

(2.51) g/ vg’dx:e/ v%dm—/ Vg |*da.
Q Q Q

From (2.50) and (2.51), we obtain

_ c c
(2.52) p1(—A + cvg) < ||v0||L22(Q){(1 - —)/ |Vg|?dx + e / vadz}.
g Ja gJa
Since 1 — £ < 0, we obtain (2.49) as follows:

( A+cvo) (1—5))\14-6;—)\14-(6—)\1)9

Thus by (2.45) and (2.49), we find that strictly positive solutions must exist for
(a, e) satisfying:
(2.53) e> A and a > A\ + (e — )\1)2.

g

Next, let e < A;. We obtain from Theorem 2.5(ii) above that (2.44) is suf-
ficient for existence of positive solutions. By the characterization of principal
eigenvalue, we find

(2.54)
p1(—A = fug) = infues{(l + ) Jo [VulPde — 4 fQ |Vul2dz + b [ ugu®da]}

<infues{(1 + fQ |Vul?dz} — mfues{fg |Vul|?dz + be upu’dr}
= (14+ A = §o1(=A + buo)
(1+ )Al—ga—)\l——(a—)\l)

Thus by (2.44) and (2.54), if e < A1, we find that strictly positive solutions
must exist for (a,e) satisfying

(255) A >e>)\1—£(a—)\1), a> M.

The assertion of part (i) follows from (2.53) and (2.55). (See Fig. 1.2.1.)
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Figure 1.2.1: Coexistence Region in (a,e) Parameter Space, for case ¢ > g.

We next consider part (ii) and assume ¢ < g. Suppose e > A1, then Theorem
2.5(iii) asserts that if a satisfies (2.45) then problem (2.1) has positive solutions.
It suffices to show that

(2.56) =4+ cun) < min{+ <5, el = (1= £)(1- M3y,

g e

By the characterization of the principal eigenvalue and the fact that vy < e/g
we find

p1(—A+ cvg) = infues{ [q |Vul*dz + [, cvou’da}
(2.57) < infues{ [q | Vul*dz + < [quida}

_ ec
—)\1—|—g.
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Next, observe that (2.52) remains valid in the present case ¢ < g, i.e. 1—cg™! >
0. Thus using (2.51) and (2.52) we obtain

ec

vgdx)(/ﬂ vada) "+ —.

(2.58) p1(—A+ cvg) < [1— g][e - (g/ ;

Q

Using the fact that g=!(e — A\1)¢ is a lower solution for the problem satisfied by
Vg, we have

e— A3 3 3
(2.59) (=) /Q Sz < /Q WBda.

1

From vy < eg™", we also have

(2.60) /Qvg dx < (E)Q\m.

Letting K = [~ [, ¢*dz, we deduce readily from (2.58) to (2.60) that

p1(=A+cvo) < [1—£]fe— (e~ A)3e 2K + "
(2.61)
=ell - (1- 51— 2)°K].
Thus, from (2.57) and (2.61), we conclude that if (a,e) satisfy the first line of
the inequalities in (2.48), there must exist positive solutions to problem (2.1).
Next, assume e < A1, we obtain the inequalities in the second line of (2.48)
as sufficient condition for the existence for positive solution of (2.1) in exactly
the same way as obtaining the second inequality of (2.47) as sufficient condition

in part (i).
Remark 2.4. If we define

~ C )\]_ 3
—el—(1-5)1-2LyK
ae) = el — (1= )1 = 2],
where K is defined in Theorem 2.8. It can be shown by calculus that
(1) The graph of (a(e),e) and (A1 + (e — A1)¢, e) do not intersect when e > Ay.
(2) The graphs of (a(e),e) and (A1 + <, €) intersect at one point (ao($), eo($)),
when e > A1, and

c c
lim ag(—) =00, lim ey(—) = oc;
c¢/g—1 (g) c/g—1 (g)

C C
li )=, i -) = A1
e ®0lg) T A im0l = A

(3) limg/g—1[a(e) — (A + (e = A1)¢)] = 0 uniformly on compact subsets of e €
[)\1, OO)
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Figure 1.2.2: Coexistence Region in (a,e) Parameter Space, for case ¢ < g.

The situation is illustrated in Fig 1.2.2 above. The details can be found in
J. Lépez-Gémez and R. Pardo San Gil [162].

Notes.

Theorem 2.1 was first proved in Leung [123], and Theorem 2.2 to Theorem
2.4 are due to Blat and Brown [11]. Theorem 2.5 and Corollary 2.6 are found in
Li [148]. Lemmas 2.5 to 2.7 concerning indices of fixed point are obtained from
Dancer [37] and Li [148]. Theorem 2.7 is a modification of a theorem in [148].
Theorem 2.8 is obtained from Lépez-Gémez and Pardo San Gil [162]. More
recent extension of the theory in this section for the case of ratio-dependent
interaction rates can be found in Ryu and Ahn [197].
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1.3 Strictly Positive Coexistence for Diffusive Com-
peting Systems

In this section we study problem (1.1) when the functions f;(u,v) and fo(u,v)
simulate competition between the two species populations u(x) and v(z) in a
bounded domain 2, with conditions as described in Section 1.1. More precisely,
we first assume:

£i(0,0) =0, i =1,2,

(3.1) 9L 9l <0, foru>0,0>0, i=1,2, and

a; > o\, 1 =1,2.

Part A: General Results.

The following theorem can be readily obtained by the method of upper and
lower solution for a system of semilinear elliptic equations.

Theorem 3.1. Assume that f;, i = 1,2, are in C([0,00) x [0,00)) and hy-
potheses (3.1) are valid. Suppose there exist positive constants ki, ks such that
the following inequalities:

ar — o1 + f1(0,k2) > 0,
az + f2(0,k2) < 0,
ag — 021 + fa(k1,0) >0,
a1 + f1(k1,0) <0

(3.2)

are satisfied. Then problem (1.1) has a positive solution (u(x),v(z)) with u(x) >
0,0(z) > 0 in €.

Proof. Let w(x) be the positive principal eigenfunction in € for the eigen-
value problem Au 4+ Au = 0 in ©Q, v = 0 on 9€2. For r; > 0 small enough, we
have o1 A(rw) + mwlar + fi(rw,v)] = rMwlar — o1\ + fi(riw,v)] > 0, and
o1Aky + kilar + fi(k1,v)] < 0 for 0 < v < ko. Also, for 2 > 0 small enough,
we have o9A(rew) + rowlas + fa(u,rew)] = rewlas — oo\ + fo(u,rew)] > 0,
and o9Aky + kaolag + fa(u,k2)] < 0 for 0 < u < k;. The pair of functions
(riw(x), k1), (rew(x),ke) form a coupled upper-lower solution for the system
(1.1). Thus by e.g. Theorem 1.4-2 in Leung [125], there exists a solution
(a(x),v(x)) to (1.1) with mw(x) < a(x) < ki, rew(z) < 9(x) < ko in Q.
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The above theorem applies immediately to the following Volterra-Lotka com-
petition system.

o1Au+u(a —bu —cv) =0

in Q,
(3.3) o2Av +v(e — fu—gv) =0
u=v=0 on 0f2,

where 01,09,a,b,c,e, f and g are positive constants.
Corollary 3.2. Suppose that

e a
(3.4) a> oA\ +c—, and 6>0’2)\1+f3.

g

Then the boundary value problem (3.3) has a positive solution (u(z),v(x)) with
a(z) > 0,0(x) > 0 in Q.

Proof. Identify a, e respectively with a1, ag and let fi(u,v) = —bu—cv, fa(u,v) =
—fu — gv. Consider (3.3) as a special case of (1.1) under hypotheses (3.1) and
(3.2). Choose k; = 7 — e and ky = ¢ — ¢, for € > 0 sufficiently small, then we
can verify that (3.2) is satisfied. The results follows from Theorem 3.1.

Remark 3.1. If a > o1\, e > 021, then the inequalities in (3.4) are readily
satisfied when competition between the two species are relatively weak, in the
sense of small ¢ and f. The conditions in (3.4) are very easy to verify.

By using bifurcation method, we can follow the procedures as in Theorem
2.3(i) to obtain positive solutions as the growth rate of the second species e
varies.

Theorem 3.3. Suppose
(3.5) a> o).

Then there exist py, po, 3 satisfying oA\ < p1 < po < ps with the following
properties:

(i) If 1 < e < pa, then the boundary value problem (3.3) has at least one
solution with each component strictly positive in 2.

(ii) If e > us, then every non-negative solution of the boundary value problem
(3.3) has at least one component identically equal to zero.
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Proof. The proof is analogous to that of Theorem 2.3. Let (3.5) be satisfied.
For any v € C1(Q), define u(v) as in (2.9) and (2.10). Then, for all values e,
problem (3.3) has the solution (u,v) = (u(0),0). We consider the bifurcation of
solution as the parameter e varies in the problem:

(3.6) —09Av = ev — gv* — fu(v)v inQ, v =0 on ON.

Bifurcation occurs when e = p1(—o2A+ fu(0)). As in the proof of Theorem 2.3,
we can show that there exists a continuum ST of solutions (e,v) of (3.6) such
that v > 0 for all v € ST and S* intersects with the curve corresponding to
the zero solution only when e = p;(—02A + fu(0)). Multiplying (3.6) by v and
integrating by parts, we find e > p1(—02A) for all e such that (e,v) € ST. By
means of sweeping principle argument, we find v < e/ f for all v with (e,v) € ST.
Thus for all v such that (e,v) € ST, there exists a bound in C'(Q2) which is
dependent on e. Since ST connects (p1(—0o2A + fu(0)),0) with oo in CH(Q), it
follows that {e : (e,v) € ST} D (p1(—02A + fu(0)),00). (More details can be
found in Blat and Brown [11].)

As in Theorem 2.3, we can show that there exists a constant p3 > 0 such that
if e > g, then all solutions of (3.3) have at least one component identically equal
to zero. As in the proof of Theorem 2.3, we will need to obtain a lower bound
for v in terms of e. For this purpose, we need a slight change in the definition
of k(e) for analyzing (2.15). The eigenvalue \; and eigenfunction w; will be
respectively replaced with the least eigenvalue and principal eigenfunction of

—09A¢ + fu(0)p = AP in Q, ¢ =0 on .

The remaining part of the proof follows the argument in the last part for the
proof of Theorem 2.3(i).

One can obtain similar bifurcation results as above, when the growth rate
parameter a varies. For competitive system more general than Volterra-Lotka
type, we can obtain the following existence theorem by cone-index method. The
conditions are in terms of the signs of principal eigenvalues of appropriate related
scalar equations. The results are analogous to the sufficiency part of Theorem
2.5 in the last section.

Theorem 3.4. Assume that f;,i = 1,2, are in C1([0,00) x [0,00)). Consider
the boundary value problem (1.1), under assumptions:

(1) fi(0,0) =0, limy—ocof1(u,0) = —00, limy— oo f2(0,v) = —00,
(3.7)
(13) Of;/Ou < 0,0f;/0v <0 for u>0,v>0,i=1,2.
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Suppose that
(3.8) ay > p1(—014), as > p1(—0o2A),

and one of the following two situations hold:
(i) ﬁl(alA + a1+ fl(O,vo)) > 0, and ﬁl(UQA +as + fQ(UQ,O)) > 0;
(ii) ﬁl(alA + a1+ fl(O,vo)) <0, and ﬁl(UQA + ag + fQ(U(), 0)) <0;

Then the boundary value problem (1.1), has a positive solution with each com-
ponent strictly positive in 2.

Remark 3.2. In Theorem 3.4, ug is the unique positive solution of oqu +
ula; + f1(u,0)] = 0 in Q, u = 0 on 9; vy is the unique positive solution of
oov + vlag + f2(0,v)] =0 in Q, v =0 on 9.

Proof. Let Bj, By be positive numbers such that f(B1,0) = —ay, f2(0, Bg) =
—ag. Using assumption (ii) in (3.7), we can show by applying sweeping principle
to each scalar equation of (1.1) for a fixed positive function assigned to the other
component to conclude that all positive solutions of (1.1) satisfy 0 < u < B; and
0<v<Byin Q. Let [Cf () = {(u1,u2) : u; € C(Q),u; > 0in Q, and =
0 on dQ, fori = 1,2}, B = max.{B1, B2}, and [E(B)]? := {(u1,us) : u; €
C(Q), lui| < Bin Q, fori = 1,2}, with closure [E(B)]?. For each (uj,us) €
[C(Q)]%,0 € [0,1], define the operator Ay : [Co(Q)]? N [E(B)]? — [Co(2))? by
Ag(u1,u2) = (v1,v2) where

{ v = (—o1A + P)0ui (a1 + f1(u1, ug)) + Puy]
(3.9)

vy = (—a2A + P) Oug(as + fo(u1,us)) + Pus).

Here, the inverse operator is taken with homogeneous Dirichlet boundary con-
dition on 02, and P > 0 is a large enough constant such that the operator
Ay is positive, compact and Fréchet differentiable on [Cj (Q)]2 N [E(B)]?. Let
K be the cone K = [C;(Q)]? = {(u1,u2) : v € C(Q),u; > 0in Q, and =
0 on 0%, fori=1,2}, and D = [CF()]?> N [E(B)]?>. The bound on the solu-
tion implies that the operators Ay has no fixed point on the boundary 0D in the
relative topology, i.e. on the intersection of boundary of [E(B)]? with K. We
can further use a familiar cut-off procedure to extend Ay to be defined outside
D as a compact positive mapping from the cone K into itself. For convenience,
we will denote A := A;. We will denote the fixed point index of Ay over D with
respect to the cone K by ix(Ap, D). As in the proof of Theorem 2.5(ii), (iii),
we obtain i (A, D) = ix(Ap, D) = 1.
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Let y be an isolated fixed point of the map Ay in K, we denote the local
index of Ay at y with respect to K by indexri(Ag,y). We now show that
index (A, (0,0)) = 0 for each case (i) and (ii). For y € K, define

K, ={pelC(Q))?:y+spe K for some s> 0}, and

Sy={peK,:—pe K}

Here K, denotes the closure of K,. We have Koo = K, S = {(0,0)}. Let
A’ ((0,0)) be the Fréchet derivative of A at (0,0) in K. The first component
of A, ((0,0))(u1,u2) is (—o1A + P)~ (a1 + P)uy. Hence [I — A’ ((0,0))]u =0
for u = (u1,u2) € K implies that [01A + aj]u; = 0, u; € CSF(Q). Thus the
assumption a; > pi(—o1A) implies that u; = 0. Similarly, we have for the
second component [o2A + agjus = 0, ug € Car (). Thus the assumption as >
p1(—o2A) implies that up = 0. We thus conclude I — A/, ((0,0)) is invertible in
Wio,0)- Further, the assumption a; > p1(—01A) and the continuity in ¢ € [0, 1]
for the eigenvalue p;(01A+ta; + (t—1)P) imply that there exists some t € (0,1)
and a nontrivial function 4 € C; () such that (—o1A + P)u = t(a; + P)a or
@ —t(—01A+ P) (a1 + P)u = 0 in Q. We thus have [I —tA4, ((0,0))](a,0) =
(0,0) € S(,0), with (@,0) € K(90)\S(0,0)- We thus conclude by Lemma 2.7(i)
that index g (A, (0,0)) = 0.
We next show that for case (i), we have

index i (A, (uo,0)) = indexk (A, (0,v9)) = 0.

Let L = A, ((uo,0)) be the Fréchet derivative of A at (ug,0). Suppose that
(I — L)(uy,uz) = 0, for some u; > 0,uz > 0in Q, and u; = ug = 0 on 9€2. Then

(3.10)
o1Au + [a1 + fl(u0,0) + Uo%(u0,0)]Ul + Uo%(u0,0)UQ =0
in €,
o2Auy + [ag + fa(uo,0)Juz =0
up =ug =0 on 0f).

Thus the second equation above and the second assumption in situation (i)
implies that uo = 0. We then consider the first equation above again. Since
p1(o1A + a1 + fi(up,0)) =0, and uo%(uo,O) < 0 by (3.7), we have p1 (1A +
a1 + f1(uo,0) + uo%(uo, 0)) < 0. Hence, all the eigenvalues p of the problem:

o1Au+ [a; + f1(ug,0) + uo%(uo,O)]u = pu in Q, v =0 on 99,

satisfy p < 0. However, u; satisfies this ;_)roblem with p = 0. Thus u; = 0. That
is the operator (I — L) is invertible on K, -
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We next show that the operator L has property (a) on W(uo,O)' Let P > 0;
observe that the eigenvalue pi(ooA — P +tlas + fa(ug,0) 4+ P]) is negative when
t = 0, and is positive when t = 1. By continuity, there exists some ¢t* € (0, 1),
such that pj(o2A — P+ t*[ag + fa(uo,0) + P]) = 0. There exists u3 > 0 in ,
vanishing on 9 such that (—o2A + P)uj — t*[az + f2(ug,0) + Plui = 0 in Q.
Since S(yy,0) = Co(Q) x {0}, we can readily verify that if we let w = (0,u%), then
we have w — t*Lw € S(y,,0) With w € Ky, 0)\S(u,0)- Consequently, by Lemma
2.7(i), we conclude that index (A, (up,0)) = 0.

We now consider the point (0,v) and let L = A’ ((0,v9)) be the Fréchet
derivative of A at (0,v) in K. Suppose that (I — L)(u1,us) = 0, for some
ur > 0,u2 > 0in Q, and u; = us = 0 on 9. Then

o1Au; + [a1 + f1(0,v0)]ug =0
in €,
A 92 (o 0 82 (0 =0
o9 AU + Vg 50 ( ,vo)ul + [ag + f2( ,7)0) + Vg Jo ( ,UO)]UQ

up =ug =0 on 0f).

From the first equation above and the first assumption in situation (i), we obtain
up = 0. Since p1(02A +ag + f2(0.v9)) = 0 and vog—jZ(O, v) < 0 is not the trivial
function, we have p1(02A + ag + f2(0,v0) + vo%(o,vo)) < 0. We thus deduce
from the second equation above that us = 0. We thus conclude that the operator
I — L is invertible in K ).

From the first assumption in (i), we deduce that for P > 0, the eigenvalue
p1(c1A — P +tlays + f1(0,v9) + P]) is negative if ¢ = 0 and is positive if ¢t = 1.
Hence, there exist t* € (0, 1) and a nontrivial, non-negative function u} vanishing
on 012, such that

—o01Au] + Puy —t*(a1 + f1(0,v0) + P)u] =0 in Q.

Since S(g,45) = {0} X Co(€2), we can readily verify that if we let w = (u},0), then
we have W — t*Lw € S(0,09) With w € K(O,vo)\S(O,vo)' Consequently, by Lemma
2.7(i), we conclude that index (A, (0,v0)) = 0.

We thus have

ik(A, D) =1, indexk (A, (0,0)) = indexk (A, (ug,0)) = indexx (A, (0,v9)) = 0.

In order to avoid contradicting the additive property of the indices of the map
on disjoint open subsets, there must be at least another fixed point of A in
D. Hence for case (i), there must be more positive solution in D other than
(0,0), (up,0) or (0,vg).
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We next consider the proof of case (ii). Let L = A/, ((up,0)) be the Fréchet
derivative of A at (up,0). Suppose that (I — L)(ui,u2) = 0, for some u; >
0,u2 > 01in Q, and u; = ug = 0 on Q. Then (uq, us) satisfies (3.10) again. The
second equation in (3.10) and the second assumption in (ii) implies that ug = 0.
We then obtain from the second equation in (3.10) that u; = 0 in the same way
as in case (i) above. Hence the operator (I — L) is invertible on K, o).

We next show that the operator L does not have property (@) on Ky, 0)-
We have S(,,,0) = Co(€) x {0}, and W(yg.0)\S(ue,0) = Co(Q) x {Cy (2)\{0}}.
Suppose the operator L }ias property (a) on K(uo,O) Then there exists some

€ (0,1) and (UT,UE) S K(uo,O)\S(uo,0)7 such that

wf — t*(—o1A + P)"([a1 + f1(uo, 0) + uo B2 (ug, 0) + Plu}
—|—U0 (u0> )u2) € 0( )a

uy — t*(—=2A + P)~([az + fa(uo,0) 4+ Pluj ) = 0.

The first equation above is always satisfied. The second equation above implies
that )

t—*u§ > uj in Cp(Q),

where T := (—o2 A+ P)~taz + fa(ug, 0)+ P]. By Theorem A2-6(i) in Chapter 6,
we obtain r(T") > 1 for the spectral radius (7). On the other hand the second
assumption in (ii) implies that there exists a positive eigenfunction ¢ for the
negative eigenvalue (3 := p1(02A + ag + fa(up,0)) such that

*_
Tus =

(=022 + P)¢ — (a2 + fa(uo,0) + P)p = =S¢ > 0 in Q.

We thus have ¢ — T¢ > 0 in Cp(Q2). Thus by Theorem A2-6(ii) in Chapter 6,
we obtain r(T) < 1. From this contradiction we conclude that L cannot have
property . Consequently, using Lemma 2.7, we have

index i (A, (ug,0)) = indexc, @)« (o (L (0,0)) = £1

In order to calculate index gy oy (L, (0,0)), we use Theorem A2-3 in Chapter
6 to find index, ()« oy (L, (0,0)) = (—1)™, where m is the sum of multiplicities
of eigenvalues of L greater than 1. Suppose (gi) 1Y) € Cp(Q)x {0} is an eigenvector
of L with X\ as eigenvalue. Then

(—UlA + P)_l[al + fl(uo,O) + UO%(U(),O) + P]¢ = )\¢
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Let T := (01A+P) tay —I—fl(uo,O)—l—uo%(uo,O)—l—P]. We have 3 := p1(01A+
a1 + f1(uo,0) + oGy on "L (ug, 0)) < 0, and

(=01 A+ P)p — (ay + f1(uo,0) + uo%(uo,O) +P)p=—P¢>0 inQ

for some positive eigenfunction 6 for the eigenvalue 3. We thus have ¢—T'¢ > 0,
and by Theorem A2-6(ii) in Chapter 6 again we obtain 7(T") < 1. Consequently
A < 1and m = 0. Thus we have index (4, (up,0)) = (—=1)° = 1. Similarly, we
can show that index i (4, (0,v9)) = 1.

We thus have

ix(A, D) =1, indexk (A, (0,0)) =0,
index i (A, (up,0)) = indexk (A, (0,v9)) = 1.

In order to avoid contradicting the additive property of the indices (Theorem
A2-1(ii) in Chapter 6), there must exist a positive solution of problem (1.1) in
D other than (0,0), (up,0) or (0, vp).

For each case (i) or (ii), the positive solution (u(x),v(z)) in D, other than
(0,0), (ug, 0) or (0,vp), has each component Z 0, > 0in €. From the boundedness
of the coefficients [a; + f;(u(z),v(x))], we obtain from each equation in (1.1) and
Lemma 1.1 that each component of (u(x),v(z)) is strictly positive in Q.

For necessary conditions, we consider the special case when the intrinsic
growth rates a; and ag of each species are the same

(3.11) o1 =02 =0, a1+ fi(u,v) =pu) — q(v), az+ fa(u,v) =r) — s(u),

0) =0, p,r,—q,—s are C'([0,00)) non-

where p(0) = a; = az = 7(0), ¢(0 )= (
r’ < 0. Moreover, there exist constants ¢, ¢y

increasing functions, and p’ < 0,
such that

(3.12) p(u) < 0 for u > cy; r(v) <0 for v > co.

Theorem 3.5. Consider the boundary value problem (1.1), under the special
conditions (3.11) and (3.12). Suppose further that both p' + s',r" + ¢' have the
same constant sign on (0,c) where ¢ = max.{ci,c2}. If the boundary value
problem has a positive solution, then p(0) > A1, r(0) > A1, and one of the
following three situations must hold:

(i) p1(cA +p(0) — q(vo)) > 0, and p1(cA +r(0) — s(up)) > 0;
(1) p1(cA +p(0) — q(vo)) <0, and p1(cA +7(0) — s(up)) < 0;
(iii) p1(cA + p(0) — q(vo)) =0, and p1(cA +1(0) — s(up)) = 0.
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Proof. First assume that
(3.13) p+s >0, v +4 >0.

Let (u,v) be a positive solution of the boundary value problem (1.1), (1.3) under
the hypotheses of this theorem. The function @ is a positive lower solution to
the scalar problem:

(3.14) ocAu+up(u) =0 in Q, u =0 on 0Q;

and the constant function u = ¢; is an upper solution for (3.14). Thus problem
(3.14) has a positive solution, and Lemma 2.1 implies that p(0) > oA;. Moreover,
we have r(0) = ag = a1 = p(0) > oA, and we have a positive solution ug for
(3.14) and a positive solution vy for cAv + vr(v) = 0 in Q, v = 0 on 9. We
have

p(0) — q(vo) = 7(0) — q(vo) = 7(0) + q(0) — q(vo) < 7(vo),

where the last inequality is due to the second part of (3.13). Similarly, from the
first inequality in (3.13), we obtain

7(0) — s(uo) < p(uo).
From the two inequalities above, we find
p1(cA +p(0) — q(vo)) < pr(cA +7(vo)) =0,

ﬁl(O'A + T‘(O) — S(Uo)) < ﬁl(O'A +p(u0)) = 0.

That is, we obtain the second conclusion (ii) of the statement of the theorem.
If we reverse both inequalities in (3.13), the arguments above lead to conclusion
(i) of the theorem. If both inequalities in (3.13) are changed to equality, then
we obtain conclusion (iii).

Remark 3.3. When (3.13) holds, there are strong competitions between the
two species, we obtain case (ii) in Theorem 3.5 when both eigenvalues involved
are negative. If both inequalities in (3.13) are reversed, there are weaker com-
petitions, and we obtain case (i) above when both eigenvalues involved are pos-
itive. The assumptions in Theorem 3.5 are very restrictive. In Theorem 3.11 to
Theorem 3.13 below, we will consider cases when one species is much stronger
than the other.

For fixed f;(u,v),i = 1,2, satisfying (3.7) and suppose a1, ay satisfy (3.8),
we now utilize Theorem 3.4 and comparison method to deduce a more detailed
description of the set:

(3.15)

A= {(a1,a2)| a; > p1(—0;A),i = 1,2; the boundary value problem (1.1)

has a strictly positive solution in €.}
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The analysis here is more general than that for the Volterra-Lotka prey-predator
case given in the last section. By assumption (3.8), there exist positive solutions
u = ug(ay),v = vo(ag) respectively satisfying the following:

o1Au + ufa; + f1(u,0)] =0 in Q, u=0 on 09,

o9Av + vlag + f2(0,v)] =0 in Q, v =0 on IN.

Define v, @, u, v to be the maximal non-negative solutions of the following scalar
boundary value problems:

(09 Av + v(ag + fa(ug(a1),v)) =01in 2, v =10 on 0;
o1A%+ w(ay + f1(@,v)) =0in Q, @ =0 on I

(3.16)
o1Au+u(ar + fi(w,vo(az)) = 0in Q, u=0 on 9

09 AD + B(ag + f2(u, 7)) =0in Q, =0 on 9.

The four functions are not always nontrivial, and are completely determined by
the two constants a; and ag. For each fixed v, v < v < vg(az), the functions u
and 0 are respectively upper and lower solutions of

(3.17) o1Au+u(ay + f1(u,v)) =0in , uw =0 on 9.

For each fixed u, 0 < u < @, the functions vg(az) and v are respectively upper
and lower solutions of

(3.18) o9 Av +v(ay + f2(u,v)) =0, in Q, v =20 on IN.

Similarly, for each fixed v, 0 < v < ©, the functions ug(a;) and u are respectively
upper and lower solutions of problem (3.17). For each fixed u, u < u < ug(ay),
the functions v and 0 are respectively upper and lower solutions of problem
(3.18). Let (u1(z,t),vi(x,t)) and (ua(z,t),v2(x,t)) be respectively solutions of
the initial boundary value problem (1.2) with initial conditions:

(3.19) (u1(z,0),v1(2,0)) = (a,v), and (uz(x,0),v2(x,0)) = (u,v).

One can show by comparison that as t — +o00, uj(x,t) and vi(x,t) respectively
tend from above and below to some %*(z) and v*(x) in Q, since the initial
conditions are upper and lower solutions for the steady state problem. Similarly
as t — 400, ug(x,t) and vy (z, t) respectively tend from below and above to some
u’(x) and 9°(x) in Q, since the initial conditions are lower and upper solutions
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for the steady state problem. Note that u®, v®,u®, v° are completely determined
by the parameters aq,as. Next, we define

Gi(a1,a2) := p1(—02A — fa(u®,0)) > p1(—024),
(3.20)

Ga(a1,a2) = p1(—01A = f1(0,v*)) > p1(—0c1A).

For given (a1, asz) satisfying (3.8) and let (u,v) be a corresponding solution of
the steady state problem (1.1), we can readily deduce by comparison that:

(3.21) ' <u<a®, vi <o <7

If (a1,a2) € A, then we have 4° > u > 0 in Q. Taking limit as ¢t — 400, we also
find that @® is a positive solution of:

o1Au® +a’(a; + fi(a®,v°)) =0in Q, @® =0 on 0N.
Comparing with (3.20), we must have:
ap > Ga(aq,az).
Similarly ©° is a positive solution of:
oo AT® + 0% (az + f2(u®,0°)) = 0in Q, v° =0 on 9.
We conclude that

as > Gl(al, ag).

Define
Hy(ar) :=inf{B > p1(—024) : B > G1(a1, 3)},
Hy(a2) == inf{a > pi(—01A) : a > Ga(a,a2)}.
Using comparison arguments as given in the last paragraph and more careful

analysis by means of Theorem 3.4, one can obtain a more precise description of
the set A as follows.

Theorem 3.6. Consider problem (1.1) under assumptions (3.7) and (3.8). The
set A defined in (3.15) is a connected region bounded by the two curves:

Pl Lap = HQ(CLQ), FQ L ag = Hl(al)

in the following sense: for each ay > pi1(—o2A), the horizontal slice {a;j :
(a1,a2) € A} is a nonempty interval whose left endpoint is on I't; and for
each a1 > p1(—o1A), the vertical slice {ag : (a1,a2) € A} is a nonempty interval
whose lower endpoint is T's.
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Details of the proof can be found in Ruan and Pao [195]. Moreover, the
theorem is actually true for more general boundary conditions for the functions
u, v respectively of the form B; = ai(a:)% + Bi(x),i = 1,2. Here, a; and 3; are
non-negative functions in C1+%(9Q),0 < a < 1, with either a; = 0,3; > 0 or
a; > 0,06; > 0. The set A is illustrated in Fig. 1.3.1 below.

p1(=034)

pi(=0;4)

Figure 1.3.1: Coexistence Region in (a1, as) Parameter Space.

Applying the results of Theorem 3.4 to system the Volterra-Lotka system
(3.3), we see that when the interaction rates ¢ and f are small, we will have case
(i) when both of the related principal eigenvalues are positive. Thus Theorem
3.4 asserts the existence of positive coexistence solution. Actually, we can also
obtain the existence of such solution when both ¢ and f are small from the
result in Corollary 3.2. On the other hand, when ¢ and f are both large, we
have strong competition between the species. In this case, we will have case (ii)
in Theorem 3.4 when both related principal eigenvalues are negative. Thus we
have coexistence positive solution again.
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Part B: Extreme Strong Competition.

We now make a more careful study of the situation when both competition
interaction parameters ¢ and f are large. We shall see that the species may
tend to segregate from each other as they coexist. For simplicity we restrict to
o1 =09 =1,a> A,e > A;,b =g =1 and Dirichlet boundary condition. That
is, we consider:

Au+ula —u—cv) =0
in €,
(3.22) Av+v(e—v— fu)=0

u=v=>0 on 0f).

Recall that by Lemma 2.1, there cannot be any non-negative solution of the
above problem with u Z 0if a < A (or v Z 0 if e < A\1). When both ¢ and f are
large, there is one type of positive solution to the problem (3.22) closely related
to the positive solutions of the reduced problem:

Au+u(a —v) =0
in €,
(3.23) Av+v(e—u)=0

u=v=0 on 0f2,

with a > A1,e > A;. Moreover, the existence of positive solution of the reduced
problem (3.23) is related to the trivial solution of the problem:

(3.24) Aw+awt +ew” =0 inQ, w=0 on I

We will find that if (3.24) has only the trivial solution which has nonzero index,
then (3.23) has a positive solution. Moreover, for each isolated positive solution
(@,v) of (3.23), there is a positive solution (u,v) of (3.22) with ¢, f large, fu
close to @ and cv close to 9.

There is another type of positive solution of (3.22) when ¢, f — oo,c™1f —
a € (0,00). Here, the corresponding positive solution (u,v) of (3.22) has the
property that ¢||u||co, f]|v||cc both tending to infinity. More precisely, if there is
an isolated solution wq of the problem:

(3.25) Aw+wT(a—alwT) +w (e+w )=0 inQ, w=0 ondQ

which changes sign in 2 and has non-zero index, then (3.22) has a positive
solution near (oz_lwar ,—w, ) for ¢, f large. In this situation, one species is
segregated to near where w({ # 0 and the other species is segregated to near
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where —w; # 0 in 2. We now describe more carefully the first type of positive
solution of (3.22).

Theorem 3.7 (Extreme Strong Competition for Both Species, I). Sup-
pose (u,v) is an isolated positive solution of (3.23) with non-zero index. Then
for any € > 0, there exists a large M > 0, such that for any ¢, f > M, problem
(3.22) has at least one positive solution (u,v) satisfying:

(3.26) [|fu—1|leo <€ |lcv—17|lo0 <.

By the index of (4, 0), we mean the fixed point index denoted by index p(B, (4,7)),
where P represents the natural positive cone in C(Q) x C(Q), and B : C() x

C(Q) — C(Q) x C(Q) is defined by
B(u,v) = (—A 4+ k)" (ku + au — wv, kv + ev — uv),

with homogeneous Dirichlet boundary condition. Here, k is a large positive con-
stant so that B maps some neighborhood N of (u,0) in P into P. (Recall the
definition of fixed point index in Part B of Section 1.2.)

Proof. Let u = fu,v = cv. We readily verify that (u,v) is a positive solution
of (3.22) if and only if (@, ) solves:

Au+ula —v) — f~lu2 =0
in Q,
(3.27) Av+v(e—u)—c =0

u=v=>0 on 0f).

Consequently, in order to prove this theorem, it suffices to prove (3.27) has
a positive solution near (4, 0) when f and ¢ are large. Comparing (3.27) with
(3.23), we see that this can be achieved readily by homotopy invariance of degree
argument.

Theorem 3.8. Suppose problem (3.24) has only the trivial solution w = 0 with
indemcé(D)(Bl,O) # 0, where Byw = (—A) " (aw* + ew™). Then the problem
(3.23) has at least one positive solution. Moreover, there exists a constant M > 0
such that any solution (u,v) of problem (3.23) satisfies:

ulloo + [[v]loe < M;
and the sum of the indices of all the positive solutions of (3.23) is equal to

indea:oé(g)(él, 0). Here, C3(Q) denotes the functions in C1(Q) with zero bound-
ary value on 0.
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Proof. The proof of this theorem can be divided into three steps.
Step 1. We first show that there exists M > 0 such that any positive solution
(u,v) of the problem:

(—Au = tau+ (1 —t)a(u —v)" — v

in €,
—Av=tev+ (1 —t)e(v —u)t —uv
(3.28)
u=v=0 on 0§,
0<t<1,
must satisfy
(3.29) ulloo + [[]]oo < M.

Observe that neither component of a non-negative solution of (3.28) can
vanish identically unless both components vanish identically.

Suppose, by contradiction, there exist ¢, € [0,1] and positive solutions
(tn,vy) of (3.28) with ¢ = ¢,, such that

l[unlloo + [[vn]lee — o0
Then from the equation we find
(330) —Aty, < atly, —Av, < ety, fan|8Q = {)n‘aﬂ =0,

where
Up = (||Un||00)_lum Up = (||Un||00)_1vn-

From (3.30), we obtain

/ Vi, |*dz < a/ #2dr < a mes.(Q),
Q Q

/ |V, |?dr < e/ v2dx < e mes.(Q).
Q Q

Here mes.(f2) is the measure of the domain Q. Thus {a,},{0,} are bounded
in I/VO1 2(Q), which is a Hilbert space. By compact embedding in L2(f2), we can
choose a subsequence such that

Uy — U, Uy — U weakly in Wol’Q(Q) and strongly in L?(Q).

Moreover, we can deduce by taking (—A)~! with Dirichlet boundary conditions

on both sides of (3.30) that if 4 = 0, then @, — 0 in C(2). This contradicts
||tin||oo = 1. Therefore we have @ # 0. Similarly, 0 # 0.
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Since ||ty ||oo + ||Vn]|co — 00, without loss of generality we suppose ||v,||oo —
oo. From (3.28), we find

- Un

—Ady, = thaty, + (1 —t,)a(d, — W)+ — ||vn||coTnTp.
mn||o0

Multiplying both sides by ¢ € C§°(£2) and integrating over €2, we obtain

+
~ ” u Un
= loull [ vt

Since [, Unlnodr — [ 0¢dz, ||vy|les — oo and the left side of the above
equation is uniformly bounded, we obtain fQ uv¢pdr = 0. Since ¢ is arbitrary,
we conclude wv = 0 a.e. in Q.

Let oy, = [|[tunl|oo/||vn]loo- Without loss of generality we may assume oy, —
a € [0,00) (otherwise, we consider ||vp||oo/||tn||oo). We also assume ¢, — ¢ €
[0,1]. From the equations in (3.28), we obtain
)+

— Aty —p) = tpla(anin) — etp] + (1 —ty)[a(Qntn — 0n) T — e(P — antin) ™).

Multiplying the above equation by ¢ € C§°(2), integrating over Q2 and passing
to the limit, we obtain

/QV(aﬂ—f))VgZ)da: :f/Q[a(aa)—e@]gz)der(l—f)/Q[a(aa—a)te(@—aa)ﬂgﬁdx.

Since 4, v > 0 and uv = 0, we have

(et — )" =ab, (0—oau)" =7;
and hence
/ V(au —0)Vodr = / [a(at) — ev]p dx.
Q Q
Let wyg = at — v. We have war = ati, w, = —v and so

/ VuwoVede = /(aw()F +ewy )odx, for all ¢ € Cg°(R2).
Q Q

This means wy = au — ¥ is a bounded weak solution of (3.24) and hence a
classical solution. Since wg # 0, we arrive at a contradiction. This completes
the proof of step 1.

Step 2. Let Bjs denotes the ball in C(€Q2) x C(€2) centered at 0, with radius

M as described in (3.29). Let P be the natural positive cone in C'(Q2) x C(£2),
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and the operator B be defined as in Theorem 3.7. Here, we assume the positive
constant k£ has been chosen sufficiently large for the definition of B so that B
maps P N By to P. We will show

(3.31) degp(I — B, P N By, 0) = indexcy o)(Bi,0),

where By is the mapping defined in the statement of this theorem.
First, by means of (3.29), the homotopy

Hy(u,v) = (=A+ k)" YHtau+ (1 — t)a(u — v)T — uv + ku,
tev + (1 —t)e(v —u)™ — uv + kv)
with k£ > 0 leads to
(3.32) degp(I — B, PN By,0) = degp(I — Hy, P N By, 0).
Next, we consider another homotopy

—Au=a(u—v)T —tuv + (1 — t)eg

in Q,
(3.33) —Av=rce(v—u)t —tuv+ (1 —t)eo
u=v=0 on 0f2,
where ¢t € [0,1]. Here, € is a fixed positive number. If (u,v) is a non-negative

solution of (();3.33), then u — v satisfies

~A(u—v)=alu—v)" +e(u—v)"in Q, (u—"v)laq =0.
Thus, by the assumption of the theorem we obtain u = v; and hence u satisfies
(3.34) —Au=(1—1t)eg —tu? in Q, ulpg = 0.

Using an upper and lower solution argument and noting that the right hand
side of (3.34) is concave with respect to u, we see that (3.34) has a unique non-
negative solution 1), for ¢t € [0,1],0 < ¢y < (1 — t)eo(—A)71(1) and ¥ > 0 in Q
for 0 <t < 1. Here, (—A)~! is taken with zero Dirichlet boundary condition.
Thus (3.33) has a unique non-negative solution (u,v) = (14,). Define

Hy(u,v) = (—A+k) " a(u—v) T —tuvt(1—t)eg+ku, e(v—u) " —tuv+(1—t)eg+kv)

with k£ > 0 large and ¢y chosen sufficiently small so that ||1g||cc < M /2. Then
we obtain by homotopy invariance of degree that

degp(I — Hy, PN Byy,0) = degp(I — Hy, P N Byy,0) = indexp(Hy, (1o, 10)).
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Since H, = Hy, we combine with (3.32) to find
(3.35) degp(I — B, PN By, 0) = indexp(Hy, (1o, 1h0)).

Let P denote the natural positive cone in CH(Q) x C}(Q) and j : P — P denote
the inclusion. Since Hy maps a neighborhood of (10, %0) in P continuously into
P, the commutativity property of the fixed point index (see Nussbaum [178])
leads to

(3.36) indexp(Ho, (1o, %)) = indexp(jHo, (1ho, Vo)) = index 5(Hoj, (to,0))-

Since (g, o) € int(P), due to maximum principle, we further find that

(3.37) index (Hoj, (Y0,10)) = index 5 (Hoj, (1ho, t0)),

where E denotes Cg () x CA(9Q).

Now consider the homeomorphism  : E — E defined by h(u,v) = (u,u—0v).
Clearly h™! = h and h maps a neighborhood of (vq,1) into a neighborhood
of (10, 0). Since (1p,1) is an isolated fixed point of Hyj, (109, 0) is an isolated
fixed point of h~'Hyjh. By the commutativity of the fixed point index, we have

(338) an@xE(ﬁoj, (¢07 ¢0)) = inde$E(h_lﬁ0jh7 (¢07 O))u
where one readily verifies that
™ Hojh(u,w) = (=A 4+ k)" aw™ + o + ku, aw™ + ew™ + kw).

Since by assumption the problem —Aw = awt + ew™ in Q, wl|gg = 0
has only the trivial solution, we can use the homotopy H(u,w) = (—A +
th) " (taw™ + € + thu, aw’ + ew™ + thw),0 <t <1 to find

(3.39) index g (h™" Hojh, (1)0,0)) = index 5(Ho, (14, 0)).

Now Ho(u,w) = ((—A)"Y(eg), (=A) " (aw™ + ew™)), and by the product theo-
rem of degree, (cf. [75] or [178]), we find
(3.40)

ind6$E(H0, (1/)0, 0))

= indexcé@)((—A)_l(eo),1/10)) ~indexcé(g)((—A)_1(aw+ +ew™),0)
= indexcy (Q)(B’l, 0).
From (3.35) to (3.40), we obtain

degp(I — B, PN By, 0) = indexcyq)(Bi,0).
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This proves the validity of (3.31).
Step 3. This last step will complete the proof of the theorem. By taking t = 1
n (3.28), the argument in step 1 above shows that any positive solution (u,v) of

(3.23) satisfies ||u||oo + ||V||oc < M. Since a,e > A1, one can show as in Theorem
2.5 or 3.4 that (0,0) is a solution of (3.23) with

indexp(B,(0,0)) = 0.
Choose a small ball B, such that
degp(I — B, B, N P,0) = indexp(B, (0,0)).

Then by the additivity of degree (cf. Theorem A2-1 in Chapter 6) and (3.31)
we obtain

degp(I — B, (By\B;) N P,0) = indexcyq )(B1,0) # 0.

Hence (3.23) has at least one non-negative solution in (Bjs\B,.) NP, and the sum
of the indices of all such solutions is equal to indeazcé (Q)(Bl, 0). Since a,e > A,
(3.23) has no non-negative solution (u,v) with only one component identically
zero. Since any non-negative solution of (3.23) must be in By NP by step 1, and
B, is chosen so small that (3.23) has only the trivial solution in B,, we see that
all solutions with each component strictly positive in 2 of (3.23) are contained
in (By/\B,) N P. Consequently, the sum of indices of such positive solutions of
(3.23) is equal to indeazcé@)(él, 0). This completes the proof of the theorem.

Corollary 3.9. Suppose problem (3.24) has only the trivial solution w = 0 with
indemcé(D)(Bl,O) # 0, where Byw = (—A)"Yawt + ew™). Then there exist
large positive constants M and N such that for any f,e > N, problem (3.22)
has at least one positive solution (u,v) satisfying:

Fllulloo + ¢||v]|oe < M.

The next Theorem describes the second type of positive solution of (3.22)
mentioned above.

Theorem 3.10 (Extreme Strong Competition for Both Species, II). Let
a € (0,00). Suppose problem (3.25) has an isolated solution wy in L?(2), which
changes sign and has non-zero index. Then there exist respectively very large
and small positive constants N and € such that for any c, f satisfying

c>N, |clf —a| <e

the problem (3.22) has a positive solution (u,v) near (o twg, —wy ) in L*() x
L3(9).
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(The question of uniqueness and stability of the steady-state will be considered
in Theorems 5.10 and 5.11 in Section 1.5 below).

Outline of Proof. The proof is similar to that of Theorem 3.8, thus we will
only outline the main ideas. First, we consider the homotopy:
(3.41)

(—Au=tau+ (1 —t)a(u —a o)t —tw? — (1 —t)((u — a~ o) ") — cuv
—Aw = tev + (1 — )e(v — aw)* — t0? — (1 — £)((v — au)*)? e
—(tB+ (1 — t)a)cuw
u=v=0 on 99,

where 0 <t < 1. Here § > 0 is fixed. If (u,v) is any non-negative solution of
(3.41), we can readily show that

a2

2
—Augz, —AvgdzinQ, u=wv=0 on 08,
since the function g(s) := As — s? is bounded by A?/4 for s > 0. We thus obtain
that if (u,v) is any non-negative solution of (3.41), then

(3.42) 0<u<M, 0<v<M

for some M > 0. For simplicity, we next denote the right hand side of the first
equation in (3.41) by fi(u,v,t), and that for the second equation by fa(u,v,t).
Let

up = min{u, M}, vy = min{v, M}.

Define i
fi(u,v,t) = fi(unr,vae,t), fo(u,v,t) = folunr,var, t).

Choose ¢ > 0 so small such that in the neighborhood Nj(wg) in L?(2), wp is the
only solution of (3.25). Then choose §; > 0 so that (u,v) € ONs, (o wf, —wy)
implies that u # 0,v # 0 and au—v € Ng(wp). Here ONs, (o twg , —wy ) denotes
the boundary of the d;-neighborhood N, (o™ twg, —wy) of (e twg, —wy) in
L?(Q) x L?(2). We then show there exist positive N; large and e small such
that problem (3.41), with the first and second line on right hand side respectively
replaced by fl(u,v,t) and fg(u,v,t), has no non-negative solution (u,v) with
(u,v) € ONs, (atwd , —wy ) whenever ¢ > Ny, [ —a| <eand 0 <t < 1.
For any ¢ > Ny, let M, > 0 be large enough such that

fl(u,ﬂ,t) + MCU > 07 fg(u,’(},t) +MC’U > 07
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for any u,v > 0 and t € [0,1]. Define the mapping
At(u7 ’U) = (_A + MC)_I(fl(uu v, t) + MCU, f:?(uu v, t) + MC’U)

which is completely continuous and maps the natural positive cone P in L?(Q) x
L?(Q) into itself. We show that for large ¢, the problem with ¢ = 0:

~Au=a(u—a )t — ((u—a1v)")? - cuv
in €,
(3.43) —Av =e(v—au)t — ((v—au)t)? — acuw

u=v=>0 on 0f),

has a unique non-negative solution in N(gl(oz_lw(')F ,—w, ), and the solution de-
noted by (ue, ve) = (e, aue — wp) tends to (e~ twy, —wy ) in L2(Q) x L3(Q) as
¢ — 0.

As in the proof of Theorem 3.8, we use the regularity of Ag, the homeomor-
phism h(u,v) = (u,au —v) in E = C(Q) x CA(RQ), the commutativity of the
fixed point index and the product formula (cf. [75] or [178]) to obtain:

degp(I — Ay, PN Nj, (o twg, —wy ), 0)
= degp(I — Ao, P N Ns, (o twy , —wy ), 0)
= indexp(Ao, (te, v¢))
= index (Ao, (te, vc))
= indexcé(g)(ég, wo) - index gy (o (B, uc)
= indexcé(ﬂ)(ég, wp) # 0.
Here, Bow = (—A) wt(a —a~twt) + w™ (e +w™)], Bu = (—A) aa  wi —
(atwf)? — cu(au — wp)], and we can obtain from uniqueness property that
index gy (o) (B, uc) = 1.
This shows that (u,v) = Aj(u,v) has at least one solution in the set P N
N5, (atwf, —wg ) for ¢ > N > Ny and |3 — a| < 1. The solution of (3.22) will

satisfy (3.41) for ¢ = 1. For more details, see Dancer and Du [41].

Part C: One Much Stronger Competitor.

In the remaining part of this section, we finally consider the case of existence
of positive solution for problem (3.22) when none of the conditions (i) or (ii) of
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Theorem 3.4 is satisfied. (Here, in the notation of Theorem 3.4, fi(u,v) :=
—u — cv, fo(u,v) := —fu—wv,a1 =a > p1(—A),azs = e > p1(—A),00 =09 = 1.
Also recall the definition of ug and vy in Remark 3.2.)

Define ¢, f to be positive constants when

(3.44) Mm(A+a—cv) =0, pr(A+e— ]?U,o) =0.
For convenience, we define coexistence parameter sets as follows:

T :={(c,f):c>c0< f<f,
and problem (3.22) has a strictly positive solution},

T~ :={(e,f): f>[,0<e<g
and problem (3.22) has a strictly positive solution}.

Let:
(3.45) gi(c) = /th dx — fc/Qh2(—A — (a — 2up)) " (uoh) dz,

where h is the positive eigenfunction which spans the kernel of —A — (e — fuq)
and normalized so that ||h||12(q) = 1. Similarly, define

(3.46) g0(f) = /Qk:?’ dx — cf/QkQ(—A — (e — 2v9)) " H(wok) dz,

where k is the positive eigenfunction which spans the kernel of —A — (a — ¢uvp)
and normalized so that ||k[|z2q) = 1.

The coefficients ¢ and f in (3.22) can be interpreted as coefficients of com-
petition. The following theorem describes situations of coexistence when the
competition coefficient of one species is relatively large compared with the other.

Theorem 3.11 (Positive Solution with One Competitor much Stronger).
Consider problem (8.22) with a > p1(—=A),e > p1(—A) and ¢, f as defined in
(8.44). The coexistence parameter set described above has the following proper-
ties.

(i) The set T is nonempty if either g1(¢) > 0 or g2(f) < 0.

(i1) For almost all (a,e) in (A1,00) X (A1,00), either T is nonempty or T~ is
nonempty.

(Here, g1, g2 are defined in (3.45) and (3.46).)

Proof. Linearizing equations (3.22) at (ug,0) leads to the system:

—Ay+ (2up — a)y = —cupz
in €,
(3.47) —Az+ fupz = ez
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Since ug > 0 in €2, by comparison we have pi1(—A + (2ug —a)) > p1(—A+ (ug —
a)) = 0. Thus by [3], the operator [—A + (2ug — a)]~! exists and is a compact
positive operator on CS’Q(Q), 0 < a < 1. Equation (3.47) is thus equivalent to
the system:

y=[-A+ (2up — a)] "} (—cupz),
(3.48)
z= fIA+ e (ugz).

For convenience, let A7 = [A + e]™!, Myz = upz, Ay = [-A + (2ug — a)] 7L,
Mgz = —cugz, and ¢ = (y, 2)” then (3.48) can be written as

q = fBi1g+ Bag,

where

o 0 0 _ 0 A2Mca
Bl_[o AlMa]’ BQ_[O 0]

are compact operators on the Banach space [C’é’a(Q)]Q. Thus I — fB; — By is
a Fredholm operator on [C’é’a(Q)]Q, with index 0. Furthermore, since ker(I —
fB1 — Bo) has dimension 1, f will be a simple eigenvalue of the pair (I — Bs, By)
provided

(3.49) Bi¢ ¢ Range(I — By — fB1),

where ¢ is any element in the ker(I — fB; — Ba) (cf. Chow and Hale [28]). To
verify (3.49), let ¢ = (y, 2)T and

y=[-A+ (2up — a)] "} (—cupz),
(3.50) )
z= fIA+ e (upz),

with z # 0. Then the second component of Bi¢ is [A + e] lugz = f~1z. For
any ¢* = (y*,z%) € [C’é’a(Q)]Q, the second component of (I — By — fB)¢*
is I — f[A + €] Y(upz*). Hence if Bi¢ € Range(I — By — fBy), then z €
Range(I — f[A+e]"tM,). However, by (3.50), the kernel ker(I — f[A+e]~' M,)
is spanned by z, leading to a contradiction.

The analysis above justifies the application of the bifurcation theorem of
Crandall and Rabinowitz [33], with fixed a > A1,e > Ay, ¢ > 0, while the param-
eter f varies across f. For all f near f, (ug,0) is a solution of problem (3.22).
There exists dp > 0 and smooth functions f : (—dp,d0) — R, u : (=g, 00) —
Cy™(Q), v : (=60, 00) — Cy*(€2) such that:

F0) = F. ul(s) = o+ syo+(s), v(s) = sz + 5(s),
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where B
2o spans the ker(I — f[A + ]~ M,),

zo(x) > 0, for x € Q, / zgda: =1,
Q
Yo = [—A + (2ug — a)] ! (—cuo2);
1)y = oI5, 125}l gy = ol as s — 0.

Moreover, in a sufficiently small neighborhood of (f,ug,0) in R x Cé’a(f_l) X
CS’Q(Q), the triples (f(s),u(s),v(s)),|s| < do are the only solutions to (3.22)
other than (f,up,0). In particular, we have positive solutions to (3.22) when
5> 0.

We now let A\(s) = f(s)— f and calculate X’(0). For this purpose, we consider
the equation

—Au(s) = ev(s) = v(s) — f(s)u(s)v(s),
which is equivalent to:
(351)
(=A+ fug —e)(s20 + 2(s)) = —A(s)(uo + sy0 + §(s)) (520 + 2(s))
— (s20 + 2(s))? = f(syo + 5(s)) (520 + £(5))-
Differentiating (3.51) with respect to s yields
(3.52) ~
(—A+ fug —€)((s))
= N'(s)(uo + syo +§(s))(s20 + 2(s)) — Als)(yo + ¥/ (5))(s20 + 2(s))
- ):(8)(11,0 + syo + 7(s)) (20 + Zi(s)) —2(sz0+ 2(s)) (20 + 2'(s))
— f(yo +7'(s))(s20 + Z(s)) — f(syo + () (20 + Z'(5)).

If we differentiate with respect to s once more and evaluate at s = 0, we obtain

(—A + fug —e)(Z"(s)) = —2X(0)upzo — 2(20 + Z'(0))?
—2f(yo +§'(0)) (20 + Z(0)).
We deduce Z'(0) = /(0) = 0 and obtain from (3.53)

(3.53)

(3.54) / 20(—A + fup —e)(Z"(s)) dz = / [—2N (0)ug 2 — 2(20)% — 2fyo22] dz.
Q Q
Integrating by parts, we obtain
(3.55) V() =~ [ uoshde] [ (3 + Funch) dal.
Q Q

Identifying 2 with h in (3.45), and noting that yo = [~A+(2ug—a)] ™! (—cup2o),
we find

(3.56) N(0) = - /Q o2 ] L g1(c),
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where g1 (c) is given in (3.45). Suppose g1(¢) > 0, then g1 (c) changes sign at some
¢ > ¢, and for ¢ = ¢; € (¢, ¢), we have g1(c1) > 0, and X'(0) < 0. Consequently
for 6 > 0 sufficiently small, (3.22) has a positive solution if (c, f) = (c1, f — ).
That is 7" is non-empty.

If g1(¢) > 0 and ¢y is slightly less than ¢, positive solution bifurcates to the
left of f at (cg, f). If g1(¢) < 0, then positive solution bifurcates to the right of
f at (co, f). By symmetry, if go(f) < 0 and fo is slightly less than f, positive
solution bifurcates to the right of ¢ at (¢, fo). Thus T is also nonempty. This
proves part (i).

We shall not show the proof of part (ii), which can be found in Dancer [40].

The following lemma can be proved readily, and can be used for applying
part (i) of Theorem 3.11 to find positive coexistence states.

Lemma 3.1. Consider problem (3.22) with a > A\1,e > A1 and €, f, g1(¢), g2(f)
be as described in Theorem 3.11. If e is sufficiently large, then g1(¢) > 0 and

92(f) <0.
Proof. We first deduce a more convenient expression for ¢;(¢) and gz(f). By
definition in (3.45)

—Ah = eh — fugh in Q, h =0 on 0Q.

We have

—~Ah — (a —2ug)h = (e —a)h + (2 — flugh in Q.
That is
(3.57) h=(e—a)Lh+ (2 — f)L(ugh)

where L is the operator [~A — (a — 2ug)]~!, under zero Dirichlet boundary
conditions. Using (3.57), we can rewrite g;(¢) by means of (3.45) as:

(358) (@) =2— P2 F - fo) /

R¥dr—(2—f)"t(a— e)fc/ h%Lhdz,
Q

Q
if f # 2. Note that h is positive and L is a positive operator. Similarly, we

obtain:
k= (a — €)L2k‘ + (2 — E)LQ(’U()k‘),

where Lo is the operator [-A — (e — 2vp)] ™!, under zero Dirichlet boundary
conditions. Moreover from (3.46), we have

(3859) ga(f) = (2 - &) M2~ —&f) /

Kdr—(2—2¢) (e — a)éf/ KLk dz.
Q Q

It is easy to see that go(f) < 0if € < 2,2—¢— fé < 0and e > a. For fixed
a > A1, equations (3.44) indicate that if e is large, then both f and vy are
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increased. This in turn leads to smaller ¢. We thus have to carefully estimate
fc as e becomes large.
Let © = e vg. Then ¥ is a solution of

—e 1A =3(1-9) in Q, 9=0 on 0Q.

It can be shown that as e — 0o, we have © — 1 in LP(Q) for each p € (1,00) (see
e.g. Dancer [38] or similar proof in Theorem 5.2 in Section 1.5). Let ¢ = e¢. Note
that ¢ depends on e, and the spectral radius satisfies 7((—A)"1(a — éd)I) = 1.
Now, if ¢ > 0, 7((=A) " a—cd)I) — r((—A) Ha—c)I) = A\ *(a—c) as e — o0,
since ¥ — 1 in LP(Q2). Suppose ¢ = ec is unbounded as e — co. Let e; — oo and
é(e;) == e;é > c* for some ¢* > a — ;. Then

L=r((=A)"Ya—éd)I) <r((—=A)Ha —co)I) — A\ a — )

as e¢; — oo. This implies ¢* < a — A1, contradicting the assumption on ¢*. We
may thus assume ¢ = e¢ — « for some « as e — oo. Since 1 = r((—A)"1(a —
é0)I) — A (a — a) as e — oo. We must have e¢ — a — Aj as e — o0.

We next consider the change of f for large e. Let # > 0 be an arbitrary
number. We will show that if e is large, then

(3.60) r((=A)" (e — Feup)I) > 1, that is p1(A + (e — Feug)I) > 0.

Thus, from the definition of f in (3.44) and comparison, we must have f > 7e.
Since 7 is arbitrary, it follows that e™'f — oo as e — oco. To prove (3.60), it
suffices to find a . > 1 and a non-negative nontrivial function w = s, € WO1 2((2)
which is a weak lower solution (as described in Section 9.3 in Chapter 9 of Evans
[57]) for the problem:

(3.61) —Aw = p; e —reug)w in Q, w=0 on OQ.

This follows because a simple calculation shows that this implies that (—A +
KI)~Y(e+ K — feug)s. > Bse for some 3 > 1. Here, K > Feuq is chosen to
ensure the operator acting on s, is positive. Thus by p. 265, in Schaefer [205]
or a theorem similar to Theorem A2-6 in Chapter 6, we find the spectral radius
satisfies
r((—A+ KI) (e + K — feug)l) > 8> 1.

In order to construct the weak lower solution as described above, we choose a
neighborhood N of 92 in € such that ug(z) < (2F)~! in N. Let z denote the
principal non-negative eigenfunction of (—A) on N, with zero Dirichlet boundary

conditions on ON. Define s.(z) to be z(z) on N and to be zero otherwise. Then
se € Wi2(Q). Since e — Feug(z) > (1/2)e on N, we have

(3.62) —Ase < (e — Feug)se
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pointwise in N if e is large. Moreover (3.62) is trivially valid in Q\N pointwise.
We can then deduce as in Section 4.4 of Chapter 4 or Lemma 1.1 in Berestyki
and Lions [7] that s. is a weak lower solution for (3.61). This completes the
proof that e™!f — oo as e — oo. It follows that fé — oo as e — oo. Since

¢ — 0 as e — oo, the comments after (3.59) imply that ga(f) < 0 for large e.
By means of further analysis of the asymptotics for f,¢ as e — oo using
formula (3.58), we can deduce as above that g;(¢) > 0 as e — oo. For more

details see Dancer [40].

The following theorem provides more information concerning the coexistence
states as the parameters (c, f) changes near (¢, f) as described in (3.44).

Theorem 3.12. Consider problem (3.22) with hypotheses as described in Theo-
rem 3.11. Assume that (c1, f1) € TT. Suppose further that 0 < c < cy, f1 < f <
f and either ¢ < ¢y or fi < f, then problem (3.22) has a strictly positive solu-
tion which is an “asymptotically stable” solution of the corresponding parabolic
problem.

Remark 3.4. Here, by an “asymptotically stable” solution, we mean a solution
(u,v) such that the spectral radius satisfies r(A’(u,v)) < 1, (u,v) is an isolated
solution and has index 1 in

D = {(u,v) : Co(Q) x Cp(2),0 <u<a,0<v<einQ},

where A is the map whose fixed points are solutions of (3.22), described in (3.65)
below. A’(u,v) denotes the Fréchet derivative of A at (u,v).

Proof. We first prove the existence of a strictly positive solution. Since
(c1, f1) € T, there exists a strictly positive solution (uy,v;) satisfying

—A’U,l = ul(a — Uy — 017)1)
in €,
—Avy = vi(e —v1 — frur)

Ul :’U1:0 on 0f).

By comparison, we have 0 < u; < ug < a,0 <v; < vy <ein Q. Since ¢ < ¢,
we have
—Auy <wuj(a—u; —cvp) in Q.

Moreover, strict inequality holds in €2 if ¢ < ¢1, since u; > 0 and v; > 0 in .
Thus

(3.63) up < (—A + kN Yui(a + k —uy — cvy)),
and equality does not hold if ¢ < ¢;. Similarly

(3.64) v1 > (A + kD) HNoi(e+k — vy — fuy)),
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and equality does not hold if f > fi1. Here kis a positive constant satisfying
k > max.{a + ce,e + fa} such that the mapping:
(3.65) A(u,v) = (A + k) Hu(a+k —u—cv),v(e + k — v — fu))
is monotone on the set:
D = {(u,v) € Co(Q) x Cp(Q): 0<u<a,0<v<e in Q).
If we define (ug,vs) = A(uq,v1), we see from (3.63) and (3.64) that
ug > ug > up, 0 <wg <oy,
Defining (ty41,0n+1) = A(tun,vn),n =2,3,4..., we have
UY > Unt1 = Up, 0L v Svp,n=2,3,4...

By theory explained in Leung [125], the function (@, 0) = lim,—oco(Un,vy) is a
strictly positive solution of (3.22), unless © = 0. In this case (@,?) = (up,0). It
is also shown in Dancer [40] that

u<a
in Q,
>0
if (4, 0) is any solution of (3.22) satisfying:
up <4 < ug
in Q.

0<

>

<

Let C = {(u,v) € D : u; < u < up,0 < v < v} If the limit is such that
(,?) = (ug,0), then (ug,0) is the only fixed point of the mapping A in C. The
set C is closed and convex (thus contractible); and AC C C' by monotonicity.
Hence by basic properties of fixed point index, the sum of the indices of fixed
points of A in C' (counted relative to C') is 1, see Amann [3]. If (ug,0) is the
only fixed point in C, then we must have indexc(A, (up,0)) = 1. On the other
hand, by using Theorem 1 and Lemma 2 in Dancer [37] and part of Proposition
1 in Dancer [39], we can show that indexc (A, (ug,0)) = 0, provided we have
(3.66)

(A’ (ug,0)) > 1,and A'(ug, 0)(h, k) # (h, k) if (h, k) € (C5 (Q) x Cif (2))\{0,0}.

Note that the first property above is related to property («) of Definition 2.1,
as indicated in the proof of case (ii) in Theorem 3.4. In order to analyze the
spectral radius indicated in (3.66), we note that

A'(ug,0)(h, k) = (A + kI)"Ya+ k — 2ug)h — cugk, (e + k — fug)k).
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We thus have the following relationship for the various spectrum
o(A (ug,0)) = o((=A + kD) Na+k —2uo)) Uo((—A + kD)~ (e + k — fuo)I).
It follows that

(A (ug,0)) = r((=A + k)" Ye +k — fu)l) > 1.

The last inequality above is due to the fact that f < f. The second property
of (3.66) can be proved by procedures as in the proof of Theorem 3.4. We can
thus conclude that we also have indexc(A, (up,0)) = 0, contradicting the fact
that indexc (A, (up,0)) = 1 deduced above. Consequently, we must have (u, )
is a strictly positive solution of (3.22).

The details of the proof of the “asymptotic stability” of the solution as
described in the above remark will be given later in Section 1.5 of this chapter.
By applying Remark 4 on p. 58 of Dancer [39], with E = LP(Q) x LP(Q2) for
large p, we can deduce that the solution is actually asymptotically stable with
respect to the corresponding parabolic problem in the space X* x X<, where
X® is a fractional power space in the sense of p. 29 in Henry [84] (cf. Section
6.4 in Chapter 6). For more explanations, see Dancer [40].

By means of Theorem 3.12, we can obtain the following more detailed infor-
mation.

Theorem 3.13. Consider problem (3.22) with hypotheses described in Theorem
8.11. Assume T is nonempty. Then there exist u > ¢, v € (0,f) and a
continuous strictly increasing function g* : [e,u] — (0, f] such that g*(¢) =
v,gt(p) = f, and Tt = {(c,f) : ¢ > &0 < f < f,f > g™ (c)}. Moreover,
if (¢, f) € int T, then problem (3.22) has at least two solutions, at least one
of which is “asymptotically stable”. Furthermore, problem (3.22) has a strictly
positive asymptotically stable solution if ¢ = ¢, v < f < f, and a strictly positive

solution if f=f,¢<c<p.

Notes.

Theorem 3.1 and Corollary 3.2 are found in Leung [121] and Pao [182].
Theorem 3.3 is due to Blat and Brown [11]. Theorems 3.4 and 3.5 are obtained
from Li and Logan [151]. Theorem 3.6 is due to Ruan and Pao [195]. Theorems
3.7, 3.8, Corollary 3.9 and Theorem 3.10 are results in Dancer and Du [41].
Theorem 3.11 is given in Dancer [40] and the proof of part (i) follows an argument
in Cantrell and Cosner [18]. Lemma 3.1, Theorem 3.12 and Theorem 3.13 are
obtained from Dancer [40].
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1.4 Strictly Positive Coexistence for Diffusive Coop-
erating Systems

In this section we study problem (1.1) when the functions f;(u,v) and fo(u,v)
simulate cooperation or mutualism between the two species populations u(z)
and v(z) in a bounded domain 2, with conditions as described in Section 1.1.
For simplicity, we first consider the Volterra-Lotka type of interaction when f;
and fo are linear. More precisely, we consider

o1Au+u(a —bu+ cv) =0
in €,

(4.1) o2Av +v(e+ fu—gv) =0

u=v=>0 on 0,
where a,b,c,e, f and g are all positive constants. The signs of the interaction
coefficients +c and +f indicate mutualism. The first theorem shows that when
each species can survive by itself (i.e. they satisfy (4.2)), and the cooperation
coefficients are not very large (i.e. they satisfy (4.3)), then there will be coexis-

tence equilibrium state. The main idea in the proof is that condition (4.3) will
impose a bound on both populations.

Theorem 4.1. Suppose
(4.2) a> o1\ and e > o9,

then the boundary value problem (4.1) has a solution with each component strictly
positive in ) if and only if

(4.3) cf < bg.

Proof. By hypothesis (4.3), there exists (xg,yp) in the first open quadrant
where

a—bxo+cyo <0, e+ fxo—gyo <O0.

Define (u(x),v(x)) = (xo,y0) for z € Q. Let w(x) > 0 be the principal eigen-
function for the operator (—A) on © with principal eigenvalue A; > 0 and zero
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Dirichlet boundary conditions. We readily verify that for § > 0 sufficiently small,
(4.4)
(01Au+ u(a —bu+cv) <0 in , for dw(x) <v <7,

IN

02 AU+ (e + fu—gv) <0 in Q, for dw(x) <u <7,

01A(0w) + dw(a — béw + cv)
= dw(—0o1A1 +a—béw+cv) >0 in Q, for dw(zx) <v <o

oo A(dw) + dw(e + fu — gow)
=dw(—o1A1+e+ fu—gdw) >0 in Q, for dw(z) <u < u.

Thus the functions (u(z), v(z)) and (dw(z), dw(z)) form a pair of coupled ordered
upper-lower solutions for the boundary value problem (4.1). By Theorem 1.4-2
in Leung [125], the problem (4.1) has a solution (u(x),v(z)) satisfying

dw(z) < u(r) <9, dw(z) <v(X) <y for z €.

To prove the converse, suppose (4.1) has a nontrivial positive solution (@, v)
and cf > bg. Choose k such that

<k<

SRR
Q =

Define (uq(7),v4(7)) = (aw(z), akw(z)) for z € Q. Considering the equations
(4.1) in a neighborhood of the boundary, we readily obtain by maximum prin-
ciple that the outward normal derivative of 4 and ¥ are strictly negative at the
boundary. Thus we have

(4.5) W) > Uag (), D(T) > vag(x), =€ Q for some g > 0.
By the choice of k, we readily verify that

01Auq + ug(a — bug + cvy) >0 in Q,
(4.6)
09 AV + V(e + fug — gug) >0 in O

for all @ > . Using (4.5), (4.6) and the sweeping principle for quasimonotone
nondecreasing system by means of a family of lower solutions, we assert that

w(r) > u(z), 9(x) > v4(x), € Q forall a> ap.

(The sweeping principle is an extension of Theorem 1.4-2 for the scalar case
described in Leung [125]. The extension to quasimonotone nondecreasing system
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is described in Theorem A3-9 in Chapter 6.) We thus obtain a contradiction by
letting av — o0o. Consequently, we must have (4.3).
We next consider the more general cooperating system:

Au+ uM(u,v) =0

in €,
(4.7) Av+ovN(u,v) =0
u=v=>0 on 0,
where M, N € C'(R x R),
(4.8) M, (u,v) >0, Ny(u,v) >0 for u,v > 0.

(4.9) For w,v>0,-D <M, <0, —-D < N, <0, for some D > 0;
’ moreover, either M, or N, is not identically zero.

Let I'jyy and I'y be points on the open uv-plane defined respectively by the

equations M (u,v) = 0 and N(u,v) = 0. For convenience, define the functions

M; (u,v) = M (u,v)—M(0,0), Ny (u,v) = N(u,v)—N(0,0); and let T'ps, and I'n,

be points on the open uv-plane defined respectively by the equations M (u,v) =

0 and Ni(u,v) = 0. We will assume that

(4.10)
I'pr and I'y are two distinct curves; and the set I'yy, and I'y, are represented
by two distinct positive functions u = ¢1(v), u = 11 (v) respectively for v > 0.

Theorem 4.2. Under hypotheses (4.8) to (4.10), suppose M(0,0) > p1(—A) =
A1, and N(0,0) > p1(—A) = A;.
(i) If Tpr and T'n intersect at a point (xg,yo) in the first open quadrant,
then problem (4.7) has a solution with each component strictly positive in Q.
(i) If the problem (4.7) has a positive solution (with each component strictly
positive in ), then

Y1) ¢1(z)

(4.11) SUPz>0 > infrso
Proof. We have M (xo,y0) = N(xo,y0) = 0. Define (u(x),v(z)) = (xo,y0) for
r € Q. Let w(x),\; be as defined in the proof of Theorem 4.1. For § > 0
sufficiently small, we have:
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(4.12)
Au+ aM(u,v) = zoM(xo,v) < xogM(20,y0) =0 in Q, for dw(z) <v <0,

A+ 0N (u,v) = yoN(u,yo) < yoN(xg,y0) =0 in Q, for dw(z) <u <,

A(dw) + dwM (dw,v) > A(dw) + dwM (dw,0) in Q, for dw(x) <v <7,
= —A\10w + dwM (0w, 0)
> —Adw + dwA; =0 in Q, for § > 0 sufficiently small,

A(0w) + dwN (u, dw) > A(dw) + dwN (0,0w) in Q, for dw(zr) <u <7,
= —A10w + 6wN (0, dw)
L > —Adw + dwA; =0 in Q, for § > 0 sufficiently small.

Thus the functions (u(z), v(z)) and (dw(z), dw(z)) form a pair of coupled ordered
upper-lower solutions for the boundary value problem (4.7). By Theorem 1.4-2
in [125], the problem (4.7) has a solution (u(x),v(z)) satisfying

dw(z) < u(r) <9, dw(z) <v(X) <y for z €.

This proves (i). For part (ii), suppose (4.7) has a positive solution (a(z),v(x))
in 2 and (4.11) is false. That is, assume

infz>0 > SUPz>0

¢1(x) Y1 (x)

x r
Then there exists a constant 7 > 0 such that ¢;(cw(x)) > Tow(z) > Y1 (ow(x))
for all z € Q, and all ¢ > 0. Note that by definition and (4.9), we have
0 = M(¢1(ow(x)),0w(x)) — M(0,0) < M(tow(x),ow(x)) — M(0,0). Thus,
M(0,0) < M(row(x),ow(z)) for z € Q. Similarly, we obtain N(0,0) <
N(tow(x),ow(x)) for x € Q. We thus arrive at the following inequalities for
z e all o> 0:

—A(Tow) = TA\ow < TowM (0,0) < TowM (Tow, ow),
(4.13)
—A(ow) = Ajow < owN(0,0) < N(Tow, ow).

Moreover, by means of maximum principle at the boundary, we can verify that
U > ogTw, ¥ > ogw, for € Q, 0y > 0 sufficiently small. Thus using the family of
lower solutions (07w, ow),o > og for the quasimonotone nondecreasing system
(4.7), we obtain a contradiction, @ > oTw, ¥ > ow, as o — 0.
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For a simple special case for (4.7), we consider

Au + u(mi(v) —mao(u)) =0 -
(4.14) Av 4 v(ni(u) —ng(v)) =0 ’

u=v=0 on 0f).

Here mq1,ma,n1,ns € C%(R);m2(0) = na(0) = 0. As in (4.8) and (4.9), we
assume

(4.15) m;>0,n, >0, fori=1,2.
(4.16) |m5| < D, |nb| < D, forsomeconstant D > 0.

Theorem 4.3. Assume the hypotheses on m;,n; above and (4.15) and (4.16).
Suppose m1(0) > p1(—A), and n1(0) > p1(—A), and further

(4.17) mfy,n] <0, mi,ny >0.

Then the problem (4.14) has a solution with each component strictly positive in
Q if and only if the two simultaneous equations: mq(v) = ma(u),ni(u) = na(v)
has a solution in the first open quadrant in the uwv-plane.

Proof. Hypotheses (4.15) to (4.17) ensures that conditions (4.8) to (4.10) are
satisfied for problem (4.7) with M (u,v) = mq(v) — ma(u), N(u,v) = nqi(u) —
na(v),(except that the function ¢ (v) may possibly be only defined in a bounded
subinterval of v > 0). If the simultaneous equations: mi(v) = ma(u),ni(u) =
na(v) have a solution in the first open quadrant, then we can apply the same
proof as the first part of Theorem 4.2 to assert that problem (4.14) has a positive
solution.

Next, assume that (4.14) has a positive solution. Recall that M;(u,v) =
mi(v) —mi(0) — ma(u), Ni(u,v) = ni(u) — n1(0) — na(v). We verify ¢1(v) =
my H(my(v) — my(0)), 41 (v) = ny* (na(v) +n1(0)). The functions ¢; is concave
down and 17 is concave up. Therefore, mf) is nonincreasing and w1T(:z:) is non-
decreasing. Note also that both ¢; and ; are increasing functions. For v > 0,
let ¢(v) = my'(m1(v),¥(v) = ny'(na(v)), we have ¢(0) = my'(my(0)) >
m51(0) = 0 > nyH(0) = (0). If the lim, .ooni(u) is finite, then ¥ (v) tends
to oo as v tends to a finite number. Then there must be a number x* where
Y(x*) > ¢(z*). Hence 1) and ¢ must be equal at some positive number, and the
simultaneous equations must have a solution in the first open quadrant.

If limy—ooni(u) = oo, then 9 (x) is defined for all > 0, and by Theorem
4.2, we have (4.11):

Y1)

x

¢1(x)

> infz>0 .
X

SUPz>0
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The last inequality implies that there exist xg > 0 such that ¥1(xg) > ¢1(xg).
Since 11(0) = 0 = ¢1(0), there must be a x; € (0,z0) at which ¢](z1) > ¢} (z1).
This can be written as

ny(71) - m (z1) .
i (ny !t (na(x1) +11(0))) ~ mh(my ' (ma (1) —ma(0)))

(4.18)

Since nf > 0,n5 > n4H(0) > 0, we must have ng(x) — oo as © — oo. Conse-
quently, there must exists x2 € (x1,00) such that no(z) > na(x1) + n1(0) and
mi(x) > my(z1) —mi(0) for x > x9. It then follows readily from (4.18) that

ny(@) > ny(z1)
nf(ny f(n2(@))) = nf(ny " (n2(z1)+n1(0)))
(4.19)
> m (z1) > m (z)
mj (my ' (m1(z1)—mi1(0))) = (mh(my " (mi()))
for x > x9. This means
d _ d

i (na(@) > my (ma ()

for x > x9. Note that %nfl(ng(aﬁ)) is nondecreasing in x while %mgl(ml(a:))
is nonincreasing. Consequently, we must have nj!(ng(#)) > my*(my (%)) for
some T > x9; i.e. YP(T) > ¢(Z). We can then conclude the proof as in the last
paragraph.

We next consider a generalization of Theorem 4.1, when the interaction co-
efficients b, ¢, f and g may change with position, and the Laplacian is replaced
by two second order uniformly elliptic operators as follow:

(4.20) Lk—ZaUk )0;0; +Zb]k )0; — cx(x), k=1,2
4,j=1

with

(4.21) aij, € C(Q), bjk,cr, € LX), i,j=1,...,N, k=1,2,

We will consider the problem:
Liu+ ula — b(z)u + c(x)v] =0
in €,
(4.22) Lov 4+ v[e + f(z)u — g(z)v] =0

u=v=0 on 0,
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where b, ¢, f,g € C(Q) satisfy b(z) > 0,g(x) > 0 foreach x € Q, and ¢ >0, f > 0
in Q, ¢ #£0,f # 0; the parameters a,e € R are constants. For any function
h € L*>®(£2), we denote

hr :=essinfq h, hy := esssupq h.

We will consider solutions of (4.22) with w,v in W2P(Q),p > N, and the
equations are satisfied almost everywhere. By the Sobolev embedding, we
have W2P(Q) ¢ C?>N/P=¢ for any small ¢ > 0. Moreover, the functions
u,v € W2P(Q) is twice classically differentiable almost everywhere in Q. Actu-
ally, many of the theorems in the last two sections can be extended in analogous
fashions as below. For convenience, we will let w = 0|_r, ,(2)q(x) denote the
positive solution of

,q(z)

—Liw = wlp(z) — ¢(x)w] in Q, w=0 on 09,

if p1(Ly + p(x)) > 0. Otherwise, let _1, p(z) g = 0 in Q. (Here, we assume
q(x) > 0in ©.) Recall the definition of the principal eigenvalues, p1(—cA+p(z))
and p1(cA + p(x)), given in (1.4) and (1.7) in Section 1.1. We now extend the
definitions naturally when oA is replaced by a second order uniformly elliptic op-
erator. Moreover, for the corresponding Dirichlet problem in a different domain
G, the principal eigenvalues are denoted by p§'(—Ly, + p(x)) and p§ (Li + p(x)).
For more detailed description of the properties of such solutions, the maximum
and comparison theorems in W?2P(£2) theory, the reader is referred to Theorems
A3.1 to A3.5 in Section 6.3 in Chapter 6. The following theorem is an extension
of Theorem 4.1 of this section.

Theorem 4.4 (Positive Solution under Weak Cooperation). Suppose
emfm < brgr; and
(4.23)
Pr(Lr +a+ ()0, e g)) >0, pr(La+e+ f(@)0—1,.ap@)) >0,
then the boundary value problem (4.22) has a solution with each component
strictly positive in €.

Proof. From (4.22), we see that if (u, v) is a positive solution of problem (4.22),
then

=01, atcop(@)s V= O—Lyet fugle)):

By comparison, we readily deduce

a+cyon — (1)L
9[—L1,a+cv,b($)] < 0[—L1,a+chM,bﬂ = br :

Thus,

a+cpyup — (01)L

(4.24) up <
br,
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Similarly, we deduce

e+ faun — (CQ)L.

(4.25) (YIRS
gL

From (4.24) and (4.25) we obtain a bound of any positive solution of problem
(4.22) in terms of a and e as follows:

(a—(c1)r)gr+(e—(c2)r)em
UM < brgr—cmfm ’

(4.26)
(e=(c2)L)br+(a—(c1)r)fm
UM S brgr—cmfm ’

As in (2.14) we consider the problem:
(4.27) —Lov — f(x)uv = v(e — g(z)v) in Q, v =0 on IN.

Define the map v(u) from C'(Q) to C1(Q) as in (2.19) with pi(—02A — fu)
replaced by p1(—La — f(x)u).

Note that if both a < p1(—L1) and e < p1(—Ls), then the second and third
inequality of assumptions (4.23) cannot be satisfied. Suppose e > p1(—Lz), we
write the first equation of (4.22) as

(4.28) —Liu—c(z)v(0)u = au—b(z)u?+c(z)[v(u) —v(0)]u in Q, u=0 on IN

and bifurcate with increasing parameter a at a = p1(—L1 — ¢(®)0_L, ¢ g()])
when (u,v) = (0,0[_1, ¢ g(z)))- From the bound (4.26) of positive solutions in
terms of a, we can show as in Lemma 2.3 that there exists a continuum of
solutions ST of (4.28) contained in R x P, i.e. u > 0 whenever (a,u) € ST and
{fa € R:(a,u) € ST} = (p1(—L1 — c(2)0_ Ly e,g(x)), +0).

If (a,u) € ST, then u > 0 and so v(u) > v(0), i.e. v(u) is not the trivial so-
lution. Consequently, the continuum of solutions {(a,u,v(u)) : (a,u) € ST} for
system (4.22) cannot be connected with the continuum of solutions {(a, u(0),0) :
a > p1(—L1)}. Thus both components of the solutions of (4.22) on the contin-
uum {(a,u,v(u)) : (a,u) € ST} are positive in Q; and by comparison, both the
second and third inequality in (4.23) are satisfied.

Similarly, suppose a > p;(—Lj), we bifurcate with e to obtain a solution
of problem (4.22) with both components positive in €2 for each e > p1(—Lo —
9(%)0—L, ap(x))- This completes the proof

Remark 4.1. From the methods in the previous two sections, we can deduce
that the last two inequalities in (4.23) imply that the related indices of both
solutions (0,01, ¢ g(z)) and (0L, a,b(x),0) of (4.22) are zero.

The previous theorems in this section essentially concentrate on finding
steady states when cooperative interaction coefficients between the different
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species are relatively small. These are reflected for instance in assumptions
(4.3) and the first part of (4.23). We next concentrate on situations when the
cooperative coefficients are relatively large. For simplicity, we will assume

(4.29) Li=Ly=L.

The conditions on large cooperative coefficients will be imposed in the form:

(4.30) cenfr —bmgn > barenr — brer,
or
(4.31) crfL —bymgnm > gmfvr — 9o fr-

In the next theorem, we will see for instance that under condition (4.30), for
any given fixed a < p;(—L), there exists a constant e(a) such that for e > e(a),
the problem (4.22), (4.29) cannot have positive equilibrium. Roughly speaking,
the cooperation rates and growth rate of one species is too large for any possible
coexistence equilibrium.

Theorem 4.5 (Nonexistence under Strong Cooperation). Assume (4.29)
for problem (4.22).

(i) Suppose (4.30) holds, then for any fized a < p1(—L), there exists a number
e = e(a) such that a > p1(—L — c(2)0[_L c(a),g(x)]), and problem (4.22) does not
have any coezistence positive solution if e > e(a).

(ii) Suppose (4.31) holds, then for any fivred e < pi(—L), there exists a number
a = a(e) such that e > p1(—L — f(2)0|_L q(e) b)), and problem (4.22) does not
have any coezistence positive solution if a > a(e).

Before proving this theorem, we first consider the following two lemmas which
estimate the sizes of the solutions, and will be used to prove the theorem.

Lemma 4.1. Assume (4.29), and let (u,v) be any positive coexistence solution
of (4.22). Then,
(i) If e > a, then

cM +gMm
4.32 U< — 0.
(4.32) ~ fo+br
(ii) If a > e, then
(4.33) o< S,
cL + 9L

Proof. Assume (4.29), e > a, and let (u,v) be any coexistence positive solution
of (4.22). Define

(4.34) w = (cpr + gm)v — (fr +br)u.
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We can deduce from (4.22) that we have in Q,

(4.35) (=L —a+bru+ gyv)w > 0.
Moreover, from the second equation of (4.22), we find
(4.36) e=p1(—L — fu+ gv).

Thus the monotonic dependence of the principal eigenvalue on the potential
implies that
a<e<p(—L— fru+ gyv).

This gives p1(—L —a — fru+ gypv) > 0, and
(4.37) p1(—L —a+bru+ gyv) > p1(—L — a— fru+ gyv) > 0.

Consequently, (4.35), (4.37), the strong maximum principle (cf. Theorem A3-1
in Chapter 6), and the argument for strong maximum principle for Theorem 3.5
in p. 35 of [71] imply that w > 0. This completes the proof of part (i) of this
Lemma. Part (ii) is proved similarly.

Lemma 4.2. (i) For a fired a < p1(—L1), let eg(a) > p1(—La) be such that
(4.38) a>p1(=L1 —c(x)0|_1,cq) for each e > eo(a).

Assume that there exists a sequence of positive coezistence solutions (en, U, Uy)
of (4.22), n > 1, such that e, > maz{eg(a),0} for each n > 1 and lim,_€n =
0o. Then, for any compact subset K C ) there exists a positive constant o =
a(K) > 0 such that for each n > 1

(4.39) :—" >a in K.

(ii) Similarly, for a fized e < p1(—Ls2), let ag(e) > p1(—L1) be such that
(4.40) e > p1(—La — f(z)0_L,ap) for each a > ao(e).

Assume that there exists a sequence of positive coexistence solutions (an, U, Uy )
of (4.22), n > 1, such that a, > maxz{ag(e),0} for eachn > 1 and limy ooty =
00. Then, for any compact subset K C () there exists a positive constant 3 =
B(K) > 0 such that for each n > 1

(4.41) Y >8 i K.
Qn

Proof. We first prove the existence of eg(a) with property as sta‘Eed in inequality
(4.38). Since ¢ € C(R2),¢ > 0,c # 0, there exists a ball B with B C 2 such that

¢ = mingc > 0.
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On the other hand, by Theorem 3.4 in [45] or Theorem A3-4 in Chapter 6

0_ _
lime_mM = ¢! uniformly in B:;
e
and hence, there exists é such that for e > é, we have

e —

9[—[/2,6,9} > m in B.

Consequently, by comparison of principal eigenvalues (Theorem 2.3 in [45] or
Theorem A3-5 in Chapter 6), we obtain

CL

B B
Pl = rzeq) < pr(=Ln = Bisieq) < pr(=L1) = 570r—e

for each e > é. Thus, for a fixed a < p1(—L1), there must exists eg(a) > p1(—La2)
such that inequality (4.38) is satisfied.

Let (e, un,vn),n > 1, be a sequence of positive solutions of (4.22) with
en, > max{eg(a),0} and lim,_o.e, = co. Then, from the second equation of
(4.22), we find

—Lov, = epv, — gv% + fupvn, > env, — gv% in Q,
with f # 0; thus v, is a strict positive upper solution of
—Low = epw — gw? in Q, w=0 on IN.

By Lemma 3.2 in Delgado, Lépez-Gémez and Suarez [45] (cf. Theorem A3-3 in
Chapter 6), we find

(4.42) Up > 0[—L2,en,g]-

Substituting (4.42) into the first equation of (4.22) and repeating the previous
arguments, we obtain

(4.43) Un 2 Ol L1 —c(2)0_ 1,y 0, o),0:b(@)]"

Note that the function on the right of the above inequality is well defined and
positive because of (4.38). From (4.43) we find

I b
(4.44) B infamsoo ™ > limin fpso— st O La en g 6HO]
€n €n

We now show that

01— L, —c(2)y

7L2,en,g]7a7b(x)} > CL

(4.45) limin fr—oo >
€n by gm
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uniformly in compact subsets of (2. Let 1,5 be two arbitrary subdomains of
Q) such that
01 CQy, Oy C Q.

Define
o Ol Li—c(@)0)_ 1y e gs0,b()]
n - en I

which is the unique positive solution of

1 a 0[_L27en,g} 2 .

. ——Liw=(—+c——)w— ) = -

(4.46) Liw=(—+c Jw—bw* inQ, w=0 on N

én én én

By Theorem 3.4 in [45] or Theorem A3-4 in Chapter 6,

0_ _
limn_woM =g ! uniformly in Q.
€n

Thus, for any € > 0, there exists ng = ng(€) such that for each n > ng we have

0[—L2,6n,g} cL

(4.47) L4 > L ¢ in Q.

€n €n gMm
Since O, is the unique positive solution of (4.46), it follows from (4.47) that for
each n > ng, the function ©,, is a strict positive upper solution of the problem:
1 CL 2

4.48 ——Liw=(——-¢w—bw
@4 ——Lw= (=g

in Qy, w=20 on 0Ns.

Suppose that ¢ > 0 is sufficiently small such that % — € > 0, then for n
sufficiently large, we have

Q2
cr, —1 —L
L e p(—L) = pi2(=L1)
gm €n €n

— 0 as n — oco.

Consequently (4.48) has a unique positive solution, say @22; and by comparison
we have
0,>06%% in O

for all n sufficiently large. Moreover, from (4.48) we obtain from Theorem 3.4
in [45] or Theorem A3-4 in Chapter 6 that

c €
limn_,oo@;b - L 5 uniformly in €.

bgnm
Thus,

c
liminfn_oo©n > L uniformly in €.
bvgm  bL
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Since the above is valid for any € > 0, we obtain (4.45) uniformly in any compact
subset of 2. We then obtain from (4.44) that
Uy, Cr,

(4.49) liminfn—oo— >
€n bargm

uniformly in any compact subset of , and in particular in ;. We next define

Un N Un
Up = —, O 1= —,
€n €n

and obtain from the second equation of (4.22) that
1. X 5 o
— Loy, = 0, — gU;, + flnOp.
€n

Consequently, from (4.49) we see that for any € > 0, there exists ng = ng(e)
such that v,, is a strict positive upper solution of the problem

1
(4.50) = (1 4 JLCL

—ew —gw? in Q, w=0 on I
en brigm

for each n > ng. Choose € > 0 sufficiently small so that 1 + % —e > 0.
then we see that for n sufficiently large, problem (4.50) has a unique positive
solution, which we denote by ©$%. Moreover, by Lemma 3.2 in [45] or Theorem

A3-3 in Chapter 6, we find
(4.51) m:?zé&

for sufficiently large n.

Let K be an arbitrary compact subset of €2, we choose subdomains €21 C {29
as described above, and K C €;. Then by Theorem 3.4 in [45] or Theorem A3-4
in Chapter 6,

-1

lim O — (1 4 JLL

uniformly in K.
n—o0 brgm

—€)g
Since the limit above is bounded away from zero in K, we obtain (4.39) as
described in part (i). Part (ii) is proved similarly.

Proof of Theorem 4.5.

Assume (4.29), (4.30) and fix a < p1(—L). Suppose there exists a sequence
of positive coexistence solutions of (4.22), (en,un,v,),n > 1, such that e, >
maz{ep(a),0} and lim, e, = co. Let Q1 C Q be an arbitrary subdomain of
Q with Q; C Q. By Lemma 4.2, there exists a = a(€1) > 0 such that for each
n>1

v .
L >a in Q.
€n
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Moreover, by Lemma 4.1, we have for each n > 1

Un _ €M+ 9M Un
en ~ fL+bL ey

Thus by (4.30), there exists € > 0 such that for each n > 1

Unp, CLUn

— < —¢ in Ql.
€n bMen
That is, for all n > 1, we have
(4.52) by, — crv, < —ebpyre, in Q.

On the other hand, we find from the first equation in (4.22) that
a=p1(—L+ bu, —cv,) < p?l(—L + baruyn, — crvy).
Consequently, we find from (4.52) that
a < p?l(—L) — ebyre, — —00 as n — oo.

This contradiction shows that problem (4.22) cannot have any positive coexis-
tence state for e large enough. This completes the proof of Theorem 4.5.

The following theorem concerning a-priori uniform bound for positive solu-
tions of (4.22) will lead to sufficient conditions for coexistence state in the case
of large cooperative coeflicients.

Theorem 4.6. Assume (4.29) for problem (4.22) and N < 5. Suppose that

cr.fr > by,

and for some o > 0
maz{|al, e[} < a;

then there exists a constant C = C(«,Q,b, ¢, f,g) such that
ull ooy £ C5 |[v][zee ) < C

for any positive coexistence solution (u,v) of problem (4.22).

Proof. We shall prove this theorem under the condition a > e. By symmetry,
the result can be proved similarly if e > a. Suppose that the conclusion of the
theorem is false, and there exists a sequence of positive coexistence solutions
(ag, ek, uk, Vi), k > 1 with —a < e < ap < «, such that

(4.53) lim Supk_,oo(HukHLoo(Q) + H’l)kHLoo(Q)) = OQ.
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We claim that
(4.54) lim Supk_,ooHukHLoo(Q) = lim Supk_onkaLoo(Q) = Q.

Otherwise, if {||vg||fo () }r>1 is bounded by a positive constant 3, then the first
equation in (4.22) leads to

—Luy, < (a+ epfB)ug, — bu% in

and by comparison, we deduce that {||ug||r~(q)}tr>1 is also bounded. How-
ever, this contradicts (4.53). Similarly, if {|[ug|[ze()}r>1 is bounded, then
{llvkllLee () tr>1 is also bounded. Consequently, (4.54) must hold. By choosing
a subsequence, if necessary, we may assume that

(4.55) llmk_,ooHukHLoo(Q) = 00, limk_,oo(ak, ek) = (CLOO, eoo),

for some (aoo, €00) € R? satisfying —a < es < @0 < . From Lemma 4.1(ii),
we obtain

< fa + b
crL + gL

For each k£ > 1, let x5 € ) be such that

(4.56) Vg ug, for all k> 1.

(4.57) u(zy) = My = |[ug||z (-
Since €2 is bounded, we may assume without loss of generality that
(4.58) limp— ool = Too € ).

We now consider the two different cases where (i) xoo € Q, or (ii) 2 € 0.
For case (i), denote

§ = d(T0o,00) /2 > 0, e := M % k> 1.

Since limy_.oo M), = 00, we have limy_,.€; = 0. The change of variables

T — Tk

4.59 Y= (2, wy) = €2 (ug, vg), k>1,
k

€k

transforms the system (4.22) into

Apzp, = e%akzk — b(xy + eky)z,% + c(zk + €xy) zpwi,
(4.60)
Apwy, = ézewy, — g(xr + exy)zi + 2k + 1Y) 2pwy,

where

(461) Ak = —E%Zlaijl(xk+eky)8i8j —ekZéyzlbjl(a:k—i-eky)aj—kezcl (.Tk+6ky),
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provided z, + e,y € Q. If y € RN satisfies |y| < %, then z = xp + exy € , and
thus (4.60) holds. For any p > 0, let B, be the ball of radius p centered at the
origin, we have B, C By, for k sufficiently large, since limy_.oc€x = 0. From
definition (4.59) we have z = uy/M}, thus

(4.62) HZkHLOO(Bp) = 1, Zk(O) = 1, for all k& > 1.
Moreover, from (4.56) and (4.62), we have

Jav by
4.63 oy < IMTTOM g all k> 1
(4.63) |[wg || L (B,) < g lrallkz

Using compactness argument as in Section 5.1 or Section A.3 in [125], we can
choose subsequence, again labeled by k, such that there exists non-negative
functions z,w € W*P(B,) N C'(B,),0 <v <1, p> N sufficiently large, with

limg— (25, wi) = (z,w) in (W*P(B,) N CY(B,))>.

We thus have z(0) = 1, and passing to limit as k¥ — oo in (4.60), we find (z,w)
satisfies:

_Zgj:laijl($oo)aiaj2 = —b(To0)2? + c(Too) 2w,
(4.64) in B,.
=3 1ij1(200) 0i05w = —g(200)2® + [(2oo) 2w,

Since p is arbitrary, by a standard diagonal sequence argument we can assert
that z,w € I/Vfo’f(RN ) and (4.64) holds in the whole RY. Moreover, standard

elliptic regularity theory implies that z,w € C?(RY). Furthermore, by a linear
change of coordinates, (4.64) can be reduced to

—Az = —b(200)2% + ¢(T00) 2w

(4.65) in RN,
—Aw = —g(To0)w? + f(Too)zw

From (4.65), we obtain

f(@s0) +b(z)

z) = in RN,
(o) F gl) 2 O 0

(4.66) (A 4+ b(200)z + g(xoo)w) (w —

Since the functions z,w are non-negative and z(0) = 1, the potential coefficient
V = b(x0)z + g(xoo)w of the above equation has the property:

V>0 V#0 in RV.

By a Liouville type Theorem (see Lemma 7.5 in [45] or Theorem A3-6 in Chapter
6), the bounded solution in RY of (4.66) must satisfy:

— z= in RV.
(4.67) w (o) F 9(2a0) 0 R
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Using the relation (4.67), the first equation in (4.65) becomes

A = CE00) f(@00) = Baso)g(Tn0) 5 o pN
(4.68) A R EE jrog

Since cr,fr, > bargar, we have ¢(z) f(ZToo) > b(Z0)9(Zs0). By Theorem 1.1 in
Gidas and Spruck [70] or Theorem A3-7 in Chapter 6, the non-negative solution
of the above equation must satisfy z = 0 in RY, because N < 5. This contradicts
the fact that z(0) = 1; therefore we must have case (ii) with z € 0€2.

For case (ii), we use the same argument as in the second part of the proof of
Theorem 1.1 in [70] or Theorem A3-7 in Chapter 6 to show that the problem:

—Az = —b(200)2? + ¢(T00) 2w
(4.69) in RY,
—Aw = —g(To0)w? + f(Too)zw

where RY = {z € R" : zy > 0}, has a non-negative solution (z,w) with
2(0) = 1. Then, using the same argument as above with RY replaced with
Rf , we arrive again at a contradiction. We thus conclude that there must exist
a-prior bound for the positive coexistence solution of (4.22) as described in the
statement of this Theorem.

Theorem 4.7 (Positive Solution under Strong Cooperation). Consider
problem (4.22) with L1 = Ly and N <'5.
(i) Suppose
(4.70)
cofL —bymgn > byey —brer, and

01 (L1 —+a + C(aj)e[_LQ,&g(m)]) <0, 1.e.a < pl(—Ll — C(.I‘)Q[_L%e’g(z)});

then the boundary wvalue problem (4.22) has a solution with each component
strictly positive in €.
(ii) Suppose
(4.71)
cLfrL —bmgm > gmfm — grfr; and

pr(La +e+ f(2)0-1, ap@)) <0, ie. e < pi(—La — f(2)0_1, ap));

then the boundary value problem (4.22) has a solution with each component
strictly positive in €.

(Outline of Proof.) Let G(e) := p1(—L1—cl[_L cq]), G(e) is a decreasing function
of e. For a fixed a < p1(—L1), we find from Theorem 4.5 above that there exists
a number e(a) such that if a > p1(—L1 — c(2)0_L, ¢(a),g(z)]) = G(e(a)), then
there is no coexistence state, and if e > e(a) there is no coexistence. Since
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O—Loeg) = 0if e =0 and a < p1(—L1 — ()0, ¢ g(z)) When e = 0, there
is a number e, such that a = G(e,). Theorem 4.6 above gives uniform bound
for all solutions under first inequality in (4.70). Hence with e as the bifurcation
parameter, the branch of unbounded curve of solutions has to connect e to
minus infinity. That is bifurcating (e, u,v) at (eq,0,0[—L, ¢, ¢(x)]), the branch of
positive solutions connects e from e, to minus infinity. However, if e < e,, then
G(e) > G(eq) = a. This means the second inequality in (4.70) is satisfied. This
proves part (i). The second part is proved in the same way by symmetry. (See
Fig. 1.4.1 and Theorem 4.9 below for clarification, we allow both e and a to be
< p1(—Lq) simultaneously.)

e

A

a=Gle):=| pi(=L=cO_p.q)

a< Gle)

or a> G(e)

or

P (L+a+cO_p,,0) <0

e(ao) ﬁI(L'l'CH'C 0[—L,€,g]) >0

~ e= p;(=L=f O_Lqp)

pi(=L)

e< pi(=L—f O_pap)
or

P (Lte+f O _pap) <0

Figure 1.4.1: (For large ¢, f) Curves bounding regions of coexistence on (a,e)
plane when b, ¢, f, g are fixed, and L = Ly = Lo.
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Remark 4.2. Roughly speaking, suppose

(4.72) crfr — bugnm > max {byrenr —brer, gufir — grfr}

and some of the semitrivial positive solution is “linearly stable” (with index 1),
then there exists positive coexistence state to (4.22).

The following theorems describe more carefully the set of parameters a,e
when one or more coexistence state may occur. For fixed a, we define interval
for the parameter e so that there exist coexistence solution(s) by I§. For fixed e,
define interval for parameter a so that there exist coexistence solution(s) by I¥.
The following theorem first considers the case when the cooperative coefficients
are relatively small.

Theorem 4.8. Assume the first inequality in (4.23) for problem (4.22), and let
IT, 15 be defined as above.

(i) Suppose e > p1(—La), then either If = (p1(—L1 — c(2)0|_1, ¢ g(x)]> 00) OT
there exists a. < p1(—L1 — c(@)0|_1y,e,g(x)) Such that If = [a.,00). If a. <
p1(=L1—c(2)0|_ 1, e g(x)), then there exists at least two positive coexistence states
for a € (ax, p1(=L1 — c(2)0_L, e g(x))))-

(ii) Suppose a > p1(—L1), then either 1§ = (p1(—La — f(2)0|—L, o) ) OT
there exists ex < p1(—La — f(2)0|_1, ap@)) such that I = [es,00). If ex <
p1(—La — f(®)0_L, ap)), then there exists at least two positive coexistence
states for e € (ex, p1(—L2 — f(2)0_1, ab()]))-

Remark 4.3. The details of the proof of the above theorem can be found in
Theorems 8.8 and 8.14 in Delgado, Lépez-Gémez and Suarez [45]. The idea
of the proof of part (i) is as follows. In case I{ is larger than (pi(—L;1 —
()0 14,e,9(x)]» ), then there exists a coexistence state (u.,v.) when a = a.
Moreover for such e there will be a maximal coexistence state (u¢,v®) satisfying
Uy < u® < Kyp,v, < 0v® < Ky for some large constants Ky, K5. Using degree
theory method as in the last chapter, it can be shown that the index of this
maximal coexistence solution is 1. In order to satisfy the homotopy invariance
of degree in an appropriate set of positive functions, there must be at least one
more positive coexistence solution.

Similar multiplicity results can also be obtained in the case for large coop-
erative coefficients. In this case, we use homotopy invariance and show that the
index of an appropriate minimal coexistence state is 1 to conclude that there
must be another positive coexistence solution.

Theorem 4.9. Consider problem (4.22) with L1 = Ly = L and N < 5.
(i) Assume the first inequality in (4.70) and a < pi(—L). Then either I§ =
(—00,€q) or I§ = (—00,€*] for some e* > e, where e, is the unique value of



74 CHAPTER 1. SYSTEMS OF TWO EQUATIONS

e satisfying a = p1(—L — c(2)0_L e, g(2)))- If 1§ = (—00, €] with e* > e4, then
problem (4.22) has at least two coexistence state for each e € (eq,€").
(ii) Assume the first inequality in (4.71) and e < p1(—L). Then either I{ =
(—00,ae) or If = (—o0,a*] for some a* > a. where ae is the unique value of a
satisfying e = p1(—L — f(2)0|_L . b)) If If = (—00,a*] with a* > a., then
problem (4.22) has at least two coexistence state for each a € (ae,a™).

The details of the proof of the theorem above can be found in Theorems 8.9
and 8.10 in [45].

Notes.

Theorem 4.1 is due to Korman and Leung [107]. Theorems 4.2 and 4.3 are
found in Li and Ghoreishi [149]. Theorems 4.4 to 4.9 are obtained from Delgado,
Lépez-Gémez and Suarez [45].

1.5 Stability of Steady-States as Time Changes

In this section, we discuss the stabilities of the steady states found in the previous
sections. Here, stability can be interpreted slightly differently in various cases.
We might prove directly that certain smooth solutions of the corresponding
parabolic problem stay close and tend to the steady state. Sometimes, only
linearized stabilities are considered, and the steady states are stable or unstable
with respect to solutions of the corresponding parabolic problem in appropriate
functions spaces by means of applying standard stability theorems. In case that
the linearized problem has zero as its eigenvalue, more sophisticated theorem
will be applied. We will call nontrivial non-negative steady-state solutions with
one component identically zero semi-trivial solutions.

Part A: Prey-Predator Case.

We first consider the prey-predator case discussed in Section 1.2. Before
discussing the stability of the coexistence states, we note a very remarkble nec-
essary and sufficient condition relating the existence of positive coexistence state
and the linearized stability of the trivial and semi-trivial non-negative solutions.

Theorem 5.1. Consider problem (2.23) under hypotheses (2.24) to (2.27) and
additionally:
h(0) — m(0) # \d, and My(u,v) <0 if u,v > 0.

Then problem (2.23) has a positive solution iff the point spectrum of the lin-
earized system at each of its trivial and semi-trivial non-negative solutions con-
tains a positive number.
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Proof. We first prove necessity, and assume (2.23) has a positive solution (@, 7).
The possible trivial or semi-trivial non-negative solutions are (0, 0), (ug, 0), (0, vo).
We thus have to consider the linearization of the operator:

6.1) S H I PRtk

at these three solutions. By comparison, we have ug > u; thus by Lemma 2.1,
we have M(0,0) > A;. That is, p1(A + M(0,0)I) > 0. The Fréchet derivative
F’(0,0) is given by:
A+ M(0,0)1 0
2 F’ = ’ .
(5:2) (0,0) [ 0 dA + (h(0) — m(O))T

Hence, the spectrum of F/(0,0) contains a positive real number. We next con-
sider the Fréchet derivative F'(ug,0):

y w\ | Aw+ (M(ug,0) + uoM,(uo,0))w + woM,(ug, 0)z
(5:3) F(uo,0) < z) N [ OdAz + ?h(uo)o— m(0))z ’ ’ ] '

We see that F”(ug, 0) has only pure point spectrum o, given by o, = {£1,&2, ... }U
{61,02, ...} where {{1, &2, ... } is the point spectrum of the operator A+ (M (ug, 0)+
wo My (up,0)), while {61,60s,...} is the point spectrum of the operator dA +
(h(up) —m(0)). By Theorem 2.5 (ii), (iii) we have 6; = p1(dA+ (h(ug) —m(0)) >
0. This means o, contains a positive number.

In case the solution (0,vy) of (2.23) exists with vy nontrivial, then Lemma
2.1 implies ~(0) > A1d + m(0). We apply Theorem 2.5(iii) to assert p;(A +
M(0,v9)) > 0. We then consider the Fréchet derivative: F’(0,vp)

) w) Aw + M (0,vg)w
G4y F0w) ( 2 > - [voh’(o)w + Azt (h(0) — mlun) — o (v0)):

As in the above case, we deduce that the spectrum of F’(0,vg) contains a positive
number.

We next prove the sufficiency part of this Theorem, and assume the point
spectrum of the linearized system at each of the trivial and semi-trivial solu-
tions contains a positive number. First, consider the point (0,0). From the
representation (5.2) for F’(0,0), we must have either p;(A + M(0,0)I) > 0
or p1(dA + (h(0) — m(0))I) > 0. There are thus three possible cases (a)
M(0,0) > A1, h(0) < Aid + m(0); (b) M(0,0) > Ay, h(0) > A\id + m(0); or
(c) M(0,0) < Ay, h(0) > A1d + m(0).

We first consider case (a). Since M (0,0) > 0, we have a solution (ug,0) with
ug nontrivial. Consider the linearization of the operator u :— Au + uM (u,0)
at ug. The principal eigenvalue for the operator A + M (ugp,0) is zero. By
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comparison, the principal eigenvalue &; of the corresponding linear operator
A+ [M (ug, 0) + uo My (up, 0)] must have & < 0. From (5.3), the spectrum o, of
F'(up, 0) satisfies 0, = {&1,&2,... }U{61,02,...} where {{1,&2,. .. } is the point
spectrum of the operator A + [M (ug, 0) 4+ uo My (ug,0)], while {01, 6s,. ..} is the
point spectrum of the operator dA + (h(ug) — m(0)). Thus & < 0 implies that
the principal eigenvalue 6y of the operator dA + (h(up) — m(0)) must be > 0.
From Theorem 2.5(ii), we conclude that problem (2.23) has a positive solution.

We next consider case (b). Since h(0) > A\id + m(0), we have a solution
(0,v9) with vp nontrivial. Consider the linearization of the operator v :—
dAv 4 v(h(0) — m(v)) at vy. By comparison, the principal eigenvalue &; of the
corresponding linear operator dA + [h(0) — m(vg) — vom/ (vg)] must have 6; < 0.
From (5.4), the spectrum o, of F'(0,vg) satisfies o, = {51, &, ... U {51, Oy, ... }
where {§~1,§~2, ...} is the point spectrum of the operator A + M (0,vg)I, while
{61,05,...} is the point spectrum of the operator dA + [R(0) —m(vg) — v/ (vo)].
Thus 6; < 0 implies that the principal eigenvalue &; of the operator A+M (0,v0)1
must be > 0. From Theorem 2.5(iii), we conclude that problem (2.23) has a pos-
itive solution.

Finally, we now show that case (c¢) cannot occur. Since h(0) > A\id+m(0), we
have a solution (0, vg) with vy nontrivial. As in the last paragraph, the principal
eigenvalue £ of the linear operator A + [2(0) — m(vg) — vom’(vg)] must have
6, < 0, and the principal eigenvalue §~1 of the operator A + M (0,vg)I must be
> 0. However, by assumption M (0,0) > M (0,vp); thus p(A + M(0,0)) > 0.
This contradicts the condition M (0,0) < Ay of case (c).

This completes the proof of Theorem 5.1

The problem of uniqueness and stability of positive solutions of (2.23) is
usually quite difficult. We now consider the uniqueness and stability of positive
solution for a special case of (2.23) when the diffusion parameters are small.
This is a singular perturbation problem. The result can also be used to study
the situation when the space domain is large. We will see that the effect of the
boundary condition will become less significant. More precisely, consider

eAu+u(a —bu—cv) =0
in €,
(5.5) eAv + d o(h(u) — m(v)) =0

u=v=20 on 0f).

The functions h and m belong to C1(R), with b’ > 0 and m’ > 0;

5.6 o
(5.6) a,b,c,d and € are positive constants.

For convenience, we denote

(5.7) F(u,v) = (u(a — bu — cv), d_lv(h(u) —m(v)),
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X =LP(Q) x LP(QQ), p > 1, A =diag(A,A) is an operator on X.

Theorem 5.2 (Uniqueness near Constant Equilibrium). Assume that the
equation F(u,v) =0 has an isolated oot wy = (U, v) in the first open quadrant
in R?, and there exists a constant By such that m(Bgy) > h(a/b). Then the
problem (5.5) has a unique solution we in a neighborhood N (wq) of the constant
function wg in X for sufficiently small € > 0. Moreover, ||we — wpl||x — 0 as
€— 0.
Proof. From the proof of Theorem 2.5. we have an a-priori bound on the
values of all positive solutions of (5.5), independent of € > 0. We can modify
the function F'(u,v) for large |u| + |v|, and for v < 0 or v < 0, without affecting
the equilibrium positive solutions we are seeking. We may thus assume without
loss of generality that F'(u,v) and all its first partial derivatives are bounded for
all (u,v) € R2, and the first or second component of F is zero when u < 0 or
v < 0 respectively. By comparison and sweeping principle argument for scalar
equations, we can readily justify that the solutions we found will be positive
solutions of the original problem.

Let p be a large positive number greater that max{2,dim Q}, and consider
the operator A on LP(Q2) x LP(Q):

(5.8) A— [ﬁ g]

with domain D(A) = (W2P(Q) N W, P(2)) x (WP(Q) N WP (Q)). We may
consider the functions F' to be a mapping from LP(Q2) x LP(2) into L>°(Q) x
L>(Q), and thus into L"(Q) x L"(Q) for any r € [1,00). Due to the structure
of F, we can assert that the operator is continuous from LP(Q) x L¥(Q) into
L™ (2)x L"(2). (See Theorem 19.2 in Vainberg [222] or Theorem A4-1 in Chapter
6). Let F’ be the Jacobian matrix of F', we can similarly obtain the mapping
from LP(Q) x LP(Q) into the entries of F’ in L"(2) is continuous. Moreover,
using Holder’s inequality i.e.||fg|lq < [|f|lpllgllr for 1/¢ = 1/p + 1/r, and the
argument in Section 20 in [222], we can show that F' maps LP x LP into LY x L4
with continuous Gateaux derivatives expressible by means of F' € M? where M?
denotes 2 x 2 matrices with entries in L"(€2). Since its Gateaux derivative F” is
continuous, the map F' is Fréchet differentiable as a mapping from LP(Q) x LP ()
into L1(2) x LI(Q2) (cf. Theorem 3.3 in Vainberg [222] or Theorem A4-2 in
Chapter 6). More precisely, we obtain

F(w) = F(wi) = F'(w1)(w — wi) + 0(w),
(5.9) i
with F'(w1) € M2, ||8(w)llq = o(|[w — w1]]p),

where w, wy are elements of LP(2) x LP(£2). Note that r can be chosen arbitrarily
large so that ¢ can be made large and satisfies ¢ > max{2, dim Q}. Moreover we
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have ¢ < p and L? O LP. The operator A defined in (5.8) can be extended from
LP(Q) x LP(Q) into L4(Q) x LI(2), with domain D(A) = (W22(Q) N W,(Q) x
(W24(Q) N Wol’q(Q)). We will denote by A as operator in both LP(2) x LP(Q)
and L1(Q) x L1(2) without causing confusion.

The function wy is a constant function in Q, and thus F'(wg) is a constant
matrix which commutes with the operator A. We have:

N ¢
(5.10) Fi{wo) = dYoR(4)  —d~Lom/ (%)

Let 1, uo be eigenvalues of the matrix F”(wg). Then we have
p1 + po = —bi — d”om/(0) <0,
p1 - 2 = bd =Y aom/ (0) + ed™ aoh (@) > 0.
This implies that Rep; < 0 and Reps < 0. Thus we have the spectrum
o(F'(wo)) C{z:2€C, Rez < —¢ < 0} for some constant ¢.

The Cy semigroup U (t) generated by the bounded operator F”(wg) satisfies
lU®)]] < Me™® for some constant M > 0. For each ¢ > 0, the operator
€A generate a Cy semigroup T, with ||T|| < My, where My > 1. Since €A
commutes with F'(wg), we have T (t)U(t) = U(t)T.(t), and ||[(T.(t)U(t))"|| =
[(Te(nt)U(nt))|| < MogMe . Let Sc(t) be the Cy semigroup generated by

€A + F'(wp), then the Trotter product formula (Corollary 5.5, in Chapter 3 of
Pazy [184] or Theorem A4-6 in Chapter 6) yields for all = € L9(Q2) x L1(Q):

(5.11) Se(t)x = limp—oo(Te(t/n)U(t/n))" x = limp—oo(Te()U(t))x.
We thus have
(5.12) |Sc(t)|| < MoMe™®,

which is independent of € > 0. We can thus assert that 0 is not an element of
o(eA + F'(wp)), and the resolvent operator satisfies:
M M,

(5.13) led + Flwg)) || < =22
by using the general version of Hille-Yosida Theorem or Theorem A4-3 in Chap-
ter 6.

For a small 0 > 0, let Ns(wo) = {w € LP(Q) x LP(Q) : |[|lw — wpl|, < 0} be
the d-neighborhood of wg in LP(Q2) x LP(2). We can consider problem (5.5) as
finding a solution of

(5.14) —ecAw = F(w)
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in a neighborhood Nj(wp) of X = LP(Q) x LP(Q2). Since F(wp) = 0, we can set
wy to be wp in (5.9) to rewrite (5.14) as

(5.15) (eA+ F'(wo))w = F'(wo)wo + 0(w),

where ||6(w)]||; = o(||w —wo||p) (Here, the function 6 is determined by wp). For
w € X, let

(5.16) Qc(w) := (eA+ F'(wo) ' [F' (wo)wo + O(w)].

We now show that for € > 0 sufficiently small, Q. maps Ng(wy) into itself. Note
that 0(w) € LI(2) x L4(R), and thus 61 (w) := (eA+F'(wg))10(w) € W24(Q2) x
W24(Q), by the regularity theory of elliptic equations. Since ¢ > dimQ, we
obtain by Sobolev embedding that ||6;(w)||, < c1l|1(w)|lwze < c2||0(w)||q =
o(||lw — wol|p, for some constants ¢y, cz. Hence, for 6 > 0 sufficiently small, we
have

(5.17) |61 (w)||p, < /2 for w € Ns(wp).

We next consider the term (e A+ F'(wq) "1 F’(wo)wp in (5.16). The Cy semigroup
generated by eA+F’(wp) satisfies (5.12), and (e A+F'(wp))zr — F'(wp)x ase — 0
for any x € D(A), where D(A) is the domain of A, which is dense in X. By the
The Trotter-Neveu-Kato Semigroup Convergence Theorem (see Theorem 7.2, on
p. 44 in Goldstein [74] or Theorem A4-7 in Chapter 6), we find S.(t)x — U(t)x
for all t > 0, z € X. Moreover, the resolvent satisfies R(\,eA + F'(wp))x —
R(\, F'(wg))z for any x € X as € — 0 with A > —¢, where R(\, A) denotes the
operator (A — A)~1. Putting A = 0, we find (eA + F'(wo)) o — (F'(wp)) z.
In particular

(5.18) (€A + F'(wo)) ' F'(wp)z — z for any z € X,

as € — 0. Thus for sufficiently small ¢, we have ||(eA + F'(wg))  F’(wo)wg —
wollp < /2. Since

1Qe(w) —wolly < [[(eA + F'(wo)) ™ F' (wo)wo — wolp + |61 (w)|l,

we find from (5.17) and the last inequality that () maps Ns(wp) into itself. Note
that for wq,wy € Ne(wp), we have

Qe(w1) — Qe(wz) = (eA+ F'(wp)) ™! (0(w1) — O(w2)).
By means of Sobolev embedding and elliptic W24 estimates, we find

1Qe(w1) = Qe(wa)llp < K|[0(w1) = O(w2)]lq,
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for some constant K. Using the continuity of Gateaux derivative F’, Lagrange’
formula, and Holder’s inequality as mentioned above, we deduce:

[|0(w1) — 0(w2)llq < Bllwr — w2llp

where 3 is arbitrarily small if wy,ws are close enough to wgy in X (cf. [222]).
From the last two inequalities we find that Q. is a contraction in Ns(wg) for
sufficiently small 4. We thus obtain in the neighborhood a unique fixed point
we, which is the solution of the problem.

Remark 5.1. The solution in [IW2?(2)NW,"*(92)]? found in the above theorem
is actually a classical solution. However, it converges to the constant solution
as € — 0 only in LP(Q) x LP(§2). The fact that the product of the eigenvalues of
F'(wy) is positive is a consequence of the prey-predator interaction. It leads to
the fact that all eigenvalues have negative real parts.

In order to study the stability of the steady-state found for (5.5), we now
consider the parabolic problem:

ut(Z,t) = R72Au + u(a — bii — cbd)
(z,t) € Q% (0,1),

(5.19) v(Z,t) = R72A0 + d~*o(h(a) — m(v))
u=0v=0 (z,t) € 00 x {0},
(5.20) (@(z,0),3(z,0)) = (7o(F), o (7)) 7eq.

For R > 0 sufficiently large, we have an equilibrium solution (ar(Z),vr(Z)) of
(5.19), which is in an arbitrary small neighborhood of wy in X. Here, we may
define (ug(x),vr(z)) := (ar(Z),vr(z)) for x € RQ where T = x/R € (.

Let

(5.21) B = {(u,9) : (1,9) € C(Q) x C(Q), u =10 =0 on 0Q}.

The operator A; := diag.(R™2A, R"2A) is an infinitesimal generator of an an-
alytic semigroup on B for ¢ > 0, with domain D(A;) = {(u1,uz) : 4; € WHP(Q)
for all p,u; =0 and Au; = 0on 09Q, 1 = 1,2}, If (up,v9) € B, we can
consider the solution of the initial boundary value problem (5.19), (5.20) as a
function

(5.22) (a(-,t),9(-,t)) € C([0,T], B) n C*((0,T], B),

with (a(-,0),0(-,0)) € B, (u(-,t),0(-,t)) € D(A;) for all t € (0,7]. We have the
following stability theorem.
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Theorem 5.3 (Asymptotic Stability under Small Diffusion). Assume all
the hypotheses concerning F(u,v) in Theorem 5.2. For R > 0 sufficiently large,
the equilibrium solution (ag(Z),vR(Z)) of (5.19) is asymptotically stable in the
sense that any solution of the initial boundary value problem (5.19), (5.20), with
initial condition in B, considered as a function described in (5.22) will satisfy:

(5.23) 60 £),5(,#) — (@r(z), 5(@))|[5 — 0, as t — +oc,

provided that ||(ug, Vo) — (ur(Z), vr(Z))||B is sufficiently small, where
(5.24) (a(2,0),5(7,0) = (79 (2), 50(2) Teq.

Proof. (Outline) To prove the asymptotic stability of (ugr,vr), we apply a
stability result of Mora [176] or Theorem A4-9 in Chapter 6. We see that it
suffices to show that the spectrum of the linearization Ar + Bg of the elliptic
system corresponding to (5.19) at (g, Ur) is in a subset of {z : Rez < —¢; } for
some ¢1 > 0 where
L [R—m 0 }
B=1 0o R2A|

aupr — 2bup — cvRr —CUR
d~'oph/(ag)  d~'(h(ag) — vrm'(vr) — m(vR))

are operators on B given in (5.21). Let Sy := {z: Rez < —M}. For any large
M > 0, the spectrum of the operator Ap is contained in Sy for all large enough
R > 0. Since the functions ur and vr are uniformly bounded for all R, the
norms of the operators Bgr are uniformly bounded as operators on the Banach
space B. Moreover, the operators Az and Bgr commute. We thus obtain from
the semicontinuity of the spectrum of closed operator (see Sections 3.1-3.2 of
Chapter 4 in Kato [102] or Theorem A4-10 in Chapter 6.) that the spectrum of
(AR + BpR) is contained in a closed subset of the left open complex plane of the
form {z: Rez < —¢1}, for some ¢; > 0, provided R is sufficiently large.

Br =

The last theorem gives the stability of a steady-state for only a very special
situation. More general theorem will be more elaborate. In view of Theorems 5.2
and 5.3, one is interested in conditions which insure the uniqueness of positive
solutions for certain prey-predator systems. In the case of Volterra-Lotka type
of interaction, there are some simple conditions. Without loss of generality, we
consider problem (2.1) with o1 = 09 = 1 as follows:

Au+u(a —bu—cv) =0
in €,
(5.25) Av+v(e+ fu—gv) =0

u=v=>0 on 012,
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where a,b, ¢, e, f and g are positive constants.

Theorem 5.4 (Uniqueness under Weak Interaction). Consider the bound-
ary value problem (5.25) under hypotheses:

a> A, €> A,
(5.26) cf < gb, and

a > gb(gb — cf) 71\ + ce/g].
There exists a positive constant k < 1 such that if
(5.27) cf < k(bg),

then (5.25) has a unique coexistence solution with each component strictly posi-
tive in Q, and in C*T(Q).
Proof. Let C, F be positive constants such that ¢ < C, f < F and

(5.28) CF < gb, a> gb(gh— CF) [\ + Ce/qg].

Let U,U,V,V € C?*2(Q) be strictly positive functions in € satisfying the fol-
lowing scalar problems:

AU+ U(a—bU)=0inQ, U=0 on 09,

A

AV—l—V(e—i—%—gV):O inQ, V=0 on 99,

5.29 . . i
(5.29) AU+ UT(a—bU—-CV)=0inQ, U=0 on 9,

AV +V(e—gV)=0inQ, V=0 on 99.

Note that U, V, V exist because a, e, e+Fa/bare > Aj; and U,V,Vare>dp >0
in € for sufficiently small § > 0. One can readily deduce by upper lower solutions
method that V(z) < %(e + £, hence a — oV >a-— %(e + £2y > )y for all
x € . Consequently, we obtain

0<dp<U<U, 0<6p<V<V

for x € 2,6 > 0 sufficiently small. Since the outward normal derivatives of ¢
are negative on the boundary, there must exist a constant K > 0 such that

(5.30) U<KU, V<KV, U<KV, V<KU
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for all z € Q.
Define uy := U. Let v be the positive solution of

Avy +vi(e+ fup —gvy) =0 in Q, v; =0 on 09,
and u;,v;,1 = 2,3,... be defined inductively by:
Au; + ui(a — bu; — cvi—1) =0
in €,
(5.31) Av; +vi(e + fu; — gv;)) =0
u; =v; =0 on .

As described in Leung [123] or Section 5.3 in [125], the sequence satisfies:

U<up <ug<ug<--<us<ug<u <U,
(5.32)
V<uyuy<yu<<yl <y <3<V

for all x € Q. From (5.31), we find for i > 1:
0= /Q(U22'+2Au2z'+1 — ugi+1Augito)dr

= - /Q Ui+ 1U2i42[b(U2i2 — U2it1) + c(vait1 — v2;)]dr,
which implies
(5.33) b/Q(U2i+1 — Ui 4+2)U2i+1U2i42dT = C/Q(UZH-I — V2;)Ui+1Ui+2d.
Also for i > 1, we have

0= /Q(UZH-IAUQZ' — v9;Avoiq1)dx

= - /Q V2:2i+1[f (u2i — uiv1) + g(vait1 — v2i)]d,

which implies
(5.34) 9/{2(U2z‘+1 — V2i)V2iV2i41dT = f/Q(u%—i—l — Ug;i)V2;V2;41dT.
Moreover, for i > 1

0= /(U21AU2¢+1 — ugit1Aug;)de
Q



84 CHAPTER 1. SYSTEMS OF TWO EQUATIONS
= —/ Uiuzi+1[b(u2i — u2it1) + c(v2i-1 — vy;)]dz,
0
0= /(U%—IAU% — v2;Avg; _1)dx
Q

= - /g; V2i—1V24 [f(UQZ - U2i—1) + 9(U2i—1 - UZi)]dxa

respectively gives

(5.35) b/ (U2i41 — Ui )ugiuiy1dr = C/ (v2i—1 — v2;)ugiugi1de,
Q )

(5.36) 9/ (v2i—1 — Vo) V2i—1V2idx = f/(u2z'—1 — Ug;)Vi—1V2;dx.
Q Q

Using (5.33), (5.34) and (5.30), (5.32) we deduce that:

fQ(U2¢+1 — U2i42)U2i+1U2i2dT = % fQ(U2z’+1 — V2; ) Ui+ 1U2i42dT
(5.37) i )
< § Jq K (v2i41 — v2i)vaiviprda = K2% Jo(u2it1 — u2i)vavi 1 da,

Then, we use (5.35), (5.36) and (5.30), (5.32) again to obtain:

Jo(ugir1 — ugi)ugiugiprde = § [o(vai—1 — va;)ugiugip1de
(5.38) ] )
< £ Jo K2 (vaim1 — v2i)v2i—1vgida = KQ% Jo (i1 — ugi)vai—1vada.

Combining (5.37), (5.38) and (5.30), (5.32) once more, we obtain:

o C
(5.39) /(U2z’+1 — U2i42)U2i41U2i42dT = Kg(%)Q / (ugi—1 — ugi)ugi—1uzidx
Q Q

for each integer ¢ > 1. From (5.39), we conclude that if
cf < (K)™(bg),

then lim; . fQ(UQZ'+1 — Ugit2)Ugi+1uzi+2dr = 0. By dominated convergence,
and limiﬁoou%_kl =u* > 0in , limi_,oouHQ = u, > 0in €, limi_wo(u%_,_l —
Ugit2) = u* —uy > 0 in , we conclude that u* = u, for all z € Q. Similarly,
from lim; o0 (V241 — V2i42) = v* — v, > 0 in Q, we deduce v* = v,. By [125],
the solution of (u,v) of (5.25) satisfies u, < u < u*, v, < v <v* in Q. We thus
obtain (5.27) by choosing k = K 4.
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Part B: Competing Species Case.

We next discuss some stability results for the competing species case, and
consider system (1.2) with initial conditions:

(5.40) u(z,0) = u’(z), v(z,0) = v°(z) for x € Q.

We assume that

(5.41)
The functions f; have Holder continuous partial derivatives up to second
order in compact sets, 1 = 1,2; a1, a9,01 and oo are positive constants.

Moreover

£i(0,0) =0, i =1,2;

(5.42)

%];1, %{; <0, i=1,2 for (u,v) in the first open quadrant.

Under appropriate conditions, we will prove the local asymptotic stability of
steady states by the method of upper lower solutions for the corresponding
parabolic problem. The main assumption essentially means the competitions
between the species are relatively small. The method of proof here avoids the
problem of locating the spectrum of the linearized equation. It may not be
readily justified that the spectrum is on the right half plane as in proof of
Theorem 5.3 above.

Theorem 5.5 (Asymptotic Stability under Weak Competition).  Con-
sider the initial-boundary value problem (1.2), (5.40), under hypotheses (5.41),
(5.42) and

(5.43) a; > oiA, 1=1,2.

Suppose (u,v) = (u1(x),ae(x)) is an equilibrium solution of (1.2) with each u;
in C?T(Q), @;(x) > 0 in Q, Ou;/Ov < 0 on O, fori=1,2, and

s (2)-(8f;/0us) (@1 (x), T2 (x))
SupzeQ|u S (@)- (afj/au])(u (r),'2(r))|
(5.44)

for each 1 < i,j < 2,0 # j, then (uy(x),us(x)) is asymptotically stable. Here
asymptotically stable means that if (u,v) = (uy(z,t),uz(x,t)) is a solution of
(1.2), (5.40) with u; € C*T1H/2(Q % [0,T]), each T > 0,i = 1,2, then
ui(z,t) — w;(z) uniformly as t — +o00,i = 1,2 in Q, provided that (uy(x,0),
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ua(z,0)) = (u®(x),°(z)) and its first partial derivatives are close enough to that
of u;(x) respectively for all x € Q,1=1,2.

Remark 5.2. Recall that in Section 1.3, there are many theorems giving suf-
ficient conditions for the existence of positive equilibrium. For (3.3) with suffi-
ciently small ¢ and f, one can show that there exists equilibrium with property
as described in (5.44).

Proof. Hypothesis (5.44) implies that there are constants pq, ps close enough
to 1, with p; < 1 < pg such that for each x € €,

Ui () mazy) <s,7<py |(0F5/0ui)(sti (x),7U2(2))|

0 < o @rming, 2aes @F; /0w ) (st (@) i2(@)]

(5.45)
a;(z) (min s [(Ofi/0ui)(st1(x),Tu2(x))]
< infren B0 R o om WG @ < o0

for each 1 < 4,5 < 2,4 # j, where €; is a small positive number. We will
construct appropriate lower and upper solutions v;, w;, and apply a comparison
theorem to obtain the results here. Let

G(z) =

)

uz(w) minp1§8§f§p2|g_£(3ﬂl( ), Tliz))|
|

al(a:)maxplgsgﬂg—ﬁ(%l(x) 2(7))

for z € ; and let @ be a number, 1 < a < py such that (1 — p1) > (a —
1)infreqG(z). Define wo(z,t) = p(x,t)is(x), p(x,t) = 1+ (a—1—eqiiz(z))e™ ™,
where €4 and m are positive constants to be determined later(one condition on
€4 is e4max,cqla(r) < a—1). On the other hand, define vy (z,t) = q(z,t)u1 (),
q(z,t) = 1 — (1 — B(z))e ™, where 8(z) = 1 — (o — 1)infreqG(z) + e2(a —
1) 4+ es(a@ — Duy(x), eo and e3 are small positive constants satisfying es +
e3mat,cqtl(x) < € < infreaG(x). (Observe that p1 < B(x) < 1). We have
(5.46)

O'QAQUQ[CLQ + fQ(’Ul,’wQ)] — %

= p(x, t)uz[f2(v1, wa) — fa(vr,t2) + favy,t2) — fo(t, U2)]

+e ™ m(a — 1 — eqtia(x)) Uy — U202e4 AUy — 20264 Y 1y a%xz]

< p(z,t)us [mam1§T§p2{g—£(v1, Ti) H(a — 1)tige™™ — equide ™}
— mingy, <s<1{ 92 (stiy, 2) } - {(1 — B)ine™™ — es(a — D)afe ™} + e ™[]
where [- - -] represents the terms inside the brackets immediately before the

inequality sign <, and 3 = 1 — (a — 1)infecoG(z) + ea(ar — 1). Set €4 = m = e3;
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thus

\p(az, t)ﬂ@ [mm?lﬁrépz{g—g(vh Ta?)}{(_€4a§e_mt)
+miny, <s<1{ 522 (s, U2) bes (o — V)ufe ™|

+e Mt [m(a —1- 64’112(.1‘))’112 — ’1120'264Aﬂ2]| < 64€_mt’112(.1‘)K1

for all x € Q, where K7 is some positive constant. In a neighborhood @ of 92
in Q, we have —209€e4 > 1" ; a%rie_mt + ege ™ iig () Ky < 0, for all t > 0, since
o = 0 on 0f). Further,

Maz1<r<p,{ 92 (v1 (), Tli2 (7))} — 1) ()
—ming, << {2 (s (), B2 (2)) }(1 = B) (x)
< mazi<s<r<pn{ G2 (st (w), T2 (7)) Hav — 1)aa(2)
+mazy, <s<1| §2 (st (2), G2(2))| (0 = 1)G() — ez — 1)) ()
= —mini<s<r<p | G2 (st (@), T2 (2))| (@ — 1)2(2)
+ U (€)miny, <s<r<pa | 2 (511 (@), T2(2))| (0 = 1)

—eo(a — 1)@1(x)mamplgsgl\g—ﬁ@ﬂl(x%a2(1’))| <0,

for all x € Q,t > 0. Consequently, we have ooAwy + walag + fo(vi,ws)] —
Owy /0t < 0, for x € @,,t > 0. For z € Q\@, two terms in (5.46) satisfy the
inequality:

P, ) s [mazy <r<p, {2 (01, 7l2) o — Dtige™™
—ming, <s<1{ 2 (st, )} - (1 = B)ie™™] < —exKpe™™,

for some Ko > 0, all ¢t > 0; and for such (z,t), the sum of all the other re-
maining terms after the inequality sign < in (5.46) can be reduced to less than
(1/2)ea Kae~™* in absolute value, by choosing €4 = m = e3 sufficiently small. We
therefore have oo Aws +walag + fa(vi, wa)] —Ows /0t < 0, for (z,t) € 0 x [0, 00),
and wy(z,t) is an upper solution.
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For v, we have the inequality:
(5.47)
o1Avifay + fi(vi, we)] — %

= q(z,t)ur[fi(v1,w2) — fi(v1,t2) + fi(vi, 62) — fi(ts, Us)]
+e ™ [—m(1 — B(x))ur + wrores(a — 1) Ay + 201e3(av — 1) S04 a%xz]

> q(a, ) [ming <r<p, {5 (01, 702) H(ow — 1)tize ™™ — eque™"}

— mazp, <s<1{ G2 (stir, U2)} - {(1 = Bare™™ — e3(a — D)uafe ™} + e~ ™[]

where [- - -] represents the terms inside the brackets immediately before the
inequality sign >. Due to the choice of ¢4 = m = €3 made previously, one has
the inequality

2

| g(@, )t [ming <r<p, { $2 (v1, Tl2) }(—esiGe ™)

- mammﬁsﬁl{g—ﬁ(sqﬁh@2)}(—63(04 — Duge™™)]
+e ™ [=m(1 — B(x))u1 + Gro1e3(a — 1) At ]| < eqe™ 0 K3

for all z € €2, where K3 is some positive constant. In a neighborhood O of 00
in Q, we have 201e3(a — 1) Y7 af, €™ — eqe” ™y (2) K3 > 0, for all t > 0,
since @y = 0 on 0f). Further,

Miny <r<p,{ 52 (01, 7l2) H (@ — 1)z — maz,, <s<1{ G (su1, 1) } (1 — B)ta

> <o, <pal 2 (501, 70) (00 — V)it + ming, <uc| 92 (51, 02)| (1 - Bty
> — (o = 1) ming, <s<1| G (s, )| (in freaG(x) — €1)
+min |90 (511, 72)|(1 — )
pr<s<t| gyt (U, u2)[(1 — B)un
=~ (2)min,, <s<1| §L (s, )| - (€2 — €1)(a = 1) > 0,
for all x € Q,¢t > 0. The second > sign in the last sentence is due to hypothesis

(5.45). Consequently, we have o1Avy + [a1 + fi(vi,w2)] — dvi /0t > 0, for
x € @,t>0. For x € Q\Q, two terms in (5.47) satisfies the inequality:
mt

q(x, )i [miny << p, { G (v1, Tli9)} - (@ — 1)tize™

— mazp, <s<1 {51 (stin, W) H(1 = B)iine™™] > (e1 — €2) Kye ™™
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for some K4 > 0, all ¢ > 0; and for such (z,t), the sum of all the other remaining
terms after the inequality sign > in (5.47) can be reduced to less than (1/2)(e; —
€2)K4e™™ in absolute value, by reducing the size of ¢4 = m = e3. We therefore
have o1Av; + [a1 + f1(v1, w2)] — vy /Ot > 0, for (z,t) € Q x [0,00), and v (x, 1)
is a lower solution.

Since all the first partial derivatives of fi and fs have the same sign, we can
interchange the role of w1y, fi with us, fo respectively and construct lower and
upper solutions vy, w7 in exactly the same manner as before. Here vy, w; are
of the form vy = §(z,t)ue, w1 = p(x,t)u;(z) with p(z,t),G(x,t) analogous to
p(z,t),q(x,t) respectively. (p(x,t) — 17, 4(x,t) — 17, as t — oo, all z € Q).

Finally, we have v;(x,t) — u;(x) from below, and w;(z,t) — u;(x) from
above, as t — oo, uniformly for x € Q,i = 1,2. When the initial conditions
u;(x,0) and their partial derivatives are close to that of u;(z) in the sense de-
scribed in the theorem, we have v;(x,0) < u;(x,0) < w;(x,0),z € Q. (Note that
we have 0u;/0v < 0 on 0f2). Applying appropriate comparison or differential
inequalities as in Section 1.2 in [125], we obtain

vi(z,t) < wui(x,t) < w;i(z,t) for (z,t) € Q x [0, 00),

and thus we have (@1 (x), u2(x)) as an asymptotically stable equilibrium solution.

In the situation when the intrinsic growth rate of one species is small, we
can prove the following theorem in a similar fashion.

Theorem 5.6. Consider the initial-boundary value problem (1.2), (5.40), under
hypotheses (5.41), (5.42) and

(5.48) a1 < o1A1, ag > 02A;
and ui(z) € C?*T*(Q) is a solution of
(5.49) g9 Av + vlag + f2(0,v)] =0 in Q, v =0 on 99,

with u(z) > 0 for x € Q. Let (u,v) = (u1(x,t),uz(x,t)) be a solution of (1.2),
(5.40) with u; € C*1+2/2(Q % [0,T)), each T > 0,7 = 1,2, where u®(z), v°(x)
are both non-negative functions in C*+*(Q) satisfying compatibility conditions
as described in Ladyzhenskaya, Solonnikov and Ural’ceva [113] or Section 1.3
in [125]. Then (ui(x,t),uz(z,t)) — (0,us(x)) as t — oo, uniformly for x € (Q,
provided that u®,v° and all their first partial derivatives are close enough to 0, u}
respectively and their corresponding first partial derivatives.

Under the stronger assumption of uniqueness of positive steady state, we can
obtain a global stability result as follows. (We shall discuss the problem of such
uniqueness in later theorems in this section.)
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Theorem 5.7 (Global Asymptotic Stability in case of Uniqueness).
Consider problem (3.3) restricted to o1 = 02. Assume condition (3.4) is satis-
fied and that problem (3.3) only has a unique solution (u*(x),v*(x)) with both
components strictly positive in Q. Let (u(z,t),v(z,t) be a solution of the initial
boundary value problem:

up = Au + u(a — bu — cv)
in Q x [0,00),
vy = Av+v(e — fu— gv)
(5.50)
u=v=0 on 99 x [0, 00),
u(z,0) = u’(z), vz, 0) = 0°(z) in (2

with both u®,v° >0, 0 in C%(Q),0 < a < 1, and vanishing on 0), then
(u(z, 1), v(z,t)) — (u'(z),v"(2)), ast — o0

uniformly in Q.

Proof. We first choose numbers a; and e; such that

(5.51) ap >a, e >e
and
(5.52) Q>A1+%?,€>A1+i%n

By hypothesis (3.4), such aj, e; must exist.

For convenience, we introduce the following notation: If w € C1(Q), w(z) >
0 for all z € Q, and dw/Jdv < 0 everywhere on 9, we write w >> 0. If
w,z € CHQ),we write w << z if z —w >> 0. We first prove the theorem under
the additional conditions u",v" € C1(Q),

(5.53) uw >>0, " >>0,
and for all z € ,

0a 0
(5.54) ud(z) < Tl’ (z) < 71

Here, for any A > A1, the symbol 84 denotes the unique positive solution of

AZ+ZIA—Z]=0inQ, Zlpg=0.
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Let ¢1 be the positive principal eigenfunction for the Laplacian on € with Dirich-
let boundary condition. Choose € > 0 so small such that

(5.55) epr(x) <u'(z), egn(z) <°(x)
and

a> A+ <G+ beg (),
(5.56)
e> A + % + gedr(x),

for all z € Q. If we set 4 = 0, /b,0 = 0, /g and u = v = €¢1, then
At +ala —bu —cv] = (a—ay)u —cuy < 0
for x € Q; and since u < a1 /b,

Av +vle — fu — gv] = vle = A\ — fu — gv]
>vle— A — fay/b—gv] >0

on (2. Similarly, we have

Au + ufa — bu — cv] > 0,
AT+ vle — fu— gv] < 0.

The conclusion of the theorem follows from the uniqueness assumption, the
inequalities u(z) < u’(z) < a(x),v(z) < 0°(x) < v(z),r € Q, and comparison
with solutions of the differential system (5.50) with initial conditions replaced at
the steady-state upper lower solutions (u(x),v(x)). Solutions with such initial
conditions converges monotonically to a maximum-minimum pair of steady -
state. (See Pao [183] or Theorem 1.3 in [32].)

We next remove condition (5.54) on the initial functions u°(z),v%(z). First,
observe that there exists large K > 1, such that

ud(z) < Lﬂz(az)’ 0 (2) < Kbe(x)
g

on Q. Define (U(z,t),V(x,t)) to be the solution of problem (5.50) with initial
conditions replaced with

Kb,(x)

(0(2.0).¥(,0)) = (==

,0).

It is clear that V = 0, U is non-negative in  x [0, 00) and

(5.57) limy—ooU (z, 1) = Hal(f).
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Moreover, the convergence above is monotone, because U(x,0), V(z,0) satisfies
AU (z,0) + U(x,0)[a — bU(x,0) — cV(x,0)] = b(U(z,0))*)[K ! —1] <0,

AV(z,0) + V]e — fU — gV] = 0.

The convergence in (5.57) is also in C'(€2) norm by using W?P? estimates, com-
pact embedding and equations (5.50). (See e.g. pp. 87-89 in Fife [59]). Similarly,

define (U(z,t),V (x,t)) to be the solution of problem (5.50) with initial condi-
tions replaced with

(U(x,0),V(z,0)) = (0, —=—

We have U = 0, V is non-negative in € x [0,00) and the monotone C!(Q)
convergence

(5.58) limy—ooV (2, 1) = Heéx).

On the other hand, one readily verifies that the functions U(z, t), U (z,t), V(x,1),

V(x,t) satisfies:
AU +Ula —bU — V] — 0U /ot < 0
AV + Ve — fU — gV] — 0V /0t > 0
(5.59) o ~ ~
AV + Ve~ fU— gV] -V /at < 0
AU+ Ula —bU — V] —0U /0t > 0

for (z,t) € Q x (0,00), and

0=U(x,0) < u(z) < U(,0) = Lalz)
(5.60)
0 =V(,0) < () < V(z,0) = £l

for x € Q. From comparison theorems (cf. pp. 24-26 in [125]), we assert that
(5.61) 0=U(z,t) <ulxz,t) <U(x,t), 0=V(x,t)<ov(x,t)<V(z,t)

for (x,t) € Q x [0,00). We next observe that Au + u[a — bu] = (a — a1)u < 0 in
Q, u|pq = 0, thus u = 6,, /b is a strict upper solution of the problem

Az+zla—bz] =0 in Q, z|pg =0.



1.5. STABILITY OF STEADY-STATES 93

Similarly, 6., /g is a strict upper solution of the problem
Az+zle—gz] =0 in Q, z|pn =0.
By monotone iteration and comparison, we obtain

0 0a, 0e Oc,
<< — << —

.62 = = )
(5.62) b b g P

For s > 0, let u*(x) = u(x,s),v*(x) = v(z, s) for z € Q. We obtain from (5.57),
(5.58), (5.61) and (5.62) that for s > 0 sufficiently large

Oa, () s ‘961(50)
<
2w <

(5.63) u’(z) <

for € Q. On the other hand for s > 0, we obtain from the theory of parabolic
equations and strong maximum principle that u®,v® are in C*(Q) and

(5.64) u® >>0, v®>>0.
Comparing (5.63) and (5.64) respectively with (5.54) and (5.53), we obtain the
conclusion of this theorem by using the beginning part of the proof.

When the intrinsic growth rates of both species are the same, the following
theorem gives sufficient conditions for uniqueness of coexistence solution. It
reflects the situation when the crowding effect of each species on itself is greater
than its competing effecting on the growth rate on the other species.

Theorem 5.8 (Uniqueness under Weak Competition). Consider problem
(3.3) with o1 = 09 = 1. Suppose that

(5.65) a=e>M\, b>f, andc<g,

then (3.3) has a unique coexistence solution with each component in C*T(Q)
and strictly positive in €.

Proof. Suppose 01 = 03 = 1, (5.65) holds and (u, v) is a solution of (3.3) with
each component in C?* () and strictly positive in 2. We claim that if 2 is a
function in C1(€) satisfying

(5.66) Az+zla—bu—gv] =0 in Q, z=0 on 09,
then z = 0 in ). Note that the eigenvalue problem
(5.67) Aw+ wla —bu — cv] + Aw =0 in Q, w =0 on 09,

had eigenvalue A = 0 with eigenfunction w = u which is strictly positive in €.
It follows that A = 0 is the smallest eigenvalue of the problem (5.67). Thus from
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Rayleigh’s quotient, we find that for any nontrivial function ¢» € C1(Q2) which
vanishes at 0€2, we have

0< Jo VY = [a — bu — cv]yp?)da
- Jo ¥2ds

Suppose z satisfies (5.66), we integrate by parts and obtain from (5.68) that

(5.68)

0= [o(—2Az — 2z%[a — bu — gv])dx
= fQ(\VZ|2 — 2%[a — bu — cv])dx + Jovlg — c)z?dx > Jov(g — c)z?dx.

Since g > ¢ and v > 0 in Q, we justify the claim that z = 0 in Q.
The differential equations in (3.3) can be written as:

Au+ ula — bu — gv] + (g — c)uv =0
in Q.
Av+vla —bu —gv] + (b— fluv =0

Multiplying the first and second equation above respectively by (b — f) and
(9 — ¢) and subtracting, we obtain At + ¢[a — bu — gv] = 0 in Q, where ¢ =
(b— f)u—(g—c)v. We thus have ¢ = 0; that is v = ru, where r = (b— f)/(g—c).
From the first equation in (3.3), we obtain

bg — cf

Au+ ula —
g—c

u] =0 in ©Q, u=0 on .

Hence the function 6 = @u satisfies

(5.69) AO+60[a—0]=0in Q, 6=0 on I

Consequently (u,v) must satisfy

., g-—c b—f
(uav)_(bg_cf07bg_cf

where 6 is uniquely defined as the solution of problem (5.69).

6) in Q.

Other sufficient conditions for unique positive coexistence state even for a # e
can also be found.

Theorem 5.9 (Uniqueness under Weak Competition). Consider problem
(3.3) with o1 = 09 = 1 and assume (3.4) is satisfied. Suppose that

20, bf20,
L + 20f + fi

(5.70) 4bg >
b0 (c—af /) 99 (a—cc/g)

)
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then (3.3) has a unique coexistence solution with each component in C*+({2)
and strictly positive in €.

Remark 5.3. Here, for any A > \{, 04 denotes the unique positive solution
of (5.69) where a is replaced by A. Thus, by (3.4), 0(c—af/) and 0(g_cc/q) are
positive functions in Q. For fixed a, b, e and g, hypothesis (5.70) will be satisfied
for ¢, f sufficiently small. This is true because 0(c_uf/p)(0r 0(q—cc/q)) increases
gc20, (OI‘ bf20.

as or ¢) decreases for x € ). Thus
f (orc) b0(c—af/b) 99(a—cc/q)

) decreases as f (or
¢) decreases.
Proof. Assume all the hypotheses of this theorem, and (uq,v1), (uz, v2) are two
strictly positive solutions of (3.3) in . Let p = u; — u2,q = v1 — vo, then
Ap + [a — buy — cvi]p — bugp — cuaq = 0
in Q,
(5.71) Aq+ [e = fuz — gualq — fvip — gr1ig =0

Since u; is a strictly positive solution of

Ay + [a —buy — cv1]Yp + ap =0 in Q,
(5.72)
=0 on 0f),

with @ = 0, the number o = 0 must be the smallest eigenvalue of the above
problem. Moreover, by variational properties, we have

(5.73) /Qz(—Az — [a = buy — cvi]z)dx > 0,

for any z € C?(Q) which vanishes on 9€2. Similarly, since v5 is a strictly positive
solution of

A+ e — fug — guav +ap =0 in Q,
(5.74)
=0 on 01,

with @ = 0, the number o = 0 must be the smallest eigenvalue of the above
problem. Moreover,

(5.75) /Qz(—Az — e = fua — fus]z)dz > 0,

for any z € C?(Q) which vanishes on Q. Multiplying the first equation of (5.71)
by —p, the second by —q, integrating over {2 and adding, we deduce from (5.73)
and (5.75) that

(5.76) /(bqu2 + (cug + fv1)pg + gv1q2)d33 <0.
Q
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By comparison of scalar equations using upper and lower solutions we can readily
obtain for : = 1,2, z € QQ,

(5.77)

in Q. Thus by hypothesis (5.70), the quadratic expression in the integrand of
(5.76) is positive definite for each x € Q. Consequently, we must have p and ¢
identically equal to zero in Q. That is (u1,v1) = (ug,v2) in Q.

Theorem 5.9 is relevant for weak competition (i.e. small ¢, f). In case of
strong competition, we consider problem (3.22) in Section 1.3 with large ¢, f.
With a modification of the proof of Theorem 3.10 and more carefully analysis
of the indices we can extend Theorem 3.10 to obtain the following “uniqueness”
result.

Theorem 5.10 (Local Uniqueness of Segregated Coexistence under
Strong Competition). Suppose wy € C}(Q) is a non-degenerate solution
of (3.25) which changes sign. Let max{2,N/2} < p < oo, then there exist
respectively very large and small positive constants N and € such that for any

¢, f satisfying
(5.79) c>N, |eft—al <e,
1,,+

the problem (3.22) has a “unique” positive solution (u,v) near (o™ wy , —w, )
in LP(Q2) x LP(Q). (Recall that « is any fized number satisfying o € (0,00).)

We now discuss the stability of the “unique” positive solution described in
Theorem 5.10. Consider the problem:

up = Au+u(a — u — cv)
in 2 x [0, 00),
(5.80) Tur = Av +v(e —v — fu)

u=v=20 on 0f).

where a > Ai,e > A\ and 7 > 0. The stability problem of the positive steady-
state solution of the system is reduced by the following theorem to the study of
the stability of the steady-state wy with non-zero index of the scalar problem
(3.25) described in Theorem 3.10 of Section 1.3, Part B.
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Theorem 5.11 (Stability of the Segregated Coexistence Solution). As-
sume that the hypotheses of Theorem 5.10 are valid. Then the “unique” positive
solution (u,v) for problem (3.22) found in Theorem 5.10 is a stable steady state
solution for the parabolic problem (5.80) if wy described in Theorem 5.10 is a
stable solution of (3.25) (for the corresponding parabolic problem); and it is un-
stable if wg is unstable. (Here, stable or unstable is interpreted as in Theorem
A4-11 or Theorem A4-12 in Chapter 6 for solutions in the fractional power space
Xéx X 0<a<1,X=LPQ)).

Proof. Suppose wg is a stable solution, and there exist ¢ — oo such that the
unique positive solution (u;,v;) of problem (3.22) with (¢, f) = (¢, fi) satis-
fying (5.79) and u; — o twy,v; — (—wy) in LP(Q) for p > maz{2, N/2} is
unstable. (Recall in Theorem 3.10, we consider the solution (u,v) for (3.22)
near (o lwg,—wy) in L% however, by Lemma 1.4 in Dancer and Guo [42],
convergence in L? together with || - ||sc bound imply convergence in L?, p > 2).
Consider the eigenvalues for linearized problem of (3.22) at (u;,v;) with the

second equation multiplied by 771

Ah; + (a — 2u; — civy)h; — ciuk; = \h;

in Q,
(5'81) Ak; — fivih; + (6 — 2v; — fzuz)k‘z = A7k;
h; =k; =0 on 0.
If we let w; = —k;, (5.81) becomes:
Ahi + (a — 2u; — ¢;vi)h; + ciujw; = Ahy
in Q,

(5.82) Aw; + fivih; + (e — 2v; — fiug)w; = ATw;
hi:k‘i:O on 0f).
By the stability theorems in Henry [84] (cf. Theorem A4-11 in Chapter 6), and

the assumption that (u;,v;) is unstable, we deduce that the principal eigenvalue
A; of (5.82) must satisfy

>

i > 0.

Let the eigenfunctions corresponding to A = \; in (5.82) be (h;, ;) € K\{0,0)},
where K is the cone of non-negative functions in LP(€2) x LP(), ||hs||p + |||, =
1. We first show that {5\2} is uniformly bounded. Suppose N\ — 00 as i — 0,
we obtain from (5.82)

(5.83)  —A(Bih; + ;) = (a — 2u;)Bihi + (e — 2v;)w; — N(Bihy + T0;) in Q,
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where 3; = f;/c;. Hence,

Jo IV (Bihi + i dx = [,[Bi(a — X)hi + (e — Nim)Wi) (Bihi + ;) da
(5.84) i i
-2 fﬂ(ﬂlulhz + Uﬂf)l)(ﬂlhz + Ibi)dx < 0.

Here, we use a — \; < 0, e — A\;7 < 0 for large i and h;,@w; > 0,% 0. This is
a contradiction, and thus {/\ } is uniformly bounded. Consequently, we may
assume without loss of generality that limi—ooXi = A with A > 0. Note that the
LP(Q2) norm of the expression on the right of (5.83) is uniformly bounded, we
thus assert by regularity theory that {||G;h; + ;|2 } is uniformly bounded. By
compact embedding, there exists a subsequence (still denoted as {ﬁJL + w;})
such that Bih; + @; — y in LP(Q2) as i — oo, and y > 0. We must have y # 0;
otherwise it follows readily from 0 < ﬁzh < ﬁzh 4+ w;, 0 < w; < ﬁzh + ; that
||illp + [[@3]|, — 0 as i — oo, contradicting ||h;||, + |[@i]], = 1. We also know
that there exist h,w € LP(Q) such that h; — h, @; — @ weakly in LP(€2). Hence,
we have y = ah + . Note that by Sobolev embedding, ||%;]|oo and ||i;||oo are
also uniformly bounded. Let ¢ be a C? function with compact support in €2, and
multiply the first equation in (5.81) by ¢ when (h;, k;, A) = (hl, ki, Ni i)s ki = —w;,
and integrate by parts, we find

(5.85) (hi, —=A¢) = (a — 2u; — v — Ai, hip) — (cius, ki),
where (-, -) denotes the integral of the product over Q2. Dividing both sides above
by ¢;, we find

1 - a 2 A -
. —(hi, —A —— —u; —v; — — i kid).
(5.86) Cz‘ (hi, ¢) = (Cz o Ui — Ui o hz¢) (ui, kig)
Passing to the limit as ¢ — oo and noting that ¢; — oo, u; — a_lwar, e

in L"(§2) for any r > 2, we obtain
(5.87) (wy h — a Lwlk, ¢) =0,

where k = . Since the C? functions ¢ satisfying (5.87) are dense in L9(Q) for
1/q+1/p =1, we obtain

(5.88) wyh =a twik in Q.

Let
Dy ={x : wo(x) <0}, Dy = {x:wy(z)> 0}.

Since wg € C&(Q) and wq changes sign on 2, both D; and Ds are not empty we
must have the property

(5.89) h=0in D;, w=0 in Ds.
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Let ¢ be a C? function with compact support in Q, if we multiply (5.83) by ¢
and integrate by parts, we obtain

(Bihi + @i, —A@) = ((aBih; + ed;), ¢)
(5.90) ] o
=2((Biuihi + viwy), @) — Ai(Bihi + TW;), ¢),
where (-, -) denotes the integral of the product over 2. Since u; — o~ twg , v; —
(—wq ) in L7(Q2) for any v € (2,00), we can pass to the limit above as i — oo to
obtain

(Bih + w0, —A®) = ((aah + ew), ¢)
(5.91) ) o
—2((warh + (—wy )W), ¢) — Aah + 7)), P).

Note that y = ah + @, and since C? functions ¢ in (5.91) above are dense in
L1(2), where 1/q + 1/p = 1, we find by means of property (5.89) that

—Ay = (aah + ew) — 2w h + (—wg )ib) — Mah + 70)

(5.92) = [(a@ — 2o wy )sgnTwo + (e + 2wy )sgn~wo

— A(sgntwg + Tsgn~wo)|y = B(\)y,

and y = 0 on 9. Here, sgnTwy (or sgn~wyp) is the function with value 1 (or
0) and 0 (or 1) respectively at points where wy is positive or negative. The
expression (B(\)y,y) defined above is decreasing in A for A\ real. Hence by
(5.91) and the fact that A > 0, we deduce (Ay + B(0)y,y) > 0. It follows
from the characterization of eigenvalues that A+ B(0)/ has a non-negative real
eigenvalue. By our non-degeneracy assumption, this eigenvalue must be positive.
Thus by Theorem A4-12 in Chapter 6, we find w is not stable as a solution of
the corresponding parabolic equation. This contradicts the assumption in the
beginning that wy is stable, unless the unique positive solutions (u;, v;) for large
1 are all stable.

We next prove the converse part of the theorem, and assume wy is unstable.
Suppose the conclusion is false; then there exists a sequence of stable solutions
(ui, v;) with corresponding ¢; — o0, ¢;” L. — a, and principal eigenvalues \; for
corresponding linearized problem (5.82) satisfying Xi < 0. Hence, there exists
(hi, ;) € K\{(0,0)} with ||h;||, + ||@i|l, = 1 such that (h;,@;, \;) satisfies
(5.82). We first show {)\;} is uniformly bounded. Suppose, not, there exists
a subsequence, denoted again by {S\Z} such that \; — —oo as i — oo. Let

Bi = fi/ci, then

(593) —A(ﬂjlz + QDZ) = (a - QUZ)ﬂJlZ + (6 - QUi)QDZ' — S\Z(ﬂjh + TQDZ') in Q.
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Therefore, from the non-negativity of h;, w;, we find
(5.94) —A(Bih; +w;) > (—0; — M) (Bihy + ;) in Q,

where 0; = mazx{||(a — 2u;)||c0, || (€ — 20;)||o0 }, €1 = min{1,7}. From the proof
of Theorem 3.10, we have uniform bound for {||u;||sc}, {||vil|sc}, and thus {6;}
is uniformly bounded. Thus —6; — S\Z — 400 as 1 — 00. Let ¢ be a positive
principal eigenfunction of the A, we obtain from (5.94)

(5.95) A1 /Q(ﬁz‘ili + W) prdr > (—0; — Nian) /Q(ﬁiili + ;) prdx.

This is impossible as ¢ — oco. Thus {;\Z} is uniformly bounded; then, we use the
same argument as in the proof of the stable case to obtain:

Bihi +w; — y in LP(Q), y # 0in LP(Q) and y > 0,
since h; > 0,w; > 0. Moreover, we have A\ — 5\, A< 0, and y = ah + w satisfies

—Ay = [(a — 207 twg )sgnTwg + (e + 2wy )sgn~wo

(5.96) —X(sgnTwg + Tsgn~"wg)]y in Q,
y=0 on 0f).

Since y > 0,# 0, the characterization of eigenvalues implies that the eigenvalue
problem for A in

—Ah = [(a — 2a" wg )sgnTwy + (e + 2wy )sgn~"wo

(5.97) —X(sgnTwy + Tsgn~"wg) + AJhin Q,

h=0 on 0f).

has principal eigenvalue equal to zero. Moreover, since —)\(sgntwo +71sgn"wg) >
0, we obtain by comparison that the principal eigenvalue A = A of the problem

—Ah = [(a — 2a" wg )sgnTwy + (e + 2wy )sgn~wo + AJh  in €,
(5.98)
h=20 on 0,

must have A > 0. However, from the fact that wqg is non-degenerate, we have
A # 0. Consequently we have A > 0. This implies that wy is stable, contradicting
the assumption of the second half of the proof. This completes the proof of this
theorem.



1.5. STABILITY OF STEADY-STATES 101

We now come to the discussion of the case when the competition coefficients
¢, f for system (3.22) are not both small or both large. Recall that in Theorem
3.12 in Section 1.3, we find the existence of positive solutions when ¢ and f are
such that p;(A+a—cvg) and p1(A+e— fug) are of different signs, where (ug,0)
and (0,vg) are the semi-trivial solutions. We shall now prove the “asymptotic
stability” of the positive solution asserted by Theorem 3.11.

Recall that for Theorem 3.12, we set

D = {(u,v) : Cp(2) x Cp(22),0 <u<a,0<v<ein},

where A is the map given by (3.65) whose fixed points are solutions of (3.22).
By an “asymptotically stable” solution (u,v) in Theorem 5.12 below, we mean
the spectral radius satisfies
(5.99)

r(A (u,v)) <1, (u,v) is an isolated solution, and indexp(A, (u,v)) = 1.

Note that the case when r(A’(u,v)) = 1 is usually undetermined. However,
if we also find that the index is 1 and the solution is isolated, then we can
use a relevant theorem involving stability on the “center manifold” to obtain
the solution is asymptotically stable with respect to flows in an appropriate
function subspace X x X% of X x X, X = LP(Q2). This will be explained in the
proof of the following theorem.

Theorem 5.12. Under the hypotheses of Theorem 3.12, one of the positive
solution for (3.22) found in Theorem 3.12 is asymptotically stable in the sense
described in (5.99) if 0 < c<cy, fi < f < f and either ¢ < ¢ or f1 < f. Here
(c1, f1) € T is defined for Theorem 3.11, so that positive solution exist.

Proof. (Outline) For convenience, we define the cone K = {(u,v) € Co(Q) x

Co(2) :u>0in 2, v <0 in Q} and denote the corresponding induced order
by >g. Recall that in the proof of Theorem 3.12, we choose k to be a positive
constant satisfying k > max.{a + ce,e + fa}, and define that the mapping;:

Alu,v) == (A + k) ula +k —u—cv),v(e + k —v— fu))
on the set:
D :={(u,v) € Co(Q) x Cx(N): 0<u<a,0<v<e in Q).
For (c1, f1) € T™, we have a strictly positive solution (u1,v;) satisfying
—Au; = uj(a —uy — cjvy)

in Q,
—Avy = vi(e — v — frur)

U1:U1:0 on 0f.
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We can write C' := {(u,v) € D : u; <u < up,0 <v <wv} as an order interval
C = [(u1,v1), (up,0)] in D with order >g induced by K. The mapping A is
increasing on the order interval C.

We have shown in the proof of Theorem 3.12 that A(u;,v1) >g (u1, v1)(where
>g means >g and equality does not hold). Let w = A(uy,v1) — (u1,v1) >g 0.
Since A is increasing, the map A; defined by Ai(u,v) = A(u,v) — tw, for 0 <
t < 1, is an increasing C'' map of C into itself. Let z; denote its minimal fixed
point in C, which can be obtained by iterating from (uj,v;). Moreover, by
iteration, z; increases as ¢ decreases. Since {z; : t € (0,1)} lies in a compact
set (by the boundedness of C' and the compactness of A), we readily see that
xo = lim;_,o+ x¢ exists, is in C, and is a fixed point of A.

We will prove the solution z( is an “asymptotically stable” solution. Since
x¢ > (u1,v1), the first component of x; is positive in Q. Since, x; = Az —tw <g
A(ug,0) — tw = (up,0) — tw, and both components of w are positive in 2, we
find that the second component of x; must be positive in 2. By argument
as in the proof of the last theorem A’(z;) is a demi-interior operator to K.
That is, for any y € K\{(0,0)}, we have f(A'(x;)y) > 0 for all f € K*\{0},
where K* = {g € (Co(Q) x Co(Q))* : g(z) > 0 for all z € K}. (Note that
this is true by using the Riesz representation of linear functional, and the fact
that such A’(z;)y is positive in Q by the maximum principle applied to the
linearized system of the form (5.82)). However, as described in p. 50 of Dancer
[39], if A’(z¢) is a demi-interior operator, then (A — A’(x;))~! is a demi-interior
operator for some A > r(A’(z;)). Then, using the geometric expansion for
(M — A’(z4))~! as described in the appendix of Schaefer [205], we can obtain
f(y) > 0if y € K\{(0,0)} for any f € K*\{0}, which is an eigenfunction
corresponding to the eigenvalue r(A’(x¢)). Moreover, we have r(A'(z;)) is a
simple eigenvalue of A’(x;) and is the only non-zero eigenvalue to which there
corresponds a positive eigenfunction (cf. Lemma 2.4 in Dancer and Guo [42] or
Theorem 3.2 on p.632 of Amann [3], or equivalently Theorem A3-8 in Chapter
6). Then, applying a variant of the remark on p. 143 of Dancer [37] to the
increasing mapping A; : C — C with minimal solution z; in C' and the fact that
f(z¢) > 0 as deduced above, we find 7(A’(x;)) < 1. Further, from the continuity
of spectral radius, we obtain 7(A’(xp)) <1 ast — 0F.

From Theorem 3.12, we have indexc (A, (ug,0)) = 0 and r(A’(up,0)) > 1.
Thus, from the conclusion of the above paragraph, xo # (ug,0). Hence, xg
is a strictly positive solution. By the arguments given in the last paragraph,
we find A’(zg) is a demi-interior operator. If r(A’(xp)) < 1, then we can use
Theorem A2-3 in Chapter 6 to obtain indexc(A, z¢) = 1. Moreover, this implies
that the principal eigenvalue of the linearized equation at x( is negative. By
the first theorem in Chapter 5 in Henry [84] or Theorem A4-11 in Chapter 6,
we obtain asymptotic stability with respect to solutions of parabolic problems
corresponding to (3.22) with initial conditions in the subspace X% x X 0 <
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a < 1, with X = LP(Q), for large p.

On the other hand, suppose r(A’(zg)) = 1. Then all fixed points z; of A;
in a neighborhood of (x,t) = (x0,0) are represented by (x:,t) = (xg + ah +
z(a),¢()), where z and ¢ are C' functions, with ¢ : (—e,e) — R,$(0) =
0,2(0) = 0,h spans N(I — A’'(xg)), f spans N(I — A'(z¢)*) and f(w(a)) = 0,
for all small « (cf Dancer [37]). Moreover, we have ¢(a) > 0 when a € (—¢,0).
We choose a number ag < 0, with 7 := ¢(ag) > 0 where ¢'(ag) #0, I — A'(z;)
is invertible. Since we also have r(A’(z;)) < 1 and by Krein-Rutman theorem
r(A'(z;)) is in the spectrum of A'(z.), thus r(A’'(z;)) < 1 (cf. Theorem A2-5
in Chapter 6), and we obtain indexc (A, z,;) = 1. We next deduce that z is
isolated. Suppose not, then we obtain from the analyticity of A that ¢(a) =0
for all small a. Thus, any solution of z = A(x) — tw near (xg,0) must has
t = 0, contradicting (x¢,t) are solutions. To calculate the indexc (A, x¢), we
can construct a neighborhood V containing x;,0 <t < 7 so that by homotopy
invariance:

(5.100) dego(A-, V) =dege(A, V) =indexc(A, o).

Then, by means of the functional f and the isolated property of xy, we can
construct appropriate neighborhood to show:

(5.101) dego(Ar, V) =indexc(Ar,x;) = 1.

By means of (5.100) and (5.101), we obtain indexc (A, z¢) = 1. For more details,
see the arguments for proving Proposition 3 in p. 144 and Remark 4 in p. 146
of Dancer [37].

We next observe that the indexc (A, x¢) is the same as indexp(A, xy), when
we assume Of) is smooth. To see this, we use the space V' x V where V de-
notes the space of functions u in Cy(£2) for which gbl_lu extends to a continuous
function on Q with the norm ||u|| := supyeq|p;*(v)u(x)|, where ¢; denotes
the positive eigenfunction corresponding to the principal eigenvalue for —A on
) with Dirichlet boundary condition. The set V' is a Banach space under the
norm || - ||. The functions u for which in fycqé; 'u(z) > 0 are interior elements
of the cone KNV, where K is the usual cone in Cy(€2). In particular, this holds
for u € C1(Q) with u(x) > 0 in Q and du/dv < 0 on JQ. The mapping A is
completely continuous from E := Cp(Q) x Cy(Q) into V x V. Moreover, if z
is an isolated fixed point of A in F, the commutativity theorem for degree (see
Granas [75] or Nussbaum [178]) ensures that indexg (A, o) = indexy v (A, xp).
Similarly, if zy € C, the index of x¢ in C is the same as that in C N (V x V).
That is, we only need to prove our results for indices in the space V x V. In this
case, we simply have to prove that the fixed point is interior to C N (V x V) or
DN (V xV), and the result then follows. This can be readily justified by using
maximum principle for the corresponding system as explained before.
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Next, suppose (i) r(A’(xg)) = 1, (ii) the fixed point xq is isolated and (iii)
the index indexp(A,zp) = 1. From (i) we have the principal eigenvalue of the
corresponding linearized system at xg is = 0; then we justify as in above that
the eigenspace (center manifold) is one dimensional. From Theorem 6.2.1 in
Chapter 6 of Henry [84], we assert that if xo is asymptotically stable in the
center manifold, then it is asymptotically stable in X* x X“. We can use the
argument in Theorem 9.3.2 of Chow and Hale [28] to assert the stability of zg
on the manifold is determined by Liapunov Schmidt reduction since the related
function F there is C?. In particular, z is stable if 0 has index 1 for the
Liapunov Schmidt reduction. The Liapunov Schmidt reduction for I — A is
equivalent to that for L — F'. Moreover, by Theorem 24.2 in Krasnosel’skii and
Zabrieko [109], we can relate the indexrrxrr(A,zo) or indexrp(A, zp) with the
index of the 0 of the bifurcation equation, and find they are equal in this simple
case. Thus by property (iii), the index of 0 of the bifurcation equation is 1, and
xq is asymptotically stable on the manifold and X% x X“ in LP x LP. The details
are too technical to be included here (cf. Dancer [40]).

Part C: Cooperative Species Case.

We now come to the discussion of the stability of some of the positive steady
states (i.e. coexistence states) for cooperating species found in Section 1.4. We
will use the operators L and Ly as defined in (4.20) and (4.21). Recall the
general cooperative system (4.22), and the part concerning weak cooperation in
assumptions (4.23). Also, recall the symbol 0|_p, , 3 defined immediately before
Theorem 4.4, denoting the solution for the related scalar problem. Under some
further restrictive conditions, we have the following uniqueness and stability
theorem.

Theorem 5.13 (Uniqueness under Weak Cooperation and Asymptotic
Stability). Assume hypotheses (4.23),

c(x) >0, f(x) >0 for z €Q,
and that any coexistence state (u*,v*) of problem (4.22) satisfies
(5.102) supq(u®/v*) - supq(v*/u*) < infq(b/c) -infalg/f)-

Then the boundary value problem (4.22) possesses a unique coezistence solution.
Moreover, it is asymptotically stable.

Proof. (Outline) Under the assumptions (4.23), we can obtain uniform a-priori
bound for all non-negative solutions of (4.22). Thus we can use the fixed point
cone index method to study non-negative solutions as in Sections 2 and 3. As
in Theorem 2.5 and part (i) of Theorem 3.4, we can show that both semi-trivial
positive solutions (0|_r, q4,0) and (0,0(_r, . ) have zero local index. Moreover,
the solution (0,0) has index zero and the global index of the related mapping
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equals one. Consequently, it suffices to show that under condition (5.102), all
the eigenvalues of the corresponding linearized problem at (u*,v*) have real
parts less than some negative constant. By Theorem A2-3 in Chapter 6, we can
then infer that the solution (u*,v*) has local index one; and by the additivity
of indices, such positive solution must be unique. The linearized problem at
(u*,v*) is given by:

Lih+ (a —2bu* 4 cv*)h + cu*k = A\h
in €,
(5.103) Lok + fo*h + (e + fu* — 2gv*)k = \k

h=k=0 on 0f).

By Theorem A3-8 in Chapter 6 (or Theorem 8.3 and 8.4 in [45]), the principal
eigenvalue of problem (5.103) is negative if we can find functions h* > 0,k* > 0
in ) satisfying

(5.104)

Lih* + (a—2bu* 4+ cv*)h* + cu™k™ < 0, Lok™ + fo*h™ + (e + fu™ —2gv™)k* <0

in 2. Then, by Theorem A3-8 in Chapter 6 again, the real parts of all other
eigenvalues of problem (5.103) are less than some negative number. In order to
construct h*, k* satisfying (5.104), we first find positive constants «, 5 such that

infa(b/c) B supq(u* /v*)
(5.105) Supa(v* a7 > " > “nfala/T)

Such constants exist due to assumption (5.102). Then, define
h* = au®, k' = po*.
We have
(5.106) Lih* + (a — 2bu™ 4+ cv™)h* 4 cu™k™ = u* (Bev™ — abu™).

Moreover, for each z € Q, we obtain from (5.105)

1 _ pou* b
(Bev* — abu*) 5 = Bix — af

(5.107)
< Bsupa (%) — ainfo(2) <0.

Thus we obtain the first inequality in (5.104) from (5.106) and (5.107). Similarly,
we can verify the second inequality in (5.104). The assertion on asymptotic
stability of the solution (u*,v*) can be deduced from Theorem A4-11 in Chapter
6. This completes the proof of Theorem 5.13.
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The following corollary is more readily applicable, using only information
from the coefficients of the system (4.22). Recall the definitions of cyr, gar, b1
and gy, etc. for Theorem 4.4.

Corollary 5.14. Assume L1 = Lo, c(x) > 0, f(z) > 0 for each x € Q,

(5.108) e v < brgr, pi(—L1) >0, a> p1(—L1), e > p1(—La),
and
(5.109)
b 2 2 b 2 2 1
MIM (9ra” + cpe”)(bre” + fua”) .(sumf)z <

16br,91,(brgr, — exrfan)? (a— pi(—L1))(e — p1(—L1)) (0 evfu’

where ¢ > 0 is the principal eigenfunction associated with pi1(—Lq), normalized
so that ||¢|lec =1 and 1 > 0 is the unique solution of

_lej = 17 m Q7 1/}‘89 = 0.

Then the boundary value problem (4.22) has exactly one coexistence solution.
Furthermore, it is asymptotically stable.

Proof. We first show that the family of functions (a, v¢),t > 1, defined by

t(gra? b?
(5.110) 4, - HLa” + emt)

_ t(bre® + fua?)
~ A(brgr — CMfM)w7 h

© A(brgr —emfu)

are upper solutions to problem (4.22). To verify this, it suffices to show for
T €€,

1> [a—tb(z)K1 — c(x)K2)],
(5.111)

1> [e—t(g(x) Ky — f(x)K1)Y],
where

Ko (gLa2 + CM€2) o (bL62 + fMa2)
YT A(brgr —emfu) 0T Albrgr — enfu)’
For positive A and B, we have supg>o(A — B€)§ = A%/(4B). Thus we find that
for each t > 1,
(5.112)
2 2

Y- la—t(b(z) Ky — c(z)Ko)y] < H@) K — c@)Ka) = 1bpK1 — oK)

Similarly, we find

e2

< .
- 4(bLK2 — CMKl)

(5.113) Y- le—t(g(x) Kz — f(x)K1)Y)]
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From the definition of K7 and Ky, we have:
(5.114) a? = 4(bp Ky — ey Ky), €2 =4(bp Ky — e K)).

We thus obtain (5.111) from (5.112), (5.113) and (5.114). From the generalized
sweeping principle or Theorem A3-9 in Chapter 6, substituting at ¢ = 1 in
(5.110) we obtain the estimates:

(bre? + fua?)
4(brgr — emfm)

(gra® + cprb?)

5.115 u* <
( ) = A(brLgr, — cm fur)

P, vt <

for any positive solution (u*,v*) of (4.22). By comparison with the scalar equa-
tions, we readily obtain

— pi(—L — pi(—L
a—pi( 1)% R A e—pi1(—L1)
by ’7 am

We can readily verify that (5.102) is satisfied by using (5.109), (5.115) and
(5.116). Consequently, we can apply Theorem 5.13 to complete the proof of this
corollary.

(5116) U* Z 9[—L1,a,b} Z w

As in the above corollary, we can apply the generalized sweeping principle
and Theorem 5.13 to deduce other uniqueness and asymptotic stability results
as follows. (Since the technique is similar, we will omit the details which is given
in Corollary 9.5 in [45].)

Corollary 5.15. Assume Ly = Lo, c(x) >0, f(x) > 0 for each = € Q,

emfm <brgr, a>e> pi(—Ly),
and

0 a,b(x
(supgA=tueb@ly2 o OLIL

N, Ny
M o ,
01— Lae.g(e)) cm fm

A1 S
(5.117) M, M,

Then problem (4.22) has a unique coexistence state, which is asymptotically

stable. Here
_ bu(gr +cm) Ny — bar(br, + fur)

M= brgr —emfu’ 0 brgn — enmfur
B grer +gm)  (cr +90)gm(bar + far) — frorl
My = max{ngM —cnfr’ bulgm(bar + faur) — frler +g1)]
My = maz{ gr.(fr +bar) gn (bar + far)

bvgm —cenfr’ gv(bm + fur) — frler +91)"

In the Volterra-Lotka model (4.1) for cooperating species with constant co-
efficients, we may perform stretching of variables in u and v to attain without
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loss of generality o1 = 00 = b = g = 1. In this case, Corollary 5.15 simplifies
into the following result as in Theorem 3.3 and 3.4 in Korman and Leung [107].

Corollary 5.16. Consider problem (4.1) with
(5.118) o1=09=b=g=1.

Suppose
cf <1, a>e>pi(—A),

and

H—A,a,l 1
( Y ])2 < =

5.119 .
( ) —A,e,l] Cf

Then problem (4.1) has a unique coexistence state, which is asymptotically stable.

Proof. Under the assumptions of this corollary, the constants M7, My, N1 and
Ny of Corollary 5.15 satisfies

l1+c 1+ f

NlZMlzq, N2:M2:]_—cf'

Consequently hypothesis (5.117) becomes (5.119). The result follows from Corol-
lary 5.15.

There are some results for global attractivity of positive solution. In the
situation when we have uniform a-priori bound as in Theorem 5.13, we can
apply the following topological result in Hirsch [86] to the parabolic system
associated with (4.22).

Theorem 5.17. Assume that T is a strongly positive monotone continuous dy-
namical system on X where the cone K has non-empty interior and X is sepa-
rable. Moreover, assume that the closure of the positive semi-orbit O(x) of x is
compact for each x € X. Then, there exists a dense subset A of X such that if
x € A, then w(x) (the w-limit of x), is contained in the set of stationary points.

Due to excessive technicalities, we will omit the details of the above theorem.

As a consequence of the theorem, we have the following result.

Theorem 5.18 (Global Attractivity). Assume that cprfyr < brgr, a >
p1(—L1), e > pi(—L2), c¢(x) > 0, f(z) > 0 for each z € 2, and that prob-
lem (4.22) has a unique coexistence state, say (u*,v*). Consider the following
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corresponding parabolic problem:

u = Liu + ufa — b(z)u + c(x)v]
in Q x (0,00),
vy = Lov + v[e + f(x)u — g(x)v]
(5.120)
u=v=0 on 99 x (0, 00),
u(x,0) = ap(z), v(x,0) = () x € Q,

where Uy, 09 € C(Q). Then the solution of (5.120) is defined for all t > 0
and there exists a dense subset A of (C(Q))? such that if i > 0,99 > 0 and
(ﬂo,@o) € A, then

(5.121) limy—ool|u(z,t) — u||co = limi—oso||v(x,t) — v*||o = 0.

The idea of the proof is as follows. If (g, 0g) € A, we first show by means
of Theorem 5.17 that the solution of the parabolic problem (5.120) converges to
some steady state. Then we use comparison method to show that if 49 > 0 and
09 > 0, the solution converges to a positive coexistence state. Finally, (5.121)
follows from the assumption on uniqueness of positive coexistence state. More
details can be found in the proof of Theorem 9.8 in [45]. They are omitted in
order to condense the length of this section.

Notes.

Theorem 5.1 and Theorem 5.2 can be found respectively in Li [148] and Li
and Ghoreishi [149]. Theorem 5.3 is obtained from Li and Ramm [152], and
Theorem 5.4 is adopted from methods in Leung [123]. Theorem 5.5 is found
in Leung [122]; Theorem 5.7 to Theorem 5.9 are due to Cosner and Lazer [32].
Theorems 5.10 and 5.11 are found in Dancer and Guo [42]. Theorem 5.12 is
obtained from Dancer [40]. Theorem 5.13, Corollaries 5.14 to 5.16 and Theorem
5.18 are due to Delgado, Lépez-Gémez and Suarez [45]. Theorem 5.17 is obtained
by Hirsch [86].



Chapter 2

Positive Solutions for Large
Systems of Equations

2.1 Introduction

Most practical or real world reaction-diffusion problems involve more than two
interacting species. It is therefore crucial to extend the results in the last chap-
ter to various cases which arise in applicable problems. The challenge is to use
sophisticated methods to obtain rigorous reliable results which are useful for
fundamental understanding and application. An example for study is the mi-
gration of numerous North American mammals to interact with those of South
American origin (see, e.g. Darlington [43] and Young [240]). Will all species
coexist in the same environments? This leads to the study of the Section 2.2
where we study the coexistence of all species when various subgroups of species
are mixed together. Within each subgroup, the species may have mutualistic,
competing or food-chain relationship. It is shown that appropriate properties of
the subsystems will insure that the full system has a steady-state solution which
is strictly positive in each components. On the other hand, in a well-known
experiment, Paine [181] found that the removal of predator starfish Pisaster or-
chraceus from an area resulted in the reduction of a fifteen-species community
to an eight-species community. The question is how the presence of the starfish
enables the coexistence of all fifteen-species. As another example of application
for Section 2.4 concerning interaction of three species, we consider a problem
in neurochemistry. The process of inducing and suppressing pain in humans is
related to the interactions between certain biochemical substances distributing
along neuro-path nets. It is known that two neurotransmitters acetylcholine
and triethylcholine compete for chemical receptors. The first one induces pain
while the second one serves as an suppressor. These two are both predated
through deprivation of receptors by a third neuropeptide of a choline with a

111
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special structure (cf. Xu [237]). The positive coexistence of such three species
will affect the physiological sensitivity of an individual in response to pain stim-
ulation. In Section 2.3 we study the spread of several bacterial infections among
many interacting species. Conditions are found concerning the growth, infec-
tion, and interaction rates such that it is possible to attain positive coexistence
of the infected species and the various bacterias.

In Section 2.6, we consider applications of reaction-diffusion system to the
study the dynamics of nuclear fission reactors. The neutrons are divided into
m energy groups. The fission, removal, absorption and transfer rates of the
neutrons in different groups are dependent on temperature, which is described
by the (m-+1)-st equation (see, e.g. Duderstadt and Hamilton [52] and Glasstone
and Sesonke [72]). We use bifurcation method to find critical size of reactor core
when positive steady-state can occur for the system which is not symmetric. The
asymptotic stability of the steady-state is also analyzed by means of a stability
theorem for sectorial operators.

Recently, various models are developed for the treatment of tumor growth
by means of drug and chemotherapy. They involve large systems of reaction-
diffusion equations with many interacting species (cf. Cui [35], Jackson [95], Cui
and Friedman [36], Friedman and Reitich [64], Ward and King [228] etc.). Such
new models in medical sciences necessitate systematic rigorous study of large
systems of nonlinear partial differential equations.

In every section in this chapter, 2 is a bounded domain in RY with bound-
ary 0 belonging to C?t#,0 < < 1. The symbol A denotes the Laplacian
operator. We have limit our discussion only on bounded domains, the extension
to unbounded domains (see e.g. Furusho [66]) is too lengthy for our present
purpose.

2.2 Synthesizing Large (Biological) Diffusive Systems
from Smaller Subsystems

In this section, large systems of steady-state reaction-diffusion equations describ-
ing many interacting species are studied. In every case, two uncoupled related
subsystems are first constructed and analyzed. We assume that all species of
each subgroup coexist among themselves when the other group is absent. The
problem is to determine whether all species can coexist when the two subgroups
are mixed together in the same environment. This section is motivated by studies
of many researchers on large ecosystem models (see e.g. Goh [73] and Simberloff
[207]). Here, we follow the presentations in Leung and Ortega [139]. It is shown
that appropriate properties of the subsystems will insure that the full system
has a steady-state solution which is strictly positive in each component. The
method of bifurcation and upper-lower solutions are used in the analysis. Bifur-
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cation theory is also used in the construction of lower solutions. More precisely,
we consider the system:

Au; + ui[p; + XM aiu; + Z;‘:lmjumﬂ] =0 in €,
1=1,....m,
(2.1) AUt + Um+i[gi + Xy sijug + Z;‘:lbijumﬂ'] =0 in 9,
1=1,...,n,
u; =0 on0f, i=1,...m+n.

Here, Q is a bounded domain in RV with boundary 9Q belonging to C?T#,0 <
p < 1. The functions u;(x), ..., um (x) represent the concentrations of the first
group of m species, while the functions w,,+1(z), ..., Um+n(z) denote those of
the second group of n species. The constants p;, g;, a;j,7ij, bij, s;j are intrinsic
growth rates and interaction rates of the species. The system (2.1) describes the
m + n species in diffusive equilibrium while undergoing Volterra-Lotka type of
interaction.

It is convenient to introduce constant matrices:

A:{aij},lgi,jgm, B:{bw},lgl,jgn,

R={ry}, 1<i<m,1<j<n,

and

S:{Sij}, 1§2§n,1§j§m

Letting u; = w;,i = 1,...,m and upm4; = 2;,i = 1,...,n, system (2.1) can be
written in the form:

Aw; + w;p; + (Aw); + (Rz);] =0 in Q, i =1,....,m,
Az + zilgi + (Sw); + (Bz);] =0 in Q, i=1,...,n;

(2.2)
w; =0 on 09, i=1,...,m, and

Lz, =0 on 0, i=1,..,n.

We will assume that the two groups of species, I and II, competes with each other,
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and each species inhibits its own growth rate. More precisely, we assume::
ri; <0 for1<i<m, 1<j5<n,
(2.3) 5, <0 for1<i<n, 1<j<m,
ai; <0 for 1 <i<m, and b; <0 for 1 <i<n.
Assumption (2.3) will be made in Theorem 2.1 to Theorem 2.3 and all the
examples in this section. The following two uncoupled systems will serve as

starting points for analyzing the full system (2.1):

Aw; + w; [pi + (A’LU)Z] =0 in Q,

(2.4)

w; =0 on 02, for i=1,...,m;
and

Az + z[qi + (Bz);] =0 in Q,
(2.5)

zi=0 on 0, fori=1,...,n.

The methods of bifurcation and upper-lower solutions will be used in the anal-
ysis. The lower solutions are constructed by applying bifurcation theory at the
first eigenvalue of the Laplacian operator.

In the first theorem, we assume that within each of the two groups of species
the interactions among themselves are cooperative. That is, we assume:

(2.6) ai; >0, for i #7,1<4,j<m;
and
(27) bij>07 for i #£j,1<i,5 <n.

For convenience, we define
D = mini<i<mPi and g = mini<i<n ¢;-

The principal eigenvalue for the operator —A on the domain 2 with zero Dirich-
let boundary data is denoted by Ag. We use Ay in this section rather than the
usual A\; to avoid possible confusion.

Theorem 2.1 (Synthesizing Competing Groups of Cooperative Species).
Assume hypotheses (2.3), (2.6) and (2.7). Suppose that there exist w = (w1 (x), ...,
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Wi (2)), 2 = (21(2), ..., Zn(x)) whose components are in CTH(Q),0 < u < 1, and
are positive for all x € § such that

Aw; + wip; + (Aw);] <0 in €,

(2.8)

w; =0 ond, fori=1,..,m;
and

AZ + Zilgi + (BZ):] < 0 in €,
(2.9)

Zzz=0 ondQ, fori=1,...n.
Further, assume
(2.10) 4+ XN<p and d"+ X <g,

where
¢ = mari<icm{sup(—Rz(z)); : x € Q},

d* = mawi<;<p{sup(—Sw(z)); : z € Q}.
Then there exist a solution (u1,us, ..., Umin) € [CETH(Q)™F™ of (2.1) such that
u; >0 Qi=1,...m+n.

Remark 2.1.  Hypotheses (2.8) and (2.9) can be rephrased vaguely as as-
suming that the subsystems (2.4) and (2.5) each has a positive upper solution.
Also note that, for hypotheses (2.10), ¢* and d* can be made arbitrarily small
by assuming —R and —S are small.

Before proving this theorem, we first observe the following lemma, which is
a direct result of the bifurcation Theorem A1-4 in Chapter 6.

Lemma 2.1. (a) For each i = 1,...,m, the point (A\,v) = ([\o + c*]p71,0) is a
bifurcation point for the scalar equation:

(2.11) —Av + v =v[Ap+ ailv]] in Q, v=0 on ON.

(That is, in every meighborhood of ([Ao + c*]p™%,0) in R x CH(SY), there is a
solution to the equation with v Z 0).

(b) For each i = 1,...,n, the point (\,v) = ([A\o + d*]g~*,0) is a bifurcation
point for the scalar equation:

(2.12) —Av+d*v =v[Ag + bii|v]] in Q, v =0 on .

For convenience we will denote C*(Q) by & in the rest of this section.
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Proof of Theorem 2.1. By the above lemma, there exist sequences {\}, w? )},
and {A,z8)}22, in R x $\{0}, with (AL, wi) — ([Ao+c*]p™1,0) and (A}, 2%) —
([Ao + d*]qt,0) as k — oo, where

—Awi + c*wi = wi [Nip + ai|wi]] in Q,
(2.13)
wf =0 on0f2, fori=1,..,m, and

—AZL 4 d*zh = 2 Nig + byl2k]] i Q,
(2.14)
zf =0 on 0, fori=1,..n.

Let 0} = wi/||wi|ls, 2k = 2i/|z]|ls. Since (A + ¢*)~! and (A + d*)~! are
compact operators, there are subsequences of {1} }% ,,{2!}? ,, denoted by the
same symbols for convenience, and functions 1, 2 in , such that ||@} — @||s —
0, /2% — 2|ls — 0 as k — oo, and ||i]|g = ||Z]|s = 1. From (2.13) and (2.14), we
readily obtain —Aw = Agw, —AZ = AgZ in . Since )\g is the first eigenvalue of
(—A)~!, we must have @ > 0 or @ < 0 on Q. The same is true for 2.

It follows that there exists kg > 0 such that w};, and z,’C have the same sign as
w and Z respectively, for all £ > kg. Since the additive inverse of any solution
of (2.13) or (2.14) is also a solution of the same equation, we may assume that
wi >0 and 2z > 0in Q for all k > ko. From hypothesis (2.10) and the limits of
/\}'g and 5\2,, we may also assume that 0 < )\}; <landO< 5\2 <1 for all kK > kg.
Moreover, from the fact that ||w}||s — 0 and ||2%||g — 0 as k — oo, there exists
an integer k1 > kg such that

(2.15) wh <@y, i=1,...,m and 2z, <%, i=1,...,n in Q
for all k& > k.

Define w, = w,i,l,i =1,...m,z
(2.14), we obtain

= z,,i=1,..,n, in Q. From (2.13) and

)

Aw, = —w; [)\i;lp_ + aiw; — c*]
(2.16)
> —w,[p; + (Aw); + (Rz);] in Q,

for i =1,...,m; and
Az; = —2;[\b a + biiz; — d*]

(2.17)
> —z;qi + (Bz); + (Sw);] inQ,
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for ¢ = 1,...,n. Moreover, we have 0 < w; < w; fori=1,...mand 0 <z, <%
for i = 1,...,n, for all x € 2. On the other hand, hypotheses (2.3), (2.8) and
(2.9) imply that

(2.18) Aw; < —w;lp; + (Aw); + (Rz);] in Q, fori=1,..,m,
and
(2.19) Az < —Zgi + (Bz); + (Sw);] in Q, fori=1,...,n.

Thus the pair of functions (wy,...,w,,,2;, ..., Z,,,) and (W1, ..., Wy, 21, ..., 2, ) form
coupled lower and upper solutions for the system (2.1). Here we have used (2.16)-
(2.19) and hypotheses (2.3), (2.6) and (2.7) concerning the signs of the matrices
A, B, R and S. Consequently, by a well-known theorem (cf., e.g. Theorem 1.4-2
in [125] or Theorem 8-10.5 in [183], there is a solution (uj, ug, ..., Um+r) of (2.1)
with 0 <w; <wu; <wgi=1,...,mand 0 <z; <u; <w;,t=1,...,nin Q. This
proves the Theorem.

We next consider the situation when the species inside group I do not interact
cooperatively as in (2.6). We assume the other relations between the groups I
and II, and inside group II, remain unchanged. In group I, we assume that
there is one predator (i.e. the m-th species) with m — 1 competing preys. More
precisely, we suppose:

a;; <0 for1<i<m-—1,1<j<m;
(2.20)
am; >0 for 1 <j<m—1

In this case we will not assume as before that the subsystem (2.4), i.e. the
subsystem for species inside group I, has an upper solution as given in (2.8). If
we have the hypothesis:

(2.21) Ao <D,
we define positive functions y = (y1(x), ..., ym(x)) in Q as follows:
—Ay; = yilpi + aiyi] in Q,

y; =0 on 09, fori=1,..,m—1;

_Aym = ym[pm + Zgn:_llamjyj + ammym] in Q

Ym =0 on 0NQ.

From hypotheses (2.21) and the assumption on a;; in (2.3), we see that small
positive multiples of an eigenfunction of the operator A and large constant
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functions are respectively lower and upper solutions of each of the above scalar
equations successively. By means of Lemma 2.1 in Chapter 1 or Theorem 1.4-2
and Lemma 5.2-2 in [125], we can readily show that the above equations have a
solution y € [C?T#(Q)]™, and each y; is a uniquely defined positive function in
Q,i=1,...,m. For convenience, we define the matrix:

A={ay}, 1<ij<m,
where
aij=ay; if i#j, and a;; =01if i =4

Theorem 2.2 (Synthesizing a Prey-Predator Group with a Coopera-
tive Group). Assume hypotheses (2.3), (2.7), (2.20) and (2.21). Suppose that
there exists Z = (21(x), ..., Zn(x)) whose components are in C*TH(Q),0 < p < 1,
and are positive for all x € Q such that

AZ; + Zi[qi + (BZ)Z] <0 in Q,
(2.22)

Zz=0 ondQ, fori=1,...,n.

Further, assume
(2.23) E+X<p and d+ X <g

where

¢ .= mazx{ sup{(Ay(z) — RZ(z)); :x € Q},i=1,...,m — 1;

sup{(—Rz(z))m : x € Q}},

d := maz<i<n{sup(—Sy(z)); : x € Q}.
Then there exists a solution (u1,us, ..., Um+n) € [C*TH(Q™™ of (2.1) such that
u; >0 Qi=1,...m+n.

Remark 2.2. (a) Note that y is constructed independent of the off-diagonal
entries of the first m — 1 rows of the matrix A. On the other hand, the matrix A
is independent of the diagonal entries of A; and thus, the first inequality of (2.23)
is valid provided that —R and the absolute value of the off-diagonal entries of
the first m — 1 rows of A is sufficiently small.

(b) Hypothesis (2.21)is actually included in assumption (2.23).

Proof of Theorem 2.2. As in the proof of the last theorem, we consider the
following equations:

—Aw + éw = w[Ap + ai|w|] in Q,
(2.24)

w=0 ondf), fori=1,..,m;
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and

—Az+4dz = z[Aq + bi|z|] in Q,
(2.25)
z=0 on 09, fori=1,..n.

As in Lemma 2.1, we can show that (A\,w) = (|[Ag + ¢Jp~%,0) is a bifurcation
point of (2.24), and (X,z) = (|]Ao + d]a™",0) is a bifurcation point of (2.25).
There exist sequences {(AL, wi)}22  and {(AL, 22)}%2 | in R x & with (AL, wl) —
(Ao + &p~1,0) and (AL, 2:) — ([Mo + dla~',0) as k — oo, where w} > 0 and
2 > 0 are solutions of:

—Aw}C + Ew}; = w};[)\i,p_ + a¢¢|w};|] in Q,

(2.26)
wi =0 ondQ, fori=1..,m;
and
(2.27) —Azf +dzf = # [N+ bal Al in

zi=0 ondf, fori=1,..n.

By hypothesis (2.23), we may assume that 0 < A} < 1 and 0 < 5\2 < 1 for all
k > kg, some kg.

Since [|wi|ls — 0, ||zt||]s — 0 as k — oo, there exists a positive integer
k1 > ko, such that 0 < wz <yi,t=1,....m,0< z}C <Zz,i=1,..,n,in Q, for all
k > ki. Define w, = wzl forie=1,...m, z; = z,il for i = 1,...,n in Q; and let
w=(w,..., W,,),2 = (21, ..., 2,). From (2.26) and (2.27), we obtain:

Aw; = —w;[A} b+ aiw; — ]
(2.28) ]
> —w,;[pi + auw; + (Ay); + (RZ);]  in Q,

fori=1,...,m—1; and

Aw,, = =W, [\ D + G W, — €]
(2.29) )
> =W, [Pi + Gmm W,y + (AW) i + (RZ)p]  in Q.

Moreover, we have

Az; = —z [5\219 + biiz; — d|
(2.30)
> —z;[q; + biiz; + (Bz); + (Sy);] in €,
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fori=1,..,n, and 0 < w; <y;,0 <z <% in Q. On the other hand, from the
construction of y, hypotheses (2.20) and (2.22), we deduce that:

Ay; < —yilps + aiiys + (Aw); + (Rz);] in Q, for i =1,...,m —1,
(2.31) Ay < —YmlPm + Gmm¥m + (AY)m + (R2)m] in Q,
Az < —Zgi + (Bz); + (Sw);] in Q, for i =1,...,n.

Thus, the pair of functions (Wy, ..., W,,,, %1, -, Z,) and (Y1, ..., Ym, Z1, -, Z) form
lower and upper solutions for the system (2.1). Consequently, we conclude as
in the last theorem that problem (2.1) has a positive solution in 2, between the

upper and lower solutions.

In the third case, we consider the situation when there is a competing relation
inside the first group of species and a food-chain relation inside the second group.
Again, the two groups compete against each other as before. More specifically,
we assume:

(2.32) a;; <0 for 1 <14,5 <m;

bi7i+1<0f01‘ 1<1<n—-1,
(2.33) bii—1 >0 for 2<i<n, and
bZ'jZO for |i—j|>1.

Positive solutions inside a food-chain group have been studied in Lépez-Gémez
and Pardo San Gil [163]. Here, we will not need to assume the existence of
positive solution explicitly inside each group as in Theorem 2.1. For convenience,
we define

(2.34) Cl = q1/|b11|, Cz == (qz- + Ci—lbz',z'—l)/|bz'z'| fOI" 7= 2, ey N

A;k = E;-”:Lj#\aijpj/ajﬂ + E;'L:lhnij‘cj for 1 =1,...,m; and
(2.35)
B} = |bji+1|Cit1 + XLy |sijpj/ajs| for i=1,...,n.

Theorem 2.3 (Synthesizing a Competing Group with a Food-Chain
Group). Assume hypotheses (2.3), (2.32) and (2.33). Suppose

Af+Xo<pi fori=1,..,m, and
(2.36)
B +X<gq fori=1,..,n.
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Then there exists a solution (U1, us, ..., Umin) € [C*TH(Q)]™ " of problem (2.1)
such that u; >0 in Q, i =1,...,m 4+ n.

Proof. First define w; € C?T#(Q) for i = 1,...,m to be the unique positive
solution of the problem:

—Aw; = w; [pz' + aiz‘ﬁ}i] in €,
w; =0 on 02, w; >0 in (.

It is clear that w; < p;/a;; in Q.(See e.g. Chapter 5 in [125]). Further, define
zi=C;in Q for i = 1,...,n. From (2.34), we see that z; satisfies

Az, =0>% [qi + bi,i—lgi—l + bnil] in Q, for i=1,...,n.

(Here, we denote Zy = 0, 1,9 = 0 for convenience.)
To construct a lower solution for system (2.1) in this theorem, we consider
the auxiliary problems:

—Aw + Afw = w[Ap; + a;i|lw|] in Q,

(2.37)

w=0 ond, fori=1,..m;
and

—Az+ Bfz = z[\g; + bii|z]] in €,
(2.38)

z=0 on 02, fori=1,..,n.

As in Theorem 2.1, the points (A, w) = ([A\o + A}]/pi,0) € R x & are bifurcation
points for equation (2.37), and (X, z) = ([Ao + B:]/gi,0) € R x S are bifurcation
points for equation (2.38). There exist sequences {(A},wi)}%2 ,, {(5\2,22)};";1,
with w! > 0 and 2, > 01in Q, (AL, w}) — ([Ao + Az‘]/pi,O),(S\/i,z,i) — ([Ao +
Bf]/q;,0) in R x 3, as k — co. Moreover,

—sz + Afw}% = w,i[)\ﬁ;:pi + aii|wz\] in Q,

(2.39)
w,i, =0 ondf, fori=1,.. m;
and
210 —AzZi+ Bizh = 2L [ALgi + byl 2h]] in Q,
2.40

Z2i=0 ondQ, fori=1,..n

By hypotheses (2.36), we have 0 < [Ao+ A]/p; <1and 0 < [Ao+ Bj]/q; <1 for
i=1,....,m and j = 1,...,n, respectively. It follows that there exists a positive
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integer kg such that 0 < )\};O <1,0< 5\?430 <land 0 < wzo <w;,0 < zio <z in
Qfori=1,..,mand j=1,...,n, respectively.

Finally, define w, = wlio and z; = zio inQinfori=1,....mand j=1,...,n,
respectively. Set w = (W1, ..., W), W = (W, ..., W,,), 2 = (Z1,...,2,) and z =
(21, s 2,,) in Q. From (2.39) and (2.35), we have for i = 1,...,m,

sy dp

—Aw; = —Afw; + W [Agopi + aiw,]
(2.41) )
< w;[pi + aiuw; + (Aw); + (Rz);] 1in Q.

From (2.33), (2.40) and (2.35), we have for i = 1, ..., n,

~Az; = —Bfz; + ;[ Mo ti + biizi]
(2.42)
< 2;[qi + biiz; + bii—12;_1 + bii+1Zi41 + (Sw);]  in Q.

Moreover, from hypotheses (2.32) and (2.33), we obtain for i =1, ...,m,

—Aw; = w;[p; + a;;w;]
(2.43) )
> w;[p;i + aiw; + (Aw); + (Rz);] in

and we obtain for s =1, ...,n,

—AZ > Zi[qi + bii—1Zi—1 + biiZi]
(2.44)
> Zilgi + bii—1Zi1 + biZi + b1z, + (Sw);]  in Q.

Consequently, we find that the pair (wy,...,Wm,21,..., 2n) and (Wy,...,W,,,
Z1, ..., Z,) form upper and lower solutions for the system (2.1) under the hypothe-
ses of this theorem. We then conclude that there exists a solution
(U1, ..., Upmt+n) between the pair, and it has the properties as stated in the
theorem.

In general, it is nontrivial to verify assumptions (2.8) to (2.10) in Theorem
2.1. However, in some cases, it is not difficult to express these hypotheses
directly in terms of the growth and interaction coefficients of the components,
as illustrated in the following example.

Example 2.1. Consider system (2.1) with m = 3,n = 2. Assume hypotheses
(2.3), (2.6) and (2.7). Let

a1 a2 a3 -1 a2 a3
D = det az1 a2 agy |, D1 =det| -1 a2 a3 |,
azy asz ass —1 a3z ass
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ain —1 a3 a;n arp —1
_D2 = det a1 -1 ass | , D3 = det a21 a9 -1 5
a1 —1 ass azg; azy —1
b1 b2 -1 b2 bin —1 ‘
Dy = det , Dy =det , Dg = det .
: ba1  boo > =1 boo 0 bor —1

Suppose that
(2.45) D, D1, Dyand D3 have the same sign;
(2.46) Dy, D5 and Dg have the same sign; and
(247) P> Ay, 94> Ao

Then there exists a solution (uy, ..., us) € [C?*TH#(Q)]® of problem (2.1) such that
u; > 0in Q, for 4 = 1,...,5, provided that all the entries of the matrices R and
S are sufficiently small in absolute value.

Remark 2.3. An example for a;; and b;; satisfying (2.45), (2.46), (2.6) and
(2.7) is given by ajl = —3,(112 = 2,&13 = 3,&21 = 1,a22 = —5,(123 = 2,&31 =
1,@32 = 1,@33 = —4 and b11 = —2,1)12 = 1,1)21 = 1,b22 = —1.

Proof. Let 6 and £ be respectively the unique positive solution of the boundary
value problems:

(2.48) —Av=v[p—v] inQ, v=0 on 09,
and
(2.49) —A?=0[g—7] inQ, 9=0 on 09,

where p = max{p1,p2,ps} and § = mazx{q,q2}. For « = D;/D > 0,08 =
Dy/D > 0,7 = D3/D > 0, the function w = (wy,wy,w3) = (ab, [0,70) is a
solution of the problem

—Aw; = w;[p + (Aw);] in €,
(2.50)
w; =0 on 01, fori=1,2,3.

For & = D5/Dy > 0,3 = Dg/Dy > 0, the function z = (21, 22) = (@&, 5¢) is a
solution to the problem

—Az; = 2[G+ (Bz);] in Q,
(2.51)
z; =0 on 0N, fori=1,2.
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Equations (2.50) and (2.51) imply that w = (w1, wa, ws) = (ad, 56,~0) satisfies

Aw; + w;[p; + (Aw);] <0 in £,
(2.52)
w; =0 on 99N, fori=1,2,3,

and z = (21, 22) = (@€, 5¢) satisfies

Az + zi[qi + (BZ)Z] <0 in Q,
(2.53)
z;=0 on 0N, fori=1,2.

Inequality (2.47) and the assumptions on the matrices R and S imply that
condition (2.10) in Theorem 2.1 is valid. Thus the existence of positive solution
in this example follows from Theorem 2.1.

Remark 2.4. Since 1/p and 1/q are upper bounds for the positive solutions in
(2.48) and (3.49), respectively, one can readily obtain an explicit condition on
the matrices R and S such that (2.10) is satisfied.

Further extentions of the theories in this section can be found in [139].

2.3 Application to Epidemics of Many Interacting
Infected Species

This section considers the application of systems of reaction-diffusion to epi-
demiology. Blat and Brown [12] model the spread of infections by a system of
two reaction-diffusion equations. Capasso and Maddalena [23], [24] use similar
models to investigate the spread of oro-faecal or other bacterial and viral dis-
eases. In this section, we consider large systems modeling the spread of several
bacterial infections among many interacting species, as described in Leung and
Villa [142]. More precisely, we consider

(3.1)
—Au; + a;(x)u; = Z;-”:lbijvj forxeQ, i=1,..,n,
—Avy, + apv, = Z;L:lfkj(uj) + v BT ckjv; forre, k=1,..,m,
u=vp =0 forxed,i=1,...,n, k=1,...,m,

where b;; > 0 and c;; are any constant, f; € C L(R), and Q is a bounded domain
in RY, with boundary 0 of class C*t*, 0 < a < 1.

We will also consider the corresponding parabolic system, with du; /0t and
Ovy /0t added to the first n and second m equations respectively on the left on
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(3.1). The functions u; represent n different kinds of bacterial population densi-
ties and the functions vy represent m different-type infected-species population
densities. The populations are assumed to diffuse in the space domain 2. The
functions a;(x) are assumed to be positive, because the bacterial populations
tend to die in the absence of other factors; the term b;;v; represent the growth
of the number of bacterial due to infected species. The functions ax(x) are as-
sumed to be positive, because a certain proportion of the infected species recover
per unit time; the term fi;(u;) describe the rate at which the kth species be-
comes infected by u;, and the terms vicy;jv; describe the interaction between the
kth and the jth infected species. The model can be more naturally interpreted
in the form of the corresponding parabolic system, with the positive solutions of
(3.1) considered as steady-states. The prototype form with m =n =1,¢;; =0,
is introduced in e.g. [12] and [23]. We will consider the case when all c;j;, are
zero as well as other cases.

For convenience, we will adopt the following conventions. Let B and Kj be
respectively n X m and m X n constant matrices as follows:

bir - bim f{l(o) e f{n(o)

(3.2) B : S|, Ko =

For a_bbreviation, we write F= col.(F1, ..., Fy4m), where Fj are operators from
[CH(Q)]" ™ into C1(Q) defined by
(3.3)

Filcol.(u1, ..oy Up, V1, ooy U )] = T 1bijv; fori=1,...,n,

Foykleol.(ur, oy tn, 01, ooy um)] = 2574 fij(ug) + v X7 cpjv; for k=1,...,m.

We now label a few key assumptions, some or all of which will be used in
various theorems in this section:

The functions a;, @, are members of C%(2),0 < o < 1 and satisfy

(3-4) a;(z) > 0,ar(x) >0forallz € Q,i=1,...,n,k=1,....,m.

(3.5)
The functions fx; € C1(R) satisfy fi;(0) > 0-and f;(0) = 0;
frj(s) >0forall s >0,k=1,..,m, j=1,...,n. For each k, there exists
at least one j such that 0 < fi;(s)for all s > 0.

The functions fy; satisfy fi;(s) < Kys for all s > 0,

3.6 . .
(3.6) where K is some positive constant.
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There exists a constant vector d = col.(dy,...,dy,), with d; > 0,

a7 ° (.
i =1,...,n, such that BKyd > (A + a*)=d.

Here, the (strict) inequality between the two vectors are interpreted to be sat-
isfied for each component. The quantity A; is the principal eigenvalue for
—A as defined by (1.5) in Section 1.1, with principal eigenfunction ¢ where
||#|lcc = 1. The symbols a* and a** are defined as a* = sup.{a;(x),ar(x)|z €
Qi=1,..,nk =1,..,m} and a* = inf{a;(x),ax(z)|]r € Qi =1,...,nk =
1,...,m}.

Another assumption which will sometimes be used concerning the interaction
of the infected species vy, is as follows:

(3.8) ckr < 0, and |egg| > X724 [ plex], for each k= 1,...,m.
In order to simplify writing, we introduce a few more notations. Let
E = {w = col.(w, ..., wpim)|w; € CHQ),w; =00n dQ,i=1,...,m+n},

with norm [|w||g = max.{||wi||c1@li = 1,...,m + n};and P denotes the cone
P = {col.(wi,...;Wnim) € Elw; > 0in Q,i =1,...,n +m}. Also, let

Y = {w = col.(wy, ..., wn1m)|wi € C*TQ),w; = 0 on IQ}

with its norm denoted as [|w|ly = maz.{[|lwillc2ra@)li = 1,....m +n}. As
operators from C?T%(Q) into C%(Q), we write

Li:=—A+a;, i=1,...,n,

Lpyp:=—A+ag, k=1,....,m.

As an operator from Y into [C*(Q)]"t™, we write L = col.(L1, ..., Lptm)-
The system (3.1) can be abbreviated as

(3.9 Llw] = Flw], where w €Y,
To study this nonlinear problem, we consider the auxiliary problem:
(3.10) Liw] = AF[w], weY,

where A is a parameter, and investigate the bifurcation from the trivial solution
w = 0 as the parameter A passes through a certain value Ag. Under conditions
(3.4) and (3.5), we will see that this bifurcation actually occurs in Theorem 3.1.
Moreover, in Theorem 3.2, we will see that hypotheses (3.5), (3.6) and (3.7)
insure that \g < 1; and hypothesis (3.8) insures that the bifurcation curve of
nontrivial solutions connects to A = +o00. Thus (3.10) has a nontrivial solution
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when A = 1, i.e. (3.9) has a nontrivial solution under appropriate conditions.
For convenience, we let My denotes the (n+m) x (n+m) square constant matrix:

0 B
MO_[KO 0]

where the 0’s along the diagonal are zero matrices with appropriate dimensions.
Applying L~ to both sides of (3.10), using zero Dirichlet boundary condition,
we obtain: w = AL F[w]. Thus, (3.10) can be written as:

(3.11) QN w) =0, (\,w)€e RxE,
where ) : R x F — FE is an operator given by
QN w) := w — AL Flw]

(for this entire section the inverse operators L™! or L; ! will always mean finding
the solution using zero Dirichlet boundary condition).

Theorem 3.1. Under hypotheses (3.4) and (5.5), the point (X\o,0) is a bifurca-
tion point for problem (3.11). Here X = \g is the unique positive number so that
the problem:

(3.12) Liw] = AMow in§, w=0 on 01,

has a non-negative eigenfunction in E. (The nullspace for L=' My — /\LOI 18 one

dimensional as described in Lemma 3.2 below.) Moreover, the component of S
containing the point (Ao, 0) is unbounded, where

S:={(\w) € RT xP| Q(\,w) =0,A >0 and w € P\{0}};

and it also has the property that SN (RT x OP) = (Xo,0).
We first state a sequence of lemmas which will lead to the proof of Theorem
3.1. The proof of the lemmas will be given afterwards.

Lemma 3.1. (Comparison) Let w,w € [C*(Q)NCH(Q)]" ™, w £ 0,1; > 0,0; #
0 Q, fori=1,...,n+m, satisfy

Lijw;(z)] = Z;};L{”pij(x)wj(x), for zeQ, i=1,....,n+m
wlan =0, w = col.(wi,..., Wnim),

LZ[UA}Z(J?)] > Zyi{n qij(di)’lf)j(di), fOT T € Q,’i = 1,. an+m

W = col.(Wy, ..., Wntm)
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where p;; and q;; are bounded functions in €). Suppose that
qij zpij m Q fO’I’ ’i,j = 1,...,n—|—m,

and qij,pi; >0 in Q for all i +# 7,
then there exists an integer k, 1 < k < n+m and a real number & such that

Wy, = 0wy, Prj = qrj in Q forall j=1,...,n+m,
and w; —ow; >0 forall j=1,...,n+m.

Lemma 3.2. Under hypotheses (3.4) and (3.5), there ezists (Ao, w’) € R X Y,
Ao > 0, such that

(3.13) Lw®] = ANoMow® in Q, w’ =0 on 00

with each component w9 > 0 in Q, Owd/Ov < 0 on Q for i = 1,...,n +
m. Furthermore, the ez’ge@‘unction corres;zondmg to the eigenvalue 1/\g for
the operator L= My : [CH(Q)]"T™ — [CH(Q)]"™ is unique up to a multiple.
Also, the number X\ = Ay is the unique positive number so that the problem
w = AL 'Myw has a nontrivial non-negative solution for w € P.

Lemma 3.3. Let G : E — E be the operator defined by:
Glw] = L7YF(w) — Myw),
then ||G[w]||/l|wl|lz — 0 as |w]z — 0.

Proof of Theorem 3.1. The operator G described in Lemma 3.3 is completely
continuous, and the operator L~'My described in Lemma 3.2 is compact and
positive with respect to P. Equation (3.11) can be written as:

w — AL [Mow] — AG[w] = 0, for (\,w) € RT x E.

By means of Lemma 3.3 and the existence and uniqueness part of Lemma 3.2, we
can apply Theorem 29.2 in Diemling [49] to conclude that (Ao, 0) is a bifurcation
point for problem (3.11), and the component of S containing the point (Ao, 0)
as described above is unbounded.

Let (\;,w;) € S,i=1,2,..., be a sequence tending to a limit point (X, @) in
R* x 0P, and (\,w) # (Ao, 0). We now show that @ = col.(w1, ..., Wp+m) Must
satisfy w; = 0 in €, for each ¢ = 1,...,n +m. Consider the first case when there
exists some zg € Q and some j € {1,...,n} such that w;(xz¢) = 0. The equation
Lj[w;] = AXP bk ik > 0 implies w; = 0 in Q); and subsequently the right
side of this equation implies that w, 1 = 0 in 2 for each k = 1, ..., m. This leads
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to L;[w;] =0 in Q, for i = 1,...,n, and thus w; = 0 for such ¢ too. Hence w = 0
in this case.

Consider the second case when w; > 0 in Q for all j € {1,...,n}. For each
k=1,....,m, A >0, we introduce the problem

Li[z] = A Z?:l fkj(ﬂ)j) + )‘Z[Z;nzl,j;ék CkjWn+j + ckkz]  in
(3.14)
z2=0 on Of).

The function wy = 0 is a lower solution of (3.14) due to the sign of fi;; and
Wn4k > 0 is a solution which is # 0, due to (3.5). Since f;,(0)0w;/0v < 0 on
0}, there exists a small §; > 0 such that for 0 < § < §;, we have

(3.15) Adp+ag(z)dp < )\Z;-Lzlfkj(’lf)j) +)\5¢[Z?:17j7ékckjwn+j —|—Ckk(5¢] in Q.

Consequently, the functions ws := d¢,0 < § < §1, form a family of lower solutions
for problem (3.14), and W, # ws for all 6 € [0,d;]. By means of a sweeping
principle (cf. Theorem 1.4-3 in [125]), it follows that w4+, > ws, > 0 in €.
Moreover, for each k =1, ..., m, the function w,; satisfies

L[] = AZJ_ fij(05) — AMOpqr|ET 0k W] in Q,
and thus
—AWpy g + apWpir + )\|Z;-ilckj’lf)n+j|’lf)n+k > )\Z;-Lzlfkj(’lf)j) >0 in Q.

It follows from the maximum principle that 0w, ;/0v < 0 on 0. We thus
obtain in this second case that w € Int(P), which is a contradiction. Hence,
only the first case can happen, and we must have w = 0.

Next define z; := w;/||w;||g,i = 1,2,...; they satisfy

(3.16) 2z = ML~ [Moz] = \iGlwi] /| [wil |z = 0.

Since L™1Mj is compact, there exists a subsequence of {z;}(again denoted by
{z;} for convenience) such that L='Myz; converges in E. Since Glw;]/||w;||g
tends to zero in E, as ||w;||g — ||w0||g = 0, Eq. (3.16) implies that {z;} converges
in E to a function zy say, and

zZ0 — j\L_lM()Zo.

Moreover, we have zy € P since w; € P, and zp # 0 since ||z;|| = 1 for all . The
uniqueness part of Lemma 3.2 thus implies that A = \g. Consequently, we must
have (A, @) = (Ag,0). This completes the proof of Theorem 3.1.

For completeness, we will present the proofs of Lemmas 3.1 to 3.3.
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Proof of Pemma 3.1. Let K > 0 be a positive constant such that p; + K, q;; +
K >0in , for i = 1,...,n +m. From the inequalities for L;[w;(z)] and ¢;j, pij,

we have
m—+n

Lilti] + Kb; > (gis + K)di + Y qigib; > 0.
J=14

Thus the maximum principles imply the following properties
w; >0 in Q, and (0w;/0n)(x) <0 if z€ I and w;(zT) =0.

Without loss of generality, we may assume that some component of w takes a
positive value somewhere. Otherwise, replace w by —w. Since w = 0 on 0f2,
we can readily obtain from properties just obtained that w;(x) — ew;(z) > 0 for
some € >0 and all z € Q,i =1,...,n + m. Let ¢; = sup{a : w; —aw; > 0 in O}
for those ¢ = 1,...,n +m such that d; can be finitely defined. Define § to be the
minimum of such d}s. Thus ¢ = d, for some k, and 0 < 0}, < 00, w; — dw; > 0 in
Q for i = 1,...,n+m. From the inequalities for L;[w;(x)] and L;[w;(x)], we find
the inequality

(Ly + K) (g — Spwg) > (K + pr) (g — Spwr) + S0t " Pri (Wi — Sgw;)
+ 3T (qri — pra); >0 in Q.

Consequently, the maximum principle implies that Wy — dwg = 0 in 2. Then,
the last inequality above further implies that we must have qi; = p; for all
1=1,...,n+m.

Proof of Lemma 3.2. The operator L~'Mj as described in the Lemma is com-
pletely continuous and positive with respect to the cone P. Let z = col.(z1, ...,
Znam) = col (LT(1), .. L;+m( )). The functions satisfy z; > 0 in Q, z;|sgq = 0
for i = 1,...,n +m. Define v = L™'Myz. The positivity of B, Ky and the
maximum principle imply that the components satisfy v; > 0 and dv; /v < 0
on 0N for i = 1,....n +m. Thus, there exists 6 > 0 such that L~ 'Myz > iz
with z € P. Theorem 2.5 in Krasnosel skii [108] or Theorem A3-10 in Chapter 6
asserts that there exists a nontrwlal w® = col.(w?,...,wd,,.) € P and po >6>0
such that L=!Mow® = pow® (i.e. (3.13) with \g = 1/p0) Suppose w # 0 for
some 1 <i<n (or n+1<i<n+m); using the maximum principle on each of
the last m (or first n) equations in (3.13), we obtain by means of the positivity of
Ky (or B) that for each j =n+1,...,n+m (or j = 1,...,n) we must have wg-) >0
in 2 and 8w§-) /Ov < 0 on 0N. Then, we use the first n (or last m) equations and
the positivity of B (or Kj) to obtain by means of the maximum principle that
wg-) > 01in 2 and 8w§-)/81/ <0on o foreachi=1,...,n (orj=n+1,...,n+m.)
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Now, let @° = col.(wY, ..., Wn1m) Z 0 be such that Lo® = \gMow". From
Lemma 3.1, there must exist 6* € R and some k,1 < k < m + n, such that

(3.17) wh = §*w) and wg-) — 5*11)? >0inQ foralj=1,...m+n.
If there is an integer r such that

(3.18) w?(z) — 6*wd(z) > 0 for 7 € Q,

T

then L,[w? — §*wY] > 0 implies that w? — @2 > 0in Q. If 1 < r < n (or
n+1<r <n+m), consider the i-th equation in (3.13) forn+1<i<n+m
(or 1 <i < mn). We obtain L;[w) — §*1@Y] > 0 in 2, which implies w? — §*@? > 0
in Q, for each i = n+1,...,n+m (or i = 1,...,n). We then consider the
other n (or m) equations to obtain w{ — 6*@Y > 0 in Q for each i = 1,....n
(or i = n+1,..,n+m). This contradicts the existence of an integer k such
that (3.17) holds. This means that if (3.17) holds, there cannot exist an r such
that (3.18) holds. That is we have w® = §*@°. Finally, suppose that there is
another A\; > 0,A; # Ag, such that Lw = A\ Myw for some w € P\{0}. We
can deduce as before that w; > 0 in Q, 0w;/dv < 0 on I for i = 1,...,n + m.
Then we can obtain from Lemma 3.1 that \; = A\g. This completes the proof of
Lemma 3.2.

Proof of Lemma 3.3. We use Schauder’s theory to deduce
1G]/ lwlls < kI [F(w) = Mow] ||oo/|[w]]oo

<KD S i () = FL0)wi] oo /1 w; oo + 2231 D250 Teijllwnqj oo

— 0, as ||lw||g — 0.

Theorem 3.2 (Coexistence of Bacteria and Infected Species). Under hy-
potheses (3.4) to (3.8), the problem (3.9) has a solution w = col.(w1, . .., Wpim) €
Y, such that w; >0 in Q for each i and w # 0 (i.e. w € P\{0}).

Remark 3.1. By the property: SN (R* x 9P) = ()\o,0), of the part S of
the bifurcation curve described in Theorem 3.1, we must have w; > 0 in 2, for
1=1,...,n+m.

In order to prove Theorem 3.2, we first show the following two lemmas.

Lemma 3.4. Under hypotheses (3.4), (3.5) and (3.7), the positive number where
bifurcation occurs described in Theorem 3.1 satisfies Mg < 1.

Proof. By hypothesis (3.7), there exists a small enough ¢ > 0 such that
B[Ko(A\ +a*)"td—col.(e, ...;€)] > (A +a*)d and Ko(A+a*)"1d > col.(c, ..., €).
Let p'= col.(p1, ..., pm) be the positive constant vector defined by p':= Ky(A +
a*)~td — col.(e, ...,€). We can readily verify that the positive constant vector
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g := col.(dy,...,dp, p1,...,Dm) satisfies Myg > (A1 + a*)g. Thus there exists
r > 1 such that

(3.19) Mog > r(\ +a™)g.

Let 2z := ¢g. Since L;[¢] < (A1 + a*)¢ in Q for each i = 1,...,n + m, a simple
calculation shows

L7 [Mo2] > L7 r(A\ + a*)Z]
=rL (A +a*)¢lg >r9g =12 in Q,
where r > 1. As in Lemma 3.2, we obtain by means of Theorem 2.5 in Kras-
nosel’skii [108] or Theorem A3-10 in Chapter 6 the existence of a nontrivial

function @ € P such that L='Myw = pb with p > . The uniqueness part of
Lemma 3.2 implies that p = 1/Ag. Thus we have \g < 1/r < 1.

Lemma 3.5. Under the hypotheses (3.4) and (3.5), let (\,w) € S, where S
1s described in Theorem 3.1. Suppose Ry are positive constants such that 0 <
Wyik(x) < Ry forallz € Q, k=1,...,m. Then for eachi=1,...,n,

(3.20) 0 < wi(z) < A(inf.a;)"" > by Ry for all z € Q.
k=1
Proof. For each i = 1,...,n, consider the scalar linear problem
(3.21) Lil2] = X bk in Q, 2 =0 on 9.
k=1

Since the trivial function and 2 = A(inf . a;) 71 S°}1, b Ry, are respectively lower
and upper solution of (3.21), the unique solution z = w; must satisfy (3.20).

Proof of Theorem 3.2. Let the component of S containing the point (g, 0),
described in Theorem 3.1, be denoted by ST. Since Ay < 1, by Lemma 3.4,
it suffices to show that the set I := {\ € RT|(\,w) € ST for some w} is
unbounded. For convenience, let

Qg = Zbik(inf.ai)_l >0 fork=1,...,m,
i=1

m

Br = |crk| — Z \ckj\ fork=1,...,m.
j=1j#k
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Hypothesis (3.8) implies each (3 > 0. Suppose that the set I is contained in the
interval [0, C], we will deduce a contradiction. Let N > 0 be large enough such
that

(3.22)  CK1(D_aj)(0N) = Bp(ON)* <0 forall 6 > 1, cach k=1,...,m.
j=1

Here, the constant K7 is described in (3.6). We claim that if there exists A such

that (\,w) € 8T, then w = col.(wy, ..., wp4m) must satisfy:

(3.23) 0<wi(z) <N forallzeQ,i=n+1,....,n+m.

Suppose (3.23) is not true. Let (X, @) € ST, such that @ does not satisfy the
corresponding (3.23). For each i = n+1,...,n+ m, let 27 € Q be the point
where 1; attains its maximum value on Q. Let r € {n + 1,...,n + m} where
Wy (x)) = max{Wp41(2}1) - - Wntm(T)my)}. By assumption on w, we must
have o := w,(x*)/N > 1; moreover, we have 0 < w;(x) < @, (z*) = o* N for all
re€Qi=n+1,...,n+m. Suppose we have x* € . Then (3.6), Lemma 3.5
and (3.22) imply that @, (x}) satisfies:

— AW (1) + Qr—p(27) W, (27)
=X E?:l fren,j(W;(x7)) + S‘wr(ﬁ) Z;nzl Crn,jWn+;(2})
< 5‘[[(1 Z?:l w;(zy)] + S‘(O‘*N)2 [~ler—nr—nl| + Z;‘nzl,j;ér—n |er—n.l]

< AKLC(P, aw)(@*N) — (a*N)2B,_,, < 0.

Note that we have used the assumption that I is contained in [0, C] and a* > 1
in obtaining the last two inequalities above. This contradicts the fact that )
is an interior maximum. Thus we must have x: € 0f). Then the boundary
conditions and Lemma 3.5 imply that @ = 0; and we can conclude that (3.23)
must be true.

Finally, inequality (3.23), Lemma 3.5 and gradient estimates by means of
equation (3.10) imply that St cannot be unbounded if I is bounded. Conse-
quently, I must be unbounded, and this completes the proof of Theorem 3.2.

We next consider system (3.1), under the special situation when all ¢;; = 0,
for k,j =1,...,m; that is, we consider the problem:

_Aui + az(x)uz = Z;Tl:l bZ'jUj for x € Q,’i = 1, ey N,
(3.24) —Avg + ag(x)vg = Z;}ZI frj(u;) for ze Q k=1,..m,

u=vp=0 forxed,i=1,...n, k=1,...m.
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In other words, the infected species v will not interact among themselves. This
situation is a direct generalization of the theory in Blat and Brown [12]. Under
additional assumptions on fi;(u;) for large u; (see (3.28)), Theorem 3.3 shows

that problem (3.24) has a positive solution. Letting w = col.(wy,. ..., Wptm) =
col.(uy, ..., Up,V1,...,0mn), System (3.24) can be written as
(3.25) Liw] = Flw], w € E,
where F is the same as F' described in (3.3) with the special restriction ¢;; = 0,
for all k,7 =1,...,m. For convenience, we define
; fis(m)/m it n#0
(3.26)  fij(n) = ] fori=1,...,m, j=1,...,n.
i/j(o) if n=0
Also define the m x n matrix
fulm) - fialma)
~ m,n
(3.27) Fatmp| ~ = s
where 7;; are real numbers for ¢ = 1,...,m, j = 1,...,n. We will use the
following hypothesis:
(3.28)
There exist a real numberny > 0, and a constant vector ¢ = col.(q1,- .., qn),

with ¢; > 0,2 =1,...,n, such that:

m,n

q'B [fij(mj)] < (M + a2 for all ;> no.

Under hypothesis (3.28), one can always choose a number p; with 0 < p; <
(A1 + a™*) such that:

(3.29) q'B [ﬁ-j(ma’)}

2,7=1

m,n
4 < p3qh < (A +a™)?g" for all ny; > no.

Z?]:

The following theorem is the main result for case when the infected species do
not interact among each other.

Theorem 3.3 (Coexistence When Infected Species Do Not Interact).
Under hypotheses (3.4) to (3.7), and (3.28), the problem (3.25) (alternatively,

problem (3.24) with w = col.(uy,...,Un,V1,...,Up)) has a solution w =
col.(wy, ..., Wpym) € Y, such that w; > 0 in Q for each i and w # 0 (i.e.
w € P\{0}).

In this theorem, F is considered with the special restriction c;; = 0, and
assumption (3.8) concerning c; is not assumed. We are thus led to the problem:

(3.30) Llw] = \F[w], w € E,
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with F' as described above. Since F is a special case of 2 , Theorem 3.1 applies.
Under the assumptions of Theorem 3.3, let S be as defined in Theorem 3.1, and
S* be the component of S containing the point (Ag, 0). Recall that ST is proved
to be unbounded in Theorem 3.1. The following Lemma will be needed in the
proof of Theorem 3.3.

Lemma 3.6. Assume all the hypotheses of Theorem 3.3. Suppose {(Xr,wr)},
r=1,2,... is a sequence in ST with the property: A — 5\ 0< 5\ < 00, and
||w’"||E — 00, as 7 — co. Then there exists a subsequence {( M7y, W )} such
that the first n components of W'Y tend to +oo uniformly in compact subsets
of Q, as r(j) — 0.

Proof of Lemma 3.6. Let 2] = @} /||0"||g, y;, = U,/||@0" ||, w" = @"/||0"||g =
col .(24,...,25,y7,...,yn,), for r =1,2,.... Dividing equation (3.30) for @" by
||@"|| g, we obtain

—AZ +ai(z)Z) = N, > bigy; forzeQi=1,..,n

(3.31) — Ay + ap()yl = A Y0y fi(@)2F for 2 € Qk=1,...,m

2l =y, =0 forxed,i=1,...,n, k=1,...m

Since the right-hand side of (3.31) is bounded in || - ||co- nOrm, using Schauder’s
estimates we obtain a subsequence of {w"}22;, denoted again by {w"}2>2,, which

converges in the ||.||p - norm to a function w = col.(z1,...,2n, Y1,...,Ym) € E.
Here, from the definition of S, we must have z; > 0,y > 0 in Q for i =
1,...,n,k=1,...,m, and ||w||g = 1. Using Schauder’s theory, we see that w

also satisfy (3.31) by taking limit as r — oo.

If y =0in Q for all kK = 1,...,m, the first n equations in (3.31) imply by
maximum principle that z; = 0 in €, for each ¢ = 1,...,n. This contradicts
the fact that ||@w||g = 1. Thus, there must exists some [ € {1,...,m}, such
that y; Z 0 in Q. The first n equations in (3.31) then imply that z;(z) > 0
in Q for all ¢ = 1,...,n. The conclusion of Lemma 3.6 follows since u}(x) =
2N (@) ||a"||g, [|0"||E — oo, and 27 (x) — z(z) > 0 in Q (in C1(Q)-norm) as
r — 00.

Proof of Theorem 3.3. Recall that Lemma 3.4 implies that A\g < 1. To prove
this Theorem, it suffices to show that if there exists a sequence in ST with
property as described in Lemma 3.6, then we must have A > 1. This leads to the
existence of (A,) in ST with A = 1; that is, we obtain a solution of problem
(3.24).

If {\: (A\,w) € ST} is contained in a bounded interval, then there must
exists a sequence {(Xr,w’“) %, in 8T with property as described in Lemma
3.6; and (), w") satisfies (3.30) for each r. Denoting @" = col.(@},.. ., W) =
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col.(ay,...,up,0},...,05,), the conclusion of Lemma 3.6 implies that we may as-
sume that @] (z) — oo uniformly in compact subsetsof Q, asr — 00,7 =1,...,n.
Let W = ~T/H,II)THLQ k - Uk:/Hw ||L2 \IIT = COl(lﬁ{,,?ﬂg,gf,,g;%)
Dividing the equation for (Ap,@0") by || ||L2(Q ), We obtain

AT+ ai (@)} = N YT byl forreQ,i=1,..,n
(3.32)

AL+ ag(x)é, = Ar Z 1fkj( )1/1; forxe k=1,...,m
Since the right side of (3.32) is bounded in || - ||f,(q)- norm, using Agmon-

Douglis-Nirenberg estimate, we obtain a subsequence of {¥, }2°,, also denoted
by {¥,}5,, which converges to a function ¥ = col.(¢1,...,¢¥n, &1, ..., &m) in
L(2) at each component. Moreover we have ||¥|[z, ) = 1, and ¢; > 0,&, > 0
a.e. inQ fori=1,....,n, k=1,...,m

Let (q1,...,qn) be as described in hypothesis (3.28), and p; be as chosen
n (3.29). Define py such that 0 < p; < p2 < (A + @*), and let ¢7 =
(q1s - Qns Qna1s - Gnim), Where g = (1/p1) Z?:l q;ibjk, k=1,...,m. (Note
that g, is the k-th component of (1/p1)¢” B). By the first inequality in (3.29),
we readily obtain from the definition of ¢7 and p, that

0 B

(3.33) | man < o™ for all mij > .
Mmﬂ” 0

2,7=1
To simplify writing, for ¢« = 1,...,n, denote h;j(n) = 0 when j = 1,..,n and
hijin(n) = bj; when j =1,...,m. For ¢ = 1,...,m, denote hii, ;(n) = fij(n)
when j =1,...,nand hjypn jin(n) = 0 when j = 1,...,m. Inequality (3.33) can
then be rewritten as:

(3.34) (jT([hU (nw)]?t”}wrm) < pogt  for all Mij = 10-
7.]
Note that h;; are really constants for j > n,i=1,...,n+ m.
J

Multiplying the first n equations of (3.32) by ¢;¢,i = 1,...,n, and the last
m equations of (3.32) by ¢,1x¢,k = 1,...,m, we obtain, after integrating by
parts:

(3.35) 0= / 97O+ ai) + A S bi€llgiddz,  fori=1...,n,
Q

J=1

(3.36) 0= /Q[—f};()\l +ag) 4+ Z EV] quarddz, fork=1,...m
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Adding the last n + m equations, and using the definitions of a** and h;;, we
obtain:

(3.37) 0< /Q {(—(M +a™)i v, + X,@T[hij(w;)]zjg"*mmb} da.

(Recall that h;; are constants for j > n, and h;;(}) above actually depends
only on af,j = 1,...,n.)

Let {Q4}3°, be a sequence of open subsets of €2, such that Q, C Q C
Q1 C Q, for all k£ with Q@ = U2 ,8;; and let € > 0 be an arbitrary small
constant. Since the quantities A, g%, hi; are bounded, and ¥, — ¥ in Ly(Q),
we may assume that for [ and r sufficiently large, we have:

(3.38) / Sl (TG, e < e
O\ ’
We can thus obtain from (3.37) that:

(3.39) 0s | =+ a*)q" 4+ A" [(hig (@) g da + e,
1

By Lemma 3.6, we may assume that @7 — oo uniformly in {; for each fixed [,
asr — oo, forj=1,...,n.
Consequently, from (3.34) and (3.39), we obtain

(3.40) 0< [ {=(A+a™)+Np2} 70, pdx + €
Q

for all sufficiently large r. Letting r — oo, we find that for all sufficiently large
L,

(3.41) 0< [ {=(\+a™)+Ap2} T Vpda + e
97
Since € is arbitrary, we conclude
0< [ {~On+am)+ Ao} TV da
Q

This leads to A > (A; + a**)/ps > 1. The proof of Theorem 3.3 is complete.

Remark 3.2. The global continuum of positive solutions of (3.30) and (3.10)
cannot cross A = 0, because when A = 0 the trivial solution is the only solution
by the maximum principle.

In the remaining part of this section, we will consider the stability of the
steady state solutions found in Theorem 3.2 as a solution of the corresponding
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parabolic system. It will be seen in Theorem 3.5 that if hypotheses (3.5) and
(3.8) are strengthened, then the bifurcating steady-states near the bifurcation
point are asymptotically stable in time. Before obtaining further results with
additional hypotheses, we first deduce a few more consequences of hypotheses
(3.4) and (3.5).

Lemma 3.7. Under hypotheses (3.4) and (3.5), the problem

(3.42) Lw] = AMIw  inQ, w=0 ondQ,

has a solution (\,w) = (Ao, w%), W’ € Y with each component @9 > 0 in
Q, 00 /ov < 0 on OQ fori = 1,..,n +m. (Here, Ny is exactly the same
number as in Lemma 3.2.) Moreover, any solution of (3.42) with A = o is a
multiple of w°.

Proof. The existence of a positive solution and the simplicity of the correspond-
ing eigenvalue is proved in exactly the same way as Lemma 3.2 with the role of
B and Kj interchanged. The fact that )\g is exactly the same as in Lemma 3.2
follows exactly the same procedure as in the proof of Lemma 2.4 in Leung and
Villa [141] or Lemma 6.4 in Section 2.6, and will thus be postponed.

For convenience, we will define two operators Ly and Ly : E — E as follow:

(3.43) Lo =1 — ML 1My,

(3.44) Ly :=—L ' M,.

Lemma 3.8. Under hypotheses (3.4) and (3.5), the null space and range of Ly,
denoted respectively by N(Lg) and R(Lg), satisfy:
(i) N(Lg) is one-dimensional, spanned by w?,
(ii) dim[E/R(Ly)] = 1, and
(iii) Liw® € R(Ly).
Proof. Part (i) was proved in Lemma 3.2. The remaining parts are proved in

the same way as in Lemma 2.5 in [141] or Lemma 6.5 in Section 2.6. For the
proof of part (iii), the positivity property of w® and @° are used.

Theorem 3.4 (Local Bifurcation). Assume hypotheses (3.4), (3.5) and the
additional condition that fr; € C* ( ) fork=1,...n,j = 1,....m. Then there
exists > 0 and a C*-curve (A(s), d(s)) : (—6,8) — Rx E with A\(0) = Ao, $(0) =

0, such that in a neighborhood of (No,0), _any solution of (8.11) is either of the
form (X, 0) or on the curve (\(s), sjw® + &(s)]) for |s| < 6. Furthermore, the set
ST\{(N0,0)} is contained in Rt x (IntP), where St is the component of the
closure of S (described in Theorem 3.1) containing the point (\g,0) in RT x E.
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Proof. Equation (3.11) can be written as
(3.45) QN w) := Lo[w] + (A — Xo)L1][w] — A\G[w] = 0,

where the operator G : E — FE is defined in Lemma 3.3. Under the additional
smoothness condition on fj;, we can show that @ € C?(R* x E,E) and the
Fréchet derivative of GG is continuous on E. Moreover, we can readily deduce as
in Lemma 3.3 that Ly = D2Q (Ao, 0), L1 = D12Q(Xo,0), and G[O] = DQG[O] =0.
Hence we can apply the local bifurcation theorem in Crandall and Rabinowitz
[34] to obtain the C'-curve (A(s),(s)) describing the nontrivial solution of
(3.11) near (Ao, 0) as stated above.

For s > 0 sufficiently small, the function s[w® + ¢(s)] is clearly in Int P.
Suppose (A, w;) € S,i = 1,2... is a sequence tending to a limit point (\, )
in RT x OP; we can show as in Theorem 3.1 that (\,@w) = (A\g,0). By means
of the local behavior of all the solutions (3.11) near (\g,0), we conclude that
ST\{(X,0)} C R" x (IntP). This completes the proof of Theorem 3.4.

We next consider the linearized and then the asymptotic stability of the
positive bifurcating solution described in Theorem 3.3, near (\g,0). Applying
the bifurcation theory in [34], and the fact that

(3.46) / @? - A7 da #£ 0,
Q

(note that each component of both w° and w? is strictly positive in ), we can
assert that there exist d; € (0,0) and two functions: (y(:),2(-)) : (Ag — 91, Ao +
61) > Rx E, (n(-),h(-)) : [0,61) — R x E, with (7(Xo), 2(X0)) = (n(0), h(0)) =
(0,w°), such that

(3.47) DyQ(A,0)2(A) = v(\)(=L) ' (2(N),
and
(3.48) DaQ(A(s), s(uw® + ¢(s))h(s) = n(s) (L)' (h(s)).

Here, (3.46) and the theory in [34] imply that (A) and 7)(s) are respectively L=
simple eigenvalues of D2Q (), 0) and DaQ(A(s), s(w’ + ¢(s)) with eigenfunctions
z(A) and h(s). Moreover, the theory in [34] further lead to the following lemmas.

Lemma 3.9. Assume all the hypotheses in Theorem 3.4. There exists p > 0
such that for each s € [0,01), there is a unique (real) eigenvalue 1(s) for the
linear operator

(3.49) QF = —LD2Q(A(s), s(w” + ¢(s))) : Y — [CY(Q)™+"
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satisfying [n(s)| < p with eigenfunction h(s) € Y. That is,

(3.50) Qih(s) = —L[h(s)] + A(s) Fu[s(w” + ¢(s))]h(s) = n(s)h(s).

The next few lemmas study the behavior of the eigenvalues 5\(8) and 7(s) for
small s > 0, and y(\) near A = Ag.
Lemma 3.10. Assume all the hypotheses of Theorem 3.4. Suppose further that
(3.51) fij(0) <0 fork=1,.,m,j=1,..,n;
(3.52) ci; <0 forallk,j=1,..,m.

Then, the function A(s) satisfies X'(0) > 0.

Remark 3.3. Note that hypotheses (3.51) and (3.52) are respectively modifi-
cations of (3.6) and (3.8). Hypothesis (3.52) means the infected species compete
among each other.

Proof. Theorem 3.4 asserts that N (0) exists. Equation (3.11) implies that
s(w® + ¢(s)) is in Y; and for s € [0,4), we have

L[s(w® + (5))] = A(s)F'[s(w” + ¢(s))].
Dividing by s and then differentiating with respect to s for s > 0, we find
L[g'(s)] = N(s)(1/s) Fls(w® + 6(s))] + ;\(S)d%{(l/S)F[S(wO + o(s))]}-

Letting s — 0T, we obtain

(3.53) L[¢'(0)] = XN (0)Mow® + A(0)Myd' (0) + A(0)Row®,
where

. Onxn Onxm
(3.54) Ro = [ A ] .
Here, Hy is the m x n matrix whose (4,)-th entry is (1/2)f/;(0)w) for i =
1,...,m,j7=1,...,n; and Zj is the diagonal m x m matrix col.(E;-n:l clngﬂ»,
iy cmjw2+j). We multiply (3.53) by (@°)7 and integrate over Q. Then,

after integrating by parts on the left and canceling with the second term on the
right, we obtain
yo_—ﬂmhﬁwﬁwmw
(0) = Jo (@) Mow® dx

The last inequality is due to the additional assumptions (3.51) and (3.52).
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Lemma 3.11. Under all the hypotheses in Theorem 8.4, the function ()
satisfies 7' (Ag) > 0.
Proof. Note that DoQ(\,0) = I — AL~ My. From (3.47), we have

(I = AL7 Mp)z(\) = v(M\)(=L)7Lz(N), for A € (A9 — 61, Ao + 01).

Applying L, multiplying by (@°)”, and integrating over Q, we obtain

/ (@) LI (N)] — A@)T Moz(\) de = [y(ho) — 7(V)] / (@) (N da,
Q Q

since (o) = 0. Integrating by parts, using the equation for (¥°)7, and letting
A tends to A after transposing, we obtain

, )T Mow® dz
7 (o) = fs}(ﬂ(w)O)T:z)O dr

Lemma 3.12. Under the hypotheses of Theorem 3.4, (3.51) and (3.52), there
exists 9y € (0,01) such that n(s) <0 for all s € (0,92).

Proof. From Theorem 1.16 in [34] or exposition in Smoller [209], we find
—sN'(s)y' (M) and n(s) have the same sign for s > 0 near 0. Hence Lemma 3.10
and Lemma 3.11 imply 7n(s) < 0 for small positive s.

The linearized eigenvalue problem for (3.10), (3.11) at the bifurcating solu-
tion w = s(w® + ¢(s)) is precisely (3.50). When A = A(0) = A, the eigenvalue
problem corresponding to (3.50) becomes

(3.55) —L[h] 4+ ANMoh=nh  he€E,

where 7) is the eigenvalue. Under hypotheses (3.4) and (3.5), Theorem 3.1 asserts
that 7 = 0 is an eigenvalue for (3.55), with positive eigenfunction. Using this
property and the fact that the off diagonal terms of My are all non-negative, we
can proceed to show the following.

Lemma 3.13. Under hypotheses (3.4) and (5.5), all eigenvalues in equation
(3.55) except n = 0 satisfies Re(n) < —r for some positive number r.

The proof of this lemma is essentially the same as the proof of Lemma 2.8
in Leung and Ortega [138]. The details will be omitted here

Lemmas 3.9 to 3.12 above essentially shows the eigenvalue 1 = 0 correspond-
ing to (3.50) at s = 0 moves to the left as s increases. As to the other eigenvalues
with Re(n) < —r described in Lemma 3.13, one can show by perturbation argu-
ments that they should still be in the left open half plane for s > 0 sufficiently
small. More precisely, we have the following.
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Lemma 3.14. Under the hypotheses of Lemma 3.10, there exists a number
0* € (0,9) and a positive function n(s) for s € (0,0%) such that the real parts of
all the numbers in the point spectrum of the linear operator Q% are contained in
the interval (—oo, —n(s)), for s € (0,6). (Here, § is described in Theorem 3.4
and Q% is described in (3.49) in Lemma 3.9.)

The proof of Lemma 3.14, using the assertions in Lemmas 3.9 to 3.13 are
exactly the same as the proof of Theorem 2.2 in [138]. The details are thus
omitted here.

For each s € (0,8*), the function @, := s[w®+¢(s)] described in Theorem 3.4
can be considered as a steady-state solution of (3.10) with L replaced by 0/0t+L
and homogeneous boundary condition. We now consider the time asymptotic
stability of this steady-state as a solution of the corresponding parabolic prob-
lem. In order to obtain a precise statement, we let B; and By be Banach spaces
as follow:

Br={u:ue[C(Q)]"T u=0 on dN},

and
By ={u:u € [L,(Q)]""™} for p large enough such that N/(2p) < 1.

Let A; be the operator L on B; with domain D(A;) = {u : u € [W2P(Q)]"+t™
for all p, Au € [C(Q)]"",u = 0 and Au = 0 on 9Q}; and Az be the operator
L on By with domain D(A3) = {u € By : u € [W2P(Q) N W()l’p(Q)]”+m}. For
w = col.(wi,...,Wntm), we consider the following nonlinear initial-boundary
value problem for each i = 1,2:

W4 Aw(t) = M(w(®), w(0) = wy for t € (0,7,

(3.56) -

A solution of (3.56) in B; is a function w € C([0,T], B;) N C((0,T], B;), with
w(0) = wo, w(t) € D(A;) for all ¢t € (0,T]; and w(t) satisfies (3.56) for ¢t € (0, 7.
The operator As is an infinitesimal generator of an analytic semigroup, say S(t),
on By for ¢ > 0. It is well known that for a > 0,

(—A2) % = ﬁ /000 o718 (1) dr

defines a bounded linear operator on By (called fractional power of the oper-
ator As). Moreover, [(—A2)™]~! := (—A2)% is a closed operator on By with
dense domain D((—A2)®) = (—A3)~%(B3). We denote by X the Banach space
(D(=42)%, |1,.) where [[t]l, = [[(~A)2w]| > for all w € D((~Az)?).

Using Lemma 3.14, we can use the theory by Mora [176] (Theorem A4-9 in
Chapter 6) or apply the stability Theorem 5.1.1 in Henry [84] (Theorem A4-11
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in Chapter 6) for sectorial operators to obtain the following asymptotic stability
theorem for the steady-state solution w;.

Theorem 3.5 (Local Stability of Coexistence Steady-State when the
Infected Species Compete). Assume all the hypotheses of Theorem 3.4,
(3.51) and (3.52). For each fizred s € (0,6%), let X = A(s), w = s[w® + ¢(s)].
Then, for each i = 1,2, there exists p > 0,8 >0 and M > 1 such that equation
(8.56) has a unique solution in B; for all t > 0 if wy € By and ||wg — 0| <
p/(2M) fori =1 (or wyg € X and ||lwyg — W||o < p/(2M) for i = 2; here we
assume o € (N/(2p),1) for the space X*). Moreover, the solution satisfies

(3.57) [[w(t) — @|oo < 2Me P ||wg — @||oe  forallt >0,i=1,
or
(3.58) [[w(t) — ©||o < 2Me P ||wg — @||o for all t > 0,i = 2.

2.4 Conditions for Coexistence in Terms of Signs of
Principal Eigenvalues of Related Single Equations,
Mixed Boundary Data

In the last two sections, the conditions for coexistence solutions are expressed
in terms of relationship of the coefficients with the principal eigenvalue of the
operator —A. In Theorem 2.5 for prey-predator and Theorem 3.4 for competing
species studies in the last chapter, the conditions are expressed in terms of the
signs of the principal eigenvalues of appropriate operators on scalar equations
deduced from the original system. Such results are more direct and convenient.
In this section, we investigate extentions of such results to the case of a system
of three equations. Moreover, we consider the situation of mixed boundary
condition rather than Dirichlet type. The results of this section are mainly
adopted from Li and Liu [150] and Liu [160].

As described in Section 2.1, the study of three species diffusion-reaction
systems is applicable to many practical problems. As a further example from
immunology, we consider the interaction of viruses with different types of anti-
bodies. An external antigen (e.g viruses, called V) stimulates a large increase
in a type of immunoglobulin molecules (called antibody 1, Abl), which then
induce the production of another type of antibody (called Ab23). By binding
with V, Abl will act as a predator with V as its prey. Induced by Abl and then
neutralizing Abl, Ab23 will be a predator with Abl as prey. Since some of the
idiotopes on Ab2( resemble the shape of the antigenic determinant on V, the
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interaction between V and Ab2( is competing for the binding sites on Abl. (See
e.g. Linthicum and Faird [156] or Roitt, Brostoff and Male [193].)

Let © be a bounded domain in RV, N > 2, and assume 9 belongs to C>+®
for some 0 < a < 1. We define a boundary operator B by

(4.1) Bu = a(z)u + b(x)0u/0n

where a,b € C1T2(0£2). We assume that either b(z) > 0 and 0 # a(x) > 0 on
0, or b(z) = 0 and a(z) > 0 on 9N. Here, n is the outward unit normal at
the boundary. For a linear operator L, with +L (or —L) elliptic, we denote by
M (L, B), the largest (or smallest) eigenvalue for the problem:

Lu=MXu in 2, Bu=0 on 0.

When the boundary condition is clear from the context, the eigenvalue is ab-
breviated as A\j(L). The spectral radius of a compact operator T' is denoted
by r(T'). For a given boundary operator B as described above, we define for
convenience a class of function F(B) C C(2 x RT) as follows:

Definition 4.1. A function f : Q x [0,00) — R belongs to the class F(B),
denoted as f € F(B), if

(i) f(z,2) € C¥OQx[0,00)),0 < a < 1, and its partial derivative with respect
to the second component f,(z,z) are continuous in Q x [0, 00);

(il) —C < fo(z,2z) < 0in 2 x [0,00) for some C' > 0;

(iii) limsup,— oo f(z,2) < A1(=A, B) uniformly for x € Q.

We first deduce an extention of Lemma 2.1 of Chapter 1 concerning the
existence of positive solution for scalar equations.

Lemma 4.1. Suppose f € F(B). Consider the boundary value problem:

42) { —Au = uf(z,u) n Q,

Bu=20 on 0f).

(i) If \i(A+ f(x,0)) > 0, then the problem (4.2) has a unique positive solution.
(11) If \i(A + f(x,0)) <0, the u =0 is the only non-negative solution of (4.2).

Proof. (i) Assume A\; = A\ (A+ f(z,0)) > 0. Let ¢(z) > 0 be the corresponding
eigenfunction. We have A¢ — P¢p < 0 in €, for sufficiently large P > 0, and
B¢ =0 on 0f2. The boundary condition (4.1), (4.2) implies ¢ is not a constant
function, and thus the Hopf Lemma implies that at the boundary minimum point
x0, we must have d¢/0n < 0. The boundary condition (4.1), (4.2) again implies
that ¢(x) > ¢(xg) > 0 for all x € €, for the case b(z) Z 0. Let 6 € (0, A1), and
€ > 0 be small enough such that |f(z,ed(x)) — f(x,0)] < § for all z € Q. We
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have

Aeh + f(x,ep)ed

= Aeg + f(x,0)eh + [f(z,e0) — f(2,0)]ep
(4.3)
>ep(x)(A1—9) >0 in Q,

( B(epp) <0 on 0.

Let b(z) = b(z) + o with 0 > 0, and A} = A\;(—A, B) where Bu = a(z)u +
b(x)du/On on Q. By the continuous dependence of eigenvalues on the boundary
conditions, we have A; is close enough to A1 (—A, B) for sufficiently small o so
that

limsup,—4o0f (2, 2) < A1 uniformly for z € €.

Let w(x) > 0 be an eigenfunction for the eigenvalue A\ = Al(—A,B). By the
same argument as in the last paragraph, we obtain w(z) > 0 for all z € Q.
Thus, for K > 0 sufficiently large, we have @ := Kw > u := €¢ in (), where €
was chosen in the last paragraph to satisfy (4.3), and f(z, %) < A; for all z € €.
We thus have

Au+af(x,u) = AKw+ Kwf(x,u)

(4.4) = Kw(f(x,u) — A1) <0 in £,
Bu>0 on Of).

The last inequality above is true because 0u/dn = (—a/b)a > (—a/b)a on 0.
Define ug := u in §2, and inductively, for i = 1,2, ..., u; to be the solution of

(4.5) —Au; + Pu; = uj—q1 f(x,ui—1) + Puj—1 inQ, Bu; =0 ondf.

Here P > 0 is chosen sufficiently large so that the function z — zf(x, z) + Pz is
nondecreasing in z for x € Q,0 < z < mazqiu. Using (4.3), (4.4) and (4.5), one
can show by means of Hopf Lemma and maximum principle (cf. Section 5.1 in
[125] for the case of Dirichlet boundary condition) that

(4.6) u< <y <---<upg<u <a in Q.

The sequence {uy} is bounded in C(Q). Using the mapping (—A+P) ! (uf (x,u)
+ Pu) and Theorem 4.2 in Amann [3], we can choose subsequence {uy;)} so
that it converges in C1(£). Then, we can use Lemma 9.2 in [3] to assert that
the sequence {uy; (v)f(z,up ()} is bounded in C*(Q). Thus by Schauder’s
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theory and equations (4.5), the sequence {uj(;)41} is bounded in C?*t*(Q), and
hence relatively compact in C*(£2). We obtain another subsequence of {uy ()41}
converging to a C?({2) solution of (4.2).

The uniqueness part can be proved by modifying the proof for the case of
Dirichlet boundary condition as in Lemma 5.2-2 in [125]. We construct a solution
larger than or equal to two given ones by iterating from a large upper solution
as in the last paragraph. We then show by means of Green’s identity that both
given solutions are identically equal to this large solution.

(ii) Suppose A1 (A+ f(x,0)) < 0, and there is a positive solution u of problem
(4.2). Then by Theorem 3.2 in Amann [3], we must have \j(A + f(z,u)) =
0. Since f(x,0) > f(z,u) in €2, we obtain by variational characterization of
principal eigenvalue that A\; (A+ f(z,0)) > A\ (A+ f(x,u)) = 0. This contradicts
our assumption.

For a given f € F(B), we will use us to denote the unique positive solution of
problem (4.2) in case (i) of Lemma 4.1 ; and set vy = 0 in case (ii) of Lemma, 4.1.
The following continuity and comparison properties will be needed for further
considerations.

Lemma 4.2. (i) Let f and f, be functions in F(B),n =1,2,..., and f, — f
uniformly in each compact subset of Q x [0,00) as n — oo, then uf, — uy in
C*(Q), for any v € (0,1).

(it) Let fi, fo € F(B) and f1 > fo, then up > uy,.

Proof. (i) First assume A1 (A+ f(x,0)) > 0. Then by means of variational char-
acterization of principal eigenvalue, we have A\; (A + f,,(z,0)) > 0 for sufficiently
large n. Let ¢(z) > 0 be the eigenfunction corresponding to A;(A+ f(z,0)) > 0.
As described in Lemma 4.1, we obtain for sufficiently small ¢ > 0:

Aep + f(x,ep)edp > pp(z) > 0 in Q for some constant p > 0,
and B(e¢) < 0 on 09Q. Thus for large n, we also have
Aed + fn(z,€h)edp > 0 in .

Thus the function e¢ is a lower solution for problem (4.2) and all such problems
if f is replaced by f, for sufficiently large n. As in the proof of Lemma 4.1, we
find the function Kw is an upper solution for problem (4.2). By the uniform
convergence of f,, on compact subsets, we can readily see that Kw is also an
upper solution for problem (4.2) if f is replaced with f,, for sufficiently large n.
Consequently, we have

€¢§uf§Kw7 €¢SUfn Sva

for all large n, € > 0 sufficiently small. As in the proof of Lemma 4.1, we use
Theorem 4.2 and Lemma 9.2 in [3] to choose a subsequence of {uy, } convergent
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in C1(Q), and a subsequence of {uy, f(x,uys,)} bounded in C*(€2). This will
lead to a subsequence of {uy,} convergent in C?(€) to a function @ > e¢ > 0,
and @ is a positive solution of problem (4.2). By uniqueness part of Lemma 4.1,
we must have @ = uy. Since this can be done for any subsequence of {uy, }, we
conclude that the full sequence {uy,} converges to u; in C?(Q), and hence in
CH7(Q). In case A1 (A+ f(z,0)) < 0, we can argue similarly that uf, — us =0
in C1*7(Q).

(i) Assume that f1 > fo. If \{(A+ fi(x,0)) <0, then uy, =uy, =0 by Lemma
4.1, part (ii). If Ai(A + fi(z,0)) > 0, then uy, > 0. The usual upper-lower
solution argument and uniqueness of positive solution of part (i) of Lemma 4.1
leads to uy > uy,.

For characterization of the principal eigenvalue and the property that the
principal eigenfunction does not change sign involving homongeneous boundary
condition for (4.1), the reader is referred to Chapter 11 in Smoller [209]. The
following is an extention of Theorem A2-6 in Chapter 6.

Lemma 4.3. Let c(z) € C(Q) and P is a positive constant such that P+c(z) > 0
in 2. Then
(i) M (A +¢) > 0 if and only if r[(—A + P)"Y(P +¢)] > 1,
(ii) M (A +¢) < 0 if and only if r[(—A+ P)"Y(P+¢)] < 1,
(iii) M (A + ¢) = 0 if and only if r[(—A + P)"1 (P +¢)] = 1.
(Here, (—A + P)~Y(P + ¢) denotes the compact operator from C(Q) into itself

subject to boundary condition Bu = 0 for the inverse, and r[(—A+ P)"1(P+¢)]
denotes the spectral radius of the operator.)

Proof. Let ¢ > 0 be the corresponding eigenfunction of A\; = A\ (A + ¢).
Consider the expression (—A + P)¢ = (P + ¢)¢ — A\1¢ which leads to

¢+ M(—A+P)rp=(—A+P)"HP +c)o.

Let T be the compact operator (—A + P)~}(P + ¢(x)). Then T'¢ is >, < or =
¢ according to A\ is >, < or = 0 respectively. From Theorem A2-5, we obtain
the forward implication in all three cases. Conversely, suppose that the spectral
radius satisfies 7[—-A + P)"Y(P + ¢)] > 1, then from the forward implication
part of cases (ii) and (iii) we must have A;(A +¢) > 0 in order not to have any
contradiction on the sign of the spectral radius. The other parts of (ii) and (iii)
are proved the same way.

We consider the existence of positive solutions for the following nonlinear
elliptic homogeneous boundary value problem. (Here, positive means positive in



148 CHAPTER 2. POSITIVE SOLUTIONS FOR LARGE SYSTEMS

each component; the boundary condition is sometimes known as Robin type.)
Au+ufi(x,u,v,w) =0 in Q,
Av + v fo(x,u,v,w) =0 in Q,

(4.7)
Aw 4 wf3(z,u,v,w) =0 in Q,

Blu = BQU = ng =0 on 0f2.

The B;,i = 1,2,3 are boundary operators as described in (4.1) with B,a,b
respectively replaced by B, a;,b; with corresponding properties. The following
hypotheses will be assumed:
(4.8)
The functions f1, f2, f3 and all their first partial derivatives with respect to
u,v,w are continuous on Q x [0,00) x [0, 00) x [0, c0).

We shall use index method to investigate this problem. One main difficulty
we encounter is that the number of semi-trivial non-negative solutions of the form
(u,v,0), (u,0,w) or (0,v,w) is unknown. In order to circumvent this handicap,
we evaluate the fixed point index of certain operator on a slice of the positive
cone. This slice contains all non-negative solutions of the form, say, (u,v,0). We
will show that under appropriate situations, the homotopy invariance principle
can be applied on the slice so that index calculations can be readily simplified.
The existence of positive solutions will be characterized by the signs of the
principal eigenvalues of certain scalar linear operators. These operators are
determined by a-priori bound, the marginal densities, and some other functions
derived from marginal densities. Here, the marginal densities of a species means
the densities of the species when all the other species are absent.

Let C(9) be the ordered Banach space of continuous functions on 2 with the

maximum norm. Let X = Cp, () & Cp,(2) & Cp,(12), where Cp, (§2) denotes

the subspace of C'(2) subject to boundary condition B;u = 0. For 0; € [0, 1],7 =

1,2,3 and P > 0, define the operator Ap, 9,0, : C(2) @ C(Q) & C(Q) — X C

CQaC(Q)aeC() by
T
Orufr(z,u,v,w) + Pu
(4.9) Agy 05,05 (U, v,w) = (—A + P) Y| v fo(z,u,v,w) + Pv ,
Osw f3(z,u,v,w) + Pw

where (—A + P)~! is taken componentwise. (Here, the boundary conditions are
taken as in (4.7)). Further, define A = Ay 1.
Let K = Cgl(Q) ) CEQ(Q) ® C§3(9)7 where Cgi(f_z) denotes the subset of

non-negative functions in Cp, (€2). As in Section 1.2, we will be studying positive
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operators which map the cone K into K. For any C' > 0, define [[0,C]] := {u €
C(Q):0<u<CinQ}. Suppose (4.8) is satisfied, it can be shown (cf. Theorem
4.2 in Amann [3]) that the operator Ay, g, g, restricted to [[0, C]]&[[0, C]]&[[0, C]]
defined above is positive, compact, and Fréchet differentiable for large P,where
P does not depend on #;,7 = 1,2,3. In order to use the theory of positive cone
mapping, we will modifying the functions f; for large u,v,w so that Ag, g, 0,
maps K into K. If we know that the non-negative solutions of problem (4.7),
with f; changed to 0;f;,6; € [0,1] must have all components in [[0, M]] for some
large M > 0, then we can further impose that the modifications of f;(u, v, w) will
not change their values for u, v, w in [0, M]. Thus the fixed points of the altered
map for Ay, 9,0, in [[0, M]] & [[0, M]] & [[0, M]] will not be changed. Such fixed
points will be non-negative solutions of problem (4.7),with f; changed to 6;f;.
Let g € C*°[0, 00) such that g =1 on [0, M],g € (0,1) on (M,M +1) and g =0
on [M +1,00). We may for instance change f; in the definition of Ay, g, ¢, to
filx, u,v,w) = fi(x, ug(u), vg(v), wg(w)). Therefore, we will explicitly assume
that the non-negative solutions of (4.7), with f; changed to 6;f;, will possess
a-priori bound M > 0; and thus without loss of generality, we may assume that
Ap, 6,6, 1s an operator mapping K into K.

For convenience, for any t > 0, define E(t) := {u € C(Q) : |u(x)| < t for all
x € Q}, and define

D := KN |[E(M))]?,

where M is the a-priori bound described in the last paragraph. As explained
above, we assume that the operator Ag, g, 0, : K — K satisfies:

(4.10) Ag, 05,0, has no fixed point on 9D for all 0; € [0, 1].

For the mapping A1, we will search in D for fixed points which has no iden-
tically zero component. These will be the coexistence solutions of the original
problem (4.7).

Remark 4.1. As an example, we can show readily that the following system
has an a-priori bound for all positive solutions:

_ _pbiw  _p2v _ _p3w — 3 —
Autula — L — 25 — 201 =0 in 2, Bu=0 on 09,

Av + v[ag + fru — ¢11v + crow] =0 inQ, v=20 on 01,
Aw + wlag + Bou + ca1v — cow] =0 in Q, w=0, on 01,

where a > A\ (—A,B) > a — %, C11C92 > c91¢12, and all parameter constants

a, i, Gi, %, 3, ¢;j are positive. We first deduce a bound for u in the first equation,
and then use the method in Section 1.4 to obtain a bound for v and w.
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For a compact operator A : K — K, and an open subset U C K, define the
index(A, U, K) =i (A,U) = deg(I — Aor,r~1(U),0), where I is the identity
map and 7 is a retraction of K into C(Q) ® C(Q) ® C(Q). (Recall the definition
of such concepts in part B of Section 1.2). If y is an isolated fixed point of
A, then the fixed point index of A at y in K is defined by index(A,y, K) :=
index(A,U(y), K) = ix(A,U(y)), where U(y) is a small open neighborhood of
y in K. For convenience, we abbreviate i(A, D) = index(A, D, K),i(A,y) =
index(A,y, K). The following lemma will be needed for our main results.

Lemma 4.4. Suppose hypotheses (4.8) and (4.10) are satisfied, then i(A, D) =
1. (Here A = Aq11 as defined in (4.9).)

Proof. From hypothesis (4.10), we can use homotopy invariance of indices of the
mappings to obtain i(A, D) := i(A111, D) = i(Agoo, D). From definition, the i-th
component of Aggo(u1,us,u3) is (—=A + P)~1(Pu;). If Agoo(u,v,w) = Au,v,w)
for A > 1, then —Au + P(A — )A"'u = 0 in Q, and Bju = 0 on 95. Thus if
A > 1 we must have u = 0, since \;(—A, By) > 0. Similarly, we also deduce
v = w = 0. This means Ay (u,v,w) # Au,v,w) for all (u,v,w) € dD and
every A\ > 1. Hence, by Theorem A2-4, we assert that i(Aggy) = 1.

For further study of problem (4.7) we need more hypotheses on the functions
fi-
(4.11) B

For fixed non-negative functions u(x),v(z),w(z)in C*(Q2),the functions

file, - o(2), (@), fo (@, u(z), - w(z)), f3(u(z), v(), ) belong respectively
to the set F(B;) of functions i = 1,2, 3.

Before we state some of the main results, we define three operators S; : C O“(Q) &
C*(Q) — C?(Q),i = 1,2,3 for convenience as follows. For given (p,q) € C%(Q)®

C*(Q2), u = S1(p,q) is the unique positive solution of the problem:
Au+ ufi(x,u,p(x),q(xr)) =0 in Q, Byu=0 on 01,

if \i(A+ fi(x,0,p,q), B1) > 0and Si(p,q) = 0 otherwise. Similarly, v = Sa(p, q)
or w = S3(p, q) are the unique positive solutions of:

Av +vfa(x,p(x),v,q(x)) =0 in Q, Bsv =0 on 0f2, or

Aw 4+ wfs(z,p(x),q(z),w) =0 in Q, Bsw =0 on 01,

if A\i(A + fo(z,p,0,q),B2) > 0 or A\ (A + f3(x,p,q,0),B3) > 0 respectively.
Otherwise Sa(p, q) or S3(p, q) are the trivial functions. In particular we denote
ug = S51(0,0),v9 = 52(0,0) and wy = S3(0,0). For i = 1,2,3, denote the
principal eigenvalues by

Mg 1= )\1(A + fZ(O, 0,0), Bl)
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By Lemma 4.1, we have ug is non-trivial if and only if g1 > 0, vy is non-trivial
if and only if ps > 0, and wyq is non-trivial if and only if us > 0.

Theorem 4.1 and 4.2 deduce the indices for the trivial solution and those
solutions when two of the species are absent. For y € K, as in Section 1.2, we
define K, = {p € Cp,(Q) ® Cp,(Q) & Cp,(Q) : y + sp € K for some s > 0}; K,

denotes the closure of K, and S, = {p € K, : —p € K, }.

Theorem 4.1 (Index of the Trivial Solution). Assume hypotheses (4.8),
(4.10) and (4.11).

(1) If mazx(p1, 2, p3) > 0 and at most one of the s is zero, then i(4,(0,0,0)) =
0.

(i) If u; <0 fori=1,2,3 and at most one of them is zero, then i(A, (0,0,0)) =
1.

Proof. (i) Without loss of generality, we only have to consider two cases:
(a) Suppose p1 > 0,u2 # 0,u3 # 0. We have K0 = K, Sp,00 =
{(0,0,0)}. Denote the Fréchet derivative of A at (0,0,0) by:

L := A'(0,0,0)
f1(0,0,0) + P 0 0
= (-A+P)lto 0 f2(0,0,0) + P 0 ,
0 0 f3(0,0,0) + P

with boundary condition B; on the i-th component. To show I — L is invertible
on K (0,0,0), it suffices to show that the only fixed point of L in K is zero. Let
[[—L](u,v,w)] =0 with (u,v,w) € K. Then [A+ f1(0,0,0)]u = 0, with u(xz) >0
in €. Hence the assumption p; > 0 implies u = 0. Similarly, ps # 0 and pg # 0
imply that v = w = 0. We next show the operator L = A’(0,0,0) has property
(o) on K, and apply Lemma 2.7(i) to conclude (A4, (0,0,0)) = 0. For s € R, let
o(s) := M (A+sf1(x,0,0,0)+(1—s)(—P), By). Since ¢(0) = A\ (A—P) < 0, (by
the characterization of principal eigenvalue), ¢(1) = u; > 0 and ¢ is continuous
in s, there must exist ¢t € (0,1) such that ¢(t) = A (A + tf1(0,0,0) + (1 —
t)(—P)) = 0. The corresponding eigenfunction u satisfies (u,0,0) = tL(u,0,0),
with (u,0,0) € K(90,0)\S(0,0,0)- Thus L has property (a), and i(4, (0,0,0)) = 0.

(b) Suppose p1 > 0, u2 = 0 and pg # 0. We modify f2 by letting fi(z, u, v, w)
:= fo(z,u,v,w) —t and define the operator A’ in the same way as A with fo
replaced by fi. Then we have A = A° and A\ (A + f4(x,0,0,0), Bs) < A\1(A +
fo(2,0,0,0), Bg) = puz = 0 for t > 0. From part (a), we have i(A?,(0,0,0)) =0
for t > 0. We next deduce that (0,0,0) is an isolated fixed point of A’ for all
t > 0 by the following argument. Suppose there exist ¢, > 0, (up, vy, w,) —
(0,0,0), and for each n,(uy,v,,wy,) is a fixed point of A% in K. Then Au, +
Up f1(2, Up, U, wy) = 0. Since fi(x, Uy, vp, wy) — f1(2,0,0,0) and p = A (A +
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f1(2,0,0,0), By) > 0, we find A\ (A + fi(z, un,vn, wy), B1) > 0 for all large n.
It follows that u, = 0. Since p3 # 0, a similar argument shows that w, = 0 for
all large n. We next observe that for large n, v, is a non-negative solution of

Av+ovfy(x,0,v,0) =0 in Q, Byv =0 on 0.

From A(A + f5"(2,0,0,0),B2) < 0 and hypothesis (4.11), we conclude by
Lemma 4.1 that v, = 0 also, for large n. Hence (0,0,0) is an isolated fixed
point as claimed. Finally, by homotopy invariance, we obtain for some ¢t > 0
that (4, (0,0,0)) =i(A, (0,0,0)) = i(A%, (0,0,0)) = 0.

(ii) First assume p; < 0 for ¢ = 1,2,3. We readily obtain (L) < 1. Therefore
I — L is invertible on K (0,0,0)- By comparison of principal eigenvalues and the
choice of large P we deduce that L does not have property (a)). By Lemma 2.7 in
Chapter 1 and Theorem A2-3 in Chapter 6, we obtain i(A, (0,0,0)) = (=1)° = 1.
If one of the ys is zero, we use a similar argument by modifying the correspond-
ing f; as in part(i)(b) above to deduce by homotopy that i(A, (0,0,0)) = 1.

Theorem 4.2 (Indices of Semi-Trivial Solutions). Assume hypotheses

(4.8), (4.10), (4.11) and py > 0.

(i) If \i(A+ fa(x, up,0,0), Ba) # 0 and M\ (A+ f3(x,u0,0,0), Bz) > 0, or A (A+
fo(z,10,0,0), B2) > 0 and A1 (A + f3(z,u0,0,0), Bg) # 0, then i(A, (uo,0,0)) =
0.

(7) If M1 (A + fa(z,u0,0,0), Ba) <0 and A\ (A + f3(z,u0,0,0),B3) <0,

then i(A, (ug,0,0)) = 1.

(Note that py > 0 implies that ug is non-trivial.)

Proof. (i) Without loss of generality, we assume A1 (A + f3(z,ug,0,0), B3) >0
and A1 (A + fo(x,up,0,0), Ba) # 0. Let y = (up,0,0). Then

L:=Ay)=(-A+P)lo

ug Dy f1(x,y) + fi(z,y) + P uoDyfi(x,y) uoDuwfi(z,y)
0 folz,y)+ P 0

One readily verifies that K,, = Cp, (Q) & CEQ(Q) @ Cg3(Q). and S, = Cp, () &
{0} @ {0}. Let L(u,v,w) = (u,v,w) € K,. As in the proof of Theorem 4.1(i),
we have v = w = 0. Therefore [A + ugD,, fi(x, uo,0,0) + fi(x,up,0,0)]u =0 in
Q, Byu = 0. From the sign of D, fi and comparison of principal eigenvalues, we
obtain w = 0. Thus I — L is invertible in f(y.

Since A1 (A + f3(x,up,0,0),Bs) > 0, as in the proof of Theorem 4.1(i), we
obtain a number ¢ € (0,1) and a non-trivial w € CES () such that (—A+P)w =
t(f3(x,u0,0,0) + P)w in Q. Then (u,0,w) € K,\S, and (u,0,w) —tL(u,0,w) €
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Sy for any u € Cp,(Q). This implies that L has property («) on K,. Thus
i(A, (up,0,0)) = 0, by Lemma 2.7 in Chapter 1.

(ii) Let L be as defined above, we first show that no eigenvalue of L is greater
than one. Suppose L(u,v,w) = p(u,v,w) for some (u,v,w) € X with p > 1.
Then (—A + P)7[fa(x,u0,0,0) + Plv = pv. However, from Lemma 4.3 and
assumption A (A + fa(z,u0,0,0)) < 0, we know that r(H) < 1 where H :=
(—=A + P)7[fa(x,u0,0,0) + P]. Therefore we obtain v = 0. Similarly, we
deduce w = 0. Thus (=A + P) ™ ugDy f1(x,u0,0,0) + f1(uo,0,0) + Plu = pu.
This implies v = 0 again by Lemma 4.3 because A1 (A + woD,, f1(z,u0,0,0) +
f1(up,0,0) < A1 (A+ f1(up,0,0) = 0. Therefore we must have (u, v, w) = (0,0,0)
and such p cannot be an eigenvalue of L.

Suppose that the operator L has property (a) on f(y. Then there exist
(u,v,w) € K,\S, and t € (0,1) such that (u,v,w) — tL(u,v,w) € S,. Thus v
and w are non-negative solutions of (—A + P)~![fa(z, ug,0,0) + Plv = (1/t)v
and (—=A+ P)7Y[f3(z, ug,0,0) + Plw = (1/t)w. If v is non-trivial, then (1/t) > 1
is an eigenvalue of the operator (—A + P)~![f2(z,up,0,0) + P], contradicting
Lemma 4.3. Thus we must have v = 0. Similarly, we deduce w = 0. However,
this means (u,v,w) € Sy, leading to another contradiction. Consequently, the
operator L cannot have property (a). We can thus use Lemma 2.7 in Chapter
1 and Theorem A2-3 in Chapter 6 to conclude that i(A4, (ug,0,0) = (=1)? = 1.

Let M be the a-priori bound for (4.7) defined above, and Ej(t) = {u €
C(Q) : Bu=0,0<u < tin Q). Define D = Ei(t) & Ey(M) @& Es(M),
Ds = E1(M) @ Ey(t) ® E3(M), and D§ = Ey\(M) & Ey(M) & Es(t). DS is a
“slice” in D containing all fixed points of A of the form (0, v, w); similarly, D§
and Df are different slices. The following theorem is concerned with the fixed
point index of A on such a slice.

Theorem 4.3 (Indices of Thin Slices of the Positive Cone). Assume
hypotheses (4.8), (4.10) and (4.11). Define:

t:=iainf{||lul| s u#0,(u,v,w)is a fizred point of Ay ggin D for some
v,w > 0 and some 6 € [0,1]}.

Suppose that t > 0 and € is a positive number with € € (0,t). Then i(A,D{) =0
if w1 >0, and i(A,DS) =1 if uy <0.

Proof. First note that the assumption ¢ > 0 means that if € € (0,?), all fixed
points of Ay gg, for all # € [0,1] in Df are of the form (0,u,w) and are thus
not on the boundary dDf in D. Hence we can use homotopy invariance in
the ’slice’ D to obtain i(A, D{) = i(A111,Df) = i(A100, D). However, by
definition A o0(u,v,w) = (=A + P)"ufi(z,u,v,w) + Pu), Pv, Pw]. We see
that Ay g o(u, v, w) = (u,v,w) € Df implies v = w = 0 and ||u|| < e. Thus by the
choice of € < ¢, we must have v = 0. This means the only fixed point of A; 0 in
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Dy is (0,0,0). Therefore i(Ay 0,0, D) =i(A1,0,0,(0,0,0)). We can readily verify
from the proof of Theorem 4.1 that it still applies if we change fo and f3 to be
the trivial functions with the new ps = A1 (A, Bs) < 0, us = A\ (A, Bs) < 0, and
w1 = M (f1(x,0,0,0), By) unchanged. That is the hypotheses of Theorem 4.1
can be modified so that it is applicable to the mapping A1 9. Thus we conclude
that Zl(AL(),(), (0,0, 0)) =0 if w1 > 0, and ’L'(Al,070, (0, 0,0)) =1if w1 < 0.

We next define Df = DU D5, Di 3 = D{ U D5, and D5 3 = D5 U D5. Note
that the set DS, contains all fixed points of A in D of the form (0,v,w) and
(u,0,w), and 0Dy = {(u,v,w) € D : min{||u||,||v]|} = € or min{||ull, ||v||} <€
and ||w|| = M }. The following theorem consider the indices of these sets.

Theorem 4.4 (Indices for Unions of Thin Slices). Assume hypotheses
(4.8), (4.10) and (4.11). Define

t=inf{||ull,||v]] : (u,v,w)is a fixred point of Ay 19 in D for some w >0
with both u # 0, v # 0 and some 6 € [0,1]}.

Suppose t > 0 and € is a number satisfying € € (0,t), then i(A, Di,) has the
following properties:

(i) Suppose p1 >0 and pg > 0.

If M (A+f1(2,0,v0,0), B1) > 0 and A1 (A+f2(x, 10, 0,0), B2) > 0, theni(A, D5 5)
=0.

If \i(A+ fi(z,0,v0,0), B1) > 0 and A\ (A+ fa(x, up,0,0), Ba) < 0, or vice versa,
then i(A, D) = 1.

If)\l(A+f1($,O,’U0,0),Bl) < 0 and )\1(A+f2($,u070,0),32) < 0, then Z(A, DiQ)
= 2.

(i1) Suppose 1 > 0 and pg < 0.

If M(A + fa(2,u0,0,0), B2) > 0, then i(A, Di,) = 0.

If M (A + fa(z,u0,0,0), By) <0, then i(A, Di?) =1.

(71i) Suppose p1 < 0 and pe > 0.

If )\1(A + f1($70,7)0,0), BQ) > 0, then l(A, DiQ) =0.

If M(A + fi(z,0,v0,0), Ba) <0, then i(A, Df ) = 1.

(iv) Suppose py <0 and pz <0, or p1 <0 and pa < 0. Then i(A,Di,) = 1.

Proof. (i) Assume pu; > 0 and pe > 0. By the choice of € < ¢, we see that
the mapping A1 ¢ has no fixed point on dDf,. Hence, we can use homotopic
invariance to obtain i(A, Di,) = i(A1,1,0,D{,). As in the proof of Theorem
4.3, we see that if Ay10(u,v,w) = (u,v,w) € Di,, then w = 0 and either
|lul| < € or ||v|]| < e. Again, by the choice of ¢, we must further have either
u = 0 or v = 0. Consequently, we have u = 0 or ug, v = 0 or vg. This
means that (0,0,0), (up,0,0) and (0, vg,0) are the only three fixed points of the
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mapping Ao in Df,. Hence, we obtain i(Aj 10, Df,) = i(A1,1,0,(0,0,0)) +
i(A1,1,0, (u0,0,0))+3(A1,1,0, (0,v0,0)). As described in the proof of Theorem 4.3,
we can apply a modification of Theorem 4.1(i) to find i(A; 10, (0,0,0)) = 0. If we
review the proof of Theorem 4.2(i), in the case when A (A+ fa(z, ug,0,0), By) >
0 and (A1 (A+ f3(x,u9,0,0), Bs) # 0, the proof still applies if f3 is changed to the
trivial function. Thus we obtain i(A; 10, (u0,0,0)) = 0. By similar arguments,
we apply a modification of Theorem 4.2(i) to deduce i(Ay 1,0, (0,v0,0)) = 0. The
conclusion is obtained by adding the three indices.
Parts (ii), (iii) and (iv) of this theorem can be proved similarly.

Remark 4.2. Results analogous to Theorems 4.2, 4.3 and 4.4 are valid for
all their natural symmetric variations. For example, we can calculate the fixed
point indices of A on Df 3 and D5 5 in the same way as in Theorem 4.4.

Motivated by application to biological problems, we will assume some mono-
tone properties concerning the functions f;,7 = 1,2, 3.

(4.12)
The partial derivatives D, f1, Dy f1, Dy fo, Dy fo, Qu f3, D, f3 are all
non-negative or non-positive for all (z,u,v,w) € Q x [0,00) X [0,00) X [0, 00).

For convenience, we use the following symbols:

u — v if u preys on v, i.e. D, f1 > 0 and D, fo <0;
u ~ v if u cooperates with v, i.e. D, f1 > 0 and D, fo > 0;

u < v if u competes with v, i.e. D, f1 <0 and D, fs <0.

For example, the diagram u ~ v < w « u represent a model in which wu,v
cooperate, v,w compete, and w,u is a prey-predator pair with w as the prey.
Consequently, each such model or diagram represents some hypotheses on the
signs of the partial derivatives of the various f/s.

Recall a solution of problem (4.7) is called positive if each component is not
identically zero and non-negative in ). We now give sufficient conditions for
the existence of positive solutions of problem (4.7) under various combinations
of predation, competition and symbiosis (described by diagram models above).
The conditions are in terms of the signs of the principal eigenvalues of related
elliptic operators for single equation. They are thus convenient for applications.

Theorem 4.5 (Main Theorem for Coexistence of Three Species).
Assume hypotheses (4.8), (4.10), (4.11) and (4.12) for fi,i = 1,2,3. Suppose
that for each of the following models, the corresponding conditions are satisfied.
Then the problem (4.7) has a positive solution. (Here, M is the a-priori bound
used in the definition of the set D.)
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Model 1. v — v «+— w ~ u. Suppose \1(A + f1(x,0,0,wp), By) > 0, A1 (A +
f2($,M, 0, M),BQ) > 0, and )\1(A + f3($,U0,0,0),Bg) > 0.

Model 2. w «— v «— w ~ wu. Let u; > 0 for i = 1,2,3. Suppose either
both A\ (A + f1(z,0,v9,0),B1) > 0 and A\ (A + fa(x,up,0, M), By) > 0, or both
/\1(A + fl(az,O,vo,wo),Bl) > 0 and )\1(A + fQ(x,0,0,M),BQ) > 0.

Model 3. u «— v — w ~ w. Let uy > 0 and puz > 0. Suppose one of
M(A + fo(z,u0,0,0),B2) > 0 and A\ (A + fa(x,0,0,wp), B2) > 0 is positive.
Moreover, suppose A\ (A+ f1(x,0,v2,0), B1) > 0 and A\ (A+ f3(x,0,v1,0), Bg) >
0, where vy := Sa(ug,0) and vy := S2(0,wp).

Model 4. uw < v «— w ~ u. Let ug > 0 and ps > 0. Suppose A (A +
fl(x,O,vo,wo),Bl) > O, and )\1(A + f2($,M, 0, M),BQ) > 0.

Model 5. w «— v < w ~ u. Let p; > 0 for i = 1,2,3. Suppose A\ (A +
f1(xz,0,v9,0),B1) > 0. Define v := Sa(ug,0). Moreover, suppose either both
/\1(A+f2(a:,u0,0, M),BQ) > 0 and )\1(A—|—f3($70,’l)170)733) > 0, or both )\1(A+
fg(a:,M, O,UJO),BQ) <0 and )\1(A + fg(.Z‘,M, Uo,O),B3) < 0.

Model 6. v < v < w ~ u. Let p; > 0 for i = 1,2,3. Suppose A\ (A +
fl(xaov’l}OaO)aBl) > 07 )\I(A+f2($7M>07M)>BQ) > 0; and )\1(A+f3(33,0,’[)0,0),
Bg) > 0.

Pr00~f. For each model described in the statement, it suffices to show that
i(A,D) # 0, where D = {(u,v,w) € D : u,v,w > 0 in Q}.

Model 1. The assumption A1 (A + fo(x, M,0,M)) > 0 implies ps > 0. Suppose
that both p; and ps are non-positive, then ug = wg = 0, contradicting the
assumptions A1 (A + f1(x,0,0,wq)) > 0 and A\ (A + f3(z,u0,0,0)) > 0. Hence,
we must have po > 0 and at least one pq, pug is positive. There are three cases
as follows.

(i) Let g1 > 0,3 < 0. Consider the mappings Ap 19, for 6 € [0,1]. Since
M (A + fo(x, M,0,M)) > 0, the problem:

(4.13) Av+vfo(x, M,v,M) =0 in £, Bsv =0 on 09,

has a unique positive solution v by Lemma 4.1. We have ||7|| > § > 0 for
some d. Let (u,v,w) be a fixed point of Ag;9 in D with v # 0. We have
Av + vfo(x,u,v,w) = 0 in Q. Since fo(z,u,v.w) > fol(z, M,v, M), Lemma
4.2(ii) implies that v > v. Choose € € (0,9), then by Theorem 4.3 (with th role
of first and second components interchanged) we obtain (A, D5) = 0. Here, we
have used hypothesis (4.12) and the interaction relation in model 1 to find that
the hypothesis ¢t > 0 is satisfied in Theorem 4.3.

Next, consider the mappings A g 1. Let (u,v,w) be a fixed point of A;; in
D with u # 0 and w # 0. Since Au+ufi(z,u,v,w) = 0in Q and fi(x, u, v, w) >
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fi(z,u,0,0), by Lemma 4.2(ii), we have u > ug # 0. Let w be the unique positive
solution of:

(4.14) Aw + wf3(z,up,0,w) =0 in Q, Bsw =0 on 0.

Since Aw + f3(x,u,v,w) =0 and f3(x,u,v,w) > f3(x,up,0,w), we obtain from
Lemma 4.2(ii) again that w > w. Choose a positive € < min{||uoll,||w||}. We
obtain from Theorem 4.4, with the second and third components interchanged,
that i(A, D{ 3) = 0.

We next use Theorem 4.1(i) and Theorem 4.2(i) to deduce that i(A4, (0,0,0))
= (A, (up,0,0)) = 0. Then, unless there is already positive solution to the
problem, we can obtain from the additivity of indices, Theorem A2-1(ii), that

i(A,D) = i(A,D) —i(A, DS 5) — i(A, DS) +i(A, (up,0,0)) +i(4, (0,0,0))

—1-0—-04+0+0=1.

Note that (uo,0,0) and (0,0,0) are members of both Df 3 and D5.

(ii) 1 < 0,u3 > 0. This is symmetric to case (i). The proof is the same
with the role of the first and third components interchanged.

(iii) Both g1 > 0 and pg > 0, with both wg and wy non-trivial. As in the
proof above for case (i), we can show that i(A, D) = 0 for sufficiently small
positive €, 1 = 1,2, 3, by means of Theorem 4.3. We can also similarly show by
means of Theorem 4.1 and Theorem 4.2 that i(A, (0,0,0)) = i(A, (ug,0,0)) =
i(A4,(0,v0,0)) = i(A4,(0,0,wp)) = 0. Again, by the additivity of indices, we
deduce for our problem that i(A, D) = i(A, D) —i(A, D) —i(A, DS) —i(A, D) +
i(A, (uo,0,0))+i(A, (0,v0,0))+i(A, (0,0, w)) +2i(4, (0,0,0)) =1-0—-0—-0+
0+0+0+0=1.

Model 2. As in the proof in Model 1, we can use Theorem 4.3 to deduce
i(A, DS) = 0. We can also use Theorem 4.1(i) to deduce i(A, (0,0,0) = 0, and use
Theorem 4.2(i) to deduce (A4, (ug,0,0)) = i(A, (0,v9,0)) =i(A, (0,0,wg) =0

(i) Suppose both A1 (A+ f1(x,0,v0,0), By) > 0 and A\ (A+ fo(x, ug, 0, M), Bs)
> 0. We consider the mapping A; ;¢ in D; and assume that there exist fixed
points (un, vp,wy) of Ay ;e with 6, € [0,1],u, # 0,v, # 0 and either u,, — 0
or v, — 0. First suppose u,, — 0. From the relation in the model, we have for
v >0, fo(z,up,v,wy) < falx,un,v,0) — fo(x,0,v,0). Thus by Lemma 4.2, we
have v, < v,, — vy where v,, is the unique positive solution of

Av + v fo(x,Uup,v,0) =0 in Q, Byv =0 on 0N.

Therefore the model relation and hypothesis (4.12) imply that A; (A+ f1(z, 0, vy,
0),B1) > M(A + f1(2,0,9,,0),B1) — M(A + fi(x,0,v9,0),B1) > 0. From
Lemma 4.2, we obtain the contradiction that u,, cannot tend to 0.
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Next, suppose v, — 0. Then for u > 0, we have f1(z,u, vy, w,) > fi1(z,u, vy,
0) — fi(z,u,0,0). By Lemma 4.2, we have u, > 4, — ug, where 4, is the
unique positive solution of

Au+ ufi(z,u,v,,0) =0 in Q, Byu=0 on 0.

Therefore the model relation and hypothesis (4.12) imply that A\ (A+ fa(x, uy, 0,
wy), Ba) > M(A+ fo(x, 1y,,0, M), By) — M (A+ fo(x,ug,0, M), By) > 0. From
Lemma 4.2, we obtain the contradiction that v,, cannot tend to O.

From the arguments above, we see that for small € > 0, Ay ;¢ has no fixed
point on dD] »; and we obtain from Theorem 4.4 that i(A, D ) = 0. Again, we
obtain from the additivity of indices, Theorem A2-1(ii), that i(A, D) = i(A, D) —
i(A, D 5) —i(A, D3) +i(A, (uo,0,0)) +i(A, (0,v0,0)) +i(4,(0,0,0)) =1 -0 —
0+0+0+0=1.

(ii) Suppose both Aj (A+ fi(z,0,vg, wo), B1) > 0and A (A+f2(2,0,0, M), Bs)
> 0. Using similar arguments as in case (i), we can consider the mappings A; 9
and Ag 11 to show that i(A, Df 3) = i(A, D§ 3) = 0 for a small € > 0. Then, we
use additivity of indices to obtain i(A, D) = i(A4, D) — i(A, D5 3) —i(A, D5 3) +
i(A,DS) +i(A,(0,0,wp)) =1-0-0+0+0=1.

Model 3. Using @1 > 0, u3 > 0 and the cooperating relation between v and w,
we obtain from Theorem 4.1(i) and 4.2(i) that i(4, (0,0,0)) = i(A, (up,0,0)) =
(A, (0,0,wg)) = 0. We consider the following three cases.

(i) Suppose p2 > 0. Assume there exist fixed points (uy,, v, wy,) of Ay, 1 in
D with 6,, € 0,1}, u,, # 0, w,, # 0 and u,, — 0 or w,, — 0. First suppose u,, — 0.
We can show as in the proof of Model 2(i) above that there are some w,, such
that w, < w0, — wg. This would imply that there are v,, such that v, < v, —
vy. Therefore from the model relation, we have A1(A + fi(x,0,v,,w,), By) >
A(A + fi(x,0,9,,0),B1) — A(A + fi(z,0,v2,0),B1) > 0. This leads to the
contradiction that u, cannot tend to 0. In the same way, the assumption that
w, — 0 leads to a contradiction. This shows that there exists ¢ > 0 such
that A1 has no fixed point on 8D§73 and we obtain from Theorem 4.4 that
i(A,Di3) = 0. We can also readily show as in the proof of Model 1 that
i(A, D§) = 0. Then using additivity of indices, we obtain i(4, D) = i(A, D) —
i(A, Di3) —i(A, D5) +i(A, (uo,0,0)) +i(A, (0,0,wo)) +i(4,(0,0,0)) =1 -0~
0+0+0+0=1.

(ii) Suppose p2 < 0 and A\ (A + fa(x,up,0,0), Ba) > 0. Assume there exist
fixed points (un,vpn,wy) of Ay1p, in D with 6, € [0,1],u, # 0,v, # 0 and
u, — 0 or v, — 0. Then we can show that u, — 0 implies that there are
some v, such that v, < v, — wv9. This in turn implies from the assumption
M (A + fi(x,0,v2,0), By) > 0 that u, cannot really tend to zero. On the other
hand, we can show that v, — 0 implies that there are some %, such that u, >
Un — ug. Thisin turn implies from the assumption A\ (A+ fo(z, ug, 0,0), By) > 0
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that v,, cannot really tend to zero. Therefore we obtain from Theorem 4.4 that
i(A, Di ) = 0 for some € > 0.

Assume there exist fixed points (up,vn,wn) of Ag, .1 in D with 6, €
[0,1],w, # 0, and w, — 0. We can show that w, — 0 implies that there
are some U, such that u, < 4, — ug. This implies that there are some v,
such that v, < 9, — wv;. This is turn implies by means of the assumption
M(A + f3(x,0,v1,0),B3) > 0 that w, cannot really tend to zero. Therefore
we obtain from Theorem 4.3 that i(A, D§) = 0 for some ¢ > 0. Thus we ob-
tain i(A, D) = i(A, D) —i(A, D5 ;) — i(A, D§) + (A, (ug, 0,0)) + i(4, (0,0,0)) =
1-0-0+0+0=1

(iii) Suppose g2 < 0 and A\ (A + fa(x,0,0,wp), B2) > 0. This is symmetric
to case (ii) above with the role of up and wqy interchanged. We show that
i(A, D5 3) = i(A, Df) = 0 for some € > 0. This leads to i(A, D) =1, as above.

Model 4. Using the assumptions pug > 0 and A (A + fo(x, M,0, M), Bs) > 0 we
can show as in the proof of Model 1 that i(A, DS) = 0. Since we also assume
us > 0, we obtain i(A4, (0,0,wq)) = i(4, (0,0,0)) = 0.

We next show that i(A, Df 3) = 0 for some small € > 0. Assume (u,v,w) is
a fixed point of A1 in D with u # 0 and w # 0. Using the model relation,
we obtain by comparison that v < vy and w > wg, and therefore fi(z,u,v, w) >
fi(z,u,v9,wp). Let @ be the unique positive solution of

Au+ ufi(x,u,vg,wp) =0 in Q, Byu=0 on 0N.

By Lemma 4.2, we have u > 4. Choosing a positive € < min{||woll, |||},
we can apply Theorem 4.4 to obtain z'(A,Di?)) = 0. Now if y; < 0, then
i(A,D) = i(A,D) — i(A,D53) — i(A,DS) + i(A,(0,0,w0)) + i(A4,(0,0,0)) =
1-0—0+0+40 = 1. If 43 > 0, then Theorem 4.2 also implies i(A, (ug, 0,0)) = 0.
Consequently, we have i(A, D) = i(A, D)—i(A, DS 3)—i(A, D3)+i(A, (uo,0,0))+
i(A, (0,0,w0)) + (A, (0,0,0) =1 —0—0+0+0-+0= 1.

Model 5. We only outline the procedures. As in the proof of the models above,
we use the model relations and assumptions here to first prove i(A4,D§) =
i(A, (ug,0,0)) =i(A, (0,v9,0)) =i(A4,(0,0,0)) = 0.

(1) Suppose both A1 (A+ fa(z,ug, 0, M), B2) > 0 and A\ (A+ f3(z,0,v1,0),
> 0. Then we show that i(A, D{ 5) = i(4, Df 3) = i(A, Df) = i(A, (uo,0,0))
Then, by the additivity of indices, we obtain i(A, D) = i(A, D) — i(A, D§

i(A, D 3) +i(A, D) + (4, (u,0,0)) =1 -0-0+0+0=1.

(ii) Suppose that both Aj (A+ fa(z, M,0,wq), B2) < 0 and A1 (A+ f3(x, M, vy,
0), B3) < 0. We use Theorem 4.4 to obtain i(A, D5 3) = 2. We obtain i(A, D) =
i(A, D) —i(A, D5 3) —i(A, D]) +i(A, (0,v0,0)) +i(A, (0,0,wo)) +i(4,(0,0,0)) =
1-2-04+0+0+0=—1.

Model 6. We first show that i(A, D{) = i(A, DS) = i(A, D§) = i(A, (uo,0,0)) =

B)
2) ~
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i(A, (0,v0,0)) = (4, (0,0,wp)) = (A4, (0,0,0)) = 0. We thus obtain i(A4, D) =
i(A,D)—i(A, D{)—i(A, DS)—i(A, DS)+i(A, (up,0,0))+i(A, (0,v0,0))+i(A4, (0,0,
wo)) + 2i(A,(0,0,0) =1—-0—-0—0+0+0+0+0=1.

Remark 4.3. The results above are obtained from Liu [160]. In [160], the
following models are considered, and results are also obtained with similar proof.
Assume hypotheses (4.8), (4.10), (4.11) and (4.12) for f;,7 = 1,2,3. Suppose
that for each of the following models, the corresponding conditions are satisfied.
Then the problem (4.7) has a positive solution. (Here, M is the a-priori bound
used in the definition of the set D.)

Model 7. u ~ v — w ~ u. Suppose A;(A + fi(z,0,v9,0),B1) > 0, A\ (A +
fQ(l‘,U0,0,0),BQ) > 0, and )\1(A + f3(3§‘,U0,M, 0),B3) > 0.

Model 8. w ~ v <> w ~ u. Let u; > 0 for ¢ = 1,2,3. Suppose either both
1(A + fQ(I,Uo,O, M),BQ) > (0 and )\1(A + fg(x,’u,o,M,O),Bg) > 0, or both
1(A + fg(.Z‘,M,O,’LU()),BQ) < 0 and )\1(A + f3(33,M, ’U(),O),Bg) < 0.

Model 9. u ~ v ~ w ~ u. Suppose at least one of A\;(A + fi(z,0,v9,0), B1)
and A1 (A4 f1(x,0,0,wp), By) is positive, at least one of A\j (A+ fa(x, up,0,0), Bs)
and A1 (A+ fa(z,0,0,wq), B2) is positive, and at least one of \; (A+ f3(x, ug, 0,0),
Bs) and A1 (A + f3(x,0,v9,0), Bs) is positive.

A
A

Model 10. w «— v «— w «— u. Let py; > 0 for ¢ = 1,2,3. Suppose
AM(A + fi(2,0,v9,0),B1) > 0, AM(A + fa(x,0,0,wp),B2) > 0, and Aj(A +
f3(x,u0,0,0), B3) > 0.

Model 11. u — v «— w «— u. Let pus > 0 and puz > 0. Define u; =
S1(v0,0) and ug = S1(0,wp). Suppose A1 (A + fi1(z,0,0,wg),B1) > 0, A\ (A +
fQ(l‘,UQ,O,’LU()),BQ) > 0 and )\1(A + f3(3§‘,U1,0,0),B3) > 0.

Model 12. u <> v «— w «— u. Let pg > 0 and pg > 0. Define u; = S1(0, wp).
Suppose A1(A + fi(x,0,v9,wp), B1) > 0, A (A + fo(x,u1,0,wp), B2) > 0, and
/\1(A + f3(x,’u,0, 0,0), B3) > 0.

Model 13. v < v — w «— u. Let pu; > 0 for i« = 1,2,3. Suppose A\;(A +
fa(x,up,v0,0),B3) > 0. Define u; = S1(0,wg) and v1 = S3(0,wp). Suppose
either A\j(A + fi1(z,0,v1,0),B1) > 0 and A (A + fo(z,u;1,0,0),B2) > 0, or
)\1(A + fl(x,O,vo,wo),Bl) < 0 and )\1(A + fg(l‘,u0,0,wo),Bg) < 0.

Model 14. v — v < w «— u. Let pu; > 0 for ¢ = 1,2,3. Define u; =
51(00,0) and us = Sl(O,wO). Suppose )\1(A + fg($,U2,0,’w0),Bg) > 0, and
AL(A A+ f3(w,u1,v0,0), Bg) > 0.

Model 15. u <> v <> w «— u. Let p; > 0 for i = 1,2, 3. Define u; = S1(0,wp).
Suppose A1 (A + fi(x,0,v9,0),B1) > 0, A\ (A + fo(z,u1,0,wpy), B2) > 0, and
Al(A + f3(fE,’U,0,’U0,0),B3) > 0.
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Model 16. v < v < w < u. Let y; > 0 for ¢ = 1,2,3. Suppose
)\1(A + fl(az,O,vo,wo),Bl) > 0, )\1(A + f2($,U0,0,’w0),BQ) > 0, and )\1(A +
f3(x,u0,v0,0), Bs) > 0.

Remark 4.4. In some of the models in Theorem 4.5 and the above remark,
the conditions for coexistence involve the knowledge of the a-priori bound M.
They are thus sometimes not very readily applicable. In the next section, we
consider many cases involving even more species when the a-priori bound M can
be obtained from the coefficients of the equations. Consequently, the conditions
for coexistence can be readily verified.

2.5 Positive Steady-States for Large Systems by
Index Method

This section considers the existence of positive solutions for various systems of
four nonlinear coupled elliptic partial differential equations subjected to zero
Dirichlet boundary condition. In applications, the four components can be in-
terpreted as concentrations of four interacting chemicals or populations. The
four species can interact nonlinearly in many different ways, leading to various
cases below. The positive solutions represent coexistence of all four species in
equilibrium with each other.

The species are divided into two groups, with a pair of species within each
group. In Theorems 5.1 and 5.2, we assume that the two groups interact with a
predator-prey relation. Each species in the first group is a predator for the prey-
species in the second group. Within each group, the pair of species interact with
each other in a competitive (or cooperative) manner. On the microscopic scale
of immunology, for example, killer and helper T lymphocytes stimulate each oth-
ers growth and proliferation through chemical mediators. They both directly or
indirectly eliminate bacteria or viruses, which may compete for resources such as
host cellular products and proteins (cf. DeLisi [44] and Kuby [111]). We prove
Theorems 5.1 and 5.2 using index calculation methods as in the previous section
for three species. The method for calculating the cone indices of the mappings
for three components in the last section does not apply immediately for the case
of four components in this present section. The methods of calculation of the
cone indices are extended to the case for four components in this section. The
extended methods are then applied to study the various cases. Sufficient con-
ditions are found for the existence of solutions with each component positive.
In other theorems, we assume that the two groups interact with a cooperating
relation. Within each group, the pair of species interact in a competing or coop-
erating manner. For simplicity in this section, we assume the interaction terms
are of Volterra-Lotka type, which is common in many biological applications.
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A systematic investigation of the existence of positive solutions by means
of cone index method for systems with more than three equations should be of
value in future research of complex biological models. The results give elegant
conditions, in terms of the spectral property of simpler appropriately related
operators on only one component, for the existence of positive coexistence states
for the full system. Furthermore, the method of analysis here can be extended
to include other boundary conditions and reactions more general than Volterra-
Lotka type as in the previous section. We also deduce the a-priori bounds of
the solutions directly in terms of the coefficients of the equations. Consequently,
the conditions of coexistence are expressed directly in terms of the coefficients
of the equations, and are thus much easier to apply. The presentation in this
section follows the results in Leung [129].

More precisely, we consider the system of elliptic equations:

4
(5.1) Au; + uife; + Zaijuj] =0 inQ; wu; =0 on 99,
i=1

where e; and a;; are constants satisfying:
(5.2) ag; <0 and e; >0 for 1=1,2,3,4.

The constants e; and a4, = 1,..,4 represent the intrinsic growth rates and
crowding effects of the corresponding species. The constants a;;,7 # j are the
interaction rates, whose signs will satisfying various assumptions according to
the cases considered by the particular theorems. © is a bounded domain in RV
with smooth boundary. A solution of problem (1.1) is called positive if each
component is not identically zero and non-negative in ).

We divide the species into two groups. Group I consists of the species m =
1,2 and group II consists of species n = 3 and 4. In the first two theorems, we
assume that Groups I and II have a predator-prey relationship, with species in

I as predators and species in II as prey. More precisely, we assume that:

[C1] am3 and a,,4 are > 0, for m =1, 2,
an1 and ano are < 0, for n = 3, 4.

Within the two groups, we will consider 4 different cases. In the first case,
the species in group I form a cooperating pair, and in group II also form a
cooperating pair. More precisely, we assume

[A1] a12 and a1 are > 0;  asq and ay3 are > 0.

In the second case, we assume species in group I form a cooperating pair, while
in group II form a competing pair. That is

[A2] a1 and ao1 are > 0;  agq and ay3 are < 0.
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In the third case, we assume species in group I form a competing pair, while in
group II form a cooperating pair. That is

[A3] a1 and ao1 are < 0; agq and ag3 are > 0.

Finally in the fourth case, we assume species in group I form a competing pair,
while in group II also form a competing pair. That is

[A4] a1z and a1 are < 0; as4 and ay3 are < 0.

Let ¢ be a function defined on €, we will use the symbol A1 (A +¢) to denote
the first eigenvalue for the eigenvalue problem: Au + cu = Au in Q, v = 0 on
0. For each i = 1,...,4, if \{(A + ¢;) > 0, we will use u) to denote the unique
positive solution of the problem: Au + ulfe; + a;u?] = 0 in Q, uf = 0 on 9.
Moreover, let y; := (0,...,u},...,0) where each of the four component is zero
except the i-th component as shown. For convenience, we define the following

expressions:
B; = [a11a22 — ar2a1] " [(e1 + araea/|asal)|aze] + (e2 + azses/|asa|)ar2),
B} = [an1a22 — ar2a1]) ' [(e1 + ar4ea/|asal)ast + (e2 + agaes/|asa|)|ar]],
By = [a11a22 — a12a1]” " [(e1 + aizes/|ass|)|azz| + (e2 + azses/|ass|)ara],

B:'% = [aj1a22 — a12a21]_1[(€1 + a13es/|ass|)aor + (e2 + azszes/|ass|)|ai1]].

The following theorem gives sufficient conditions for the coexistence of positive
solution of problem (5.1) when the predators cooperate while the preys may
either cooperate or compete. In Theorem 5.1, we will see in the proof that for
each predator i = 1,2, B} or B§ respectively represents a bound for the predator
u; when the prey uy or ug is the only one present.

Theorem 5.1 (Cooperating Predators with Preys which Cooperate or
Compete). (i) Assume interaction relations [C1] and [A1]. Suppose that

(5.3) ai1G2 > a12021 and a33G44 > (34043,
then problem (5.1) has a positive solution if the following conditions are satisfied:

(54) )\1(A + 61) > 0, )\1(A + 62) > 0,
(5.5) A (A + e3 — (Jas1| B} + |asa| B3) > 0, and

(5.6) A (A + e — (laa1 | By + |asz| B3) > 0.
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(ii) Assume interaction relations [C1] and [A2]. Suppose that
(5.7) aiiaz > aiaas1,
then problem (5.1) has a positive solution if the following conditions are satisfied:

(5.8) )\1(A + 61) > 0, )\1(A + 62) > 0,
(5.9) )\1(A +e3 — (|a31|Bi + |a32|B§) — |a34|e4/|a44|) >0, and

(5.10) )\1(A +e4 — (|a41|B§ + |a42|B§) — |a43|63/|a33|) > 0.

The next theorem give sufficient conditions for the coexistence of positive
solution for problem (5.1) when the predators compete while the prey may co-
operate or compete. For convenience of stating the theorem, we define the
following expressions:

B’i = |a11|_1[€1 + ajseq/|aaal], B’Z = |a22|_1[€2 + agaeq/|aql],

Bl = |ayi |7 e1 + aizes/|ass]], B2 = |ags| [ex + agzes/|ass]],

1

K3 = [azga44 — azqa43]” " [e3|aqa| + €sasza],

'
Ky = [agzass — azsass] ' [ezaus + eqlass]].
Theorem 5.2 (Competing Predators with Preys which Cooperate or

Compete). (i) Assume interaction relations [C1] and [AS3]. Suppose that

(5.11) 33044 > 434043,

then problem (5.1) has a positive solution if the following conditions are satisfied:

(5.12) )\1(A +e — |a12a2_21|[62 + a3 K3 + a24K4]) >0,
(5.13) )\1(A + ey — |a21a1_11|[61 + a13K3 + a14K4]) > 0,
(5.14) AM(A +e3 — (|as1 | B} + |ase|B?)) >0, and

(5.15) M (A + eq — (Jaa1|Bs + |asz| BY)) > 0.
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(ii) Assume interaction relations [C1] and [A4]. Then problem (5.1) has a pos-
itive solution if the following conditions are satisfied:

(5.16) M (A + er — |arzagy |[ea + agses/|ass| + assea/|aaal]) > 0,
(5.17) AM(A + ez — |agiar|[er + aizes/|azs| + arseq/|aal]) > 0,
(5.18) M(A+e3 — (\agl\Bi + |a32|B§) — |assles/|asa]) > 0, and
(5.19) M (A + eq — (Jags | B + |asz|B2) — |ags|es/|ass]) > 0.

In the proofs of the two theorems stated above, we will use indices of various
mappings from the cone of non-negative functions into itself. In order to em-
phasize the main ideas of the proof of the theorems, the details for calculating
these indices are explained in later lemmas. However, in order to start proving
Theorem 5.1, we need the following lemma which gives a-priori bounds for two
cooperative species under appropriate conditions.

Lemma 5.1. Consider the following Dirichlet problem:

2
(5.20) Av; +v;(bi + gi(x) + > _cijv;) =0 inQ, v; =0 on I, fori=1,2,
j=1

where g;(x) are non-positive continuous functions on Q, and b, ¢;; are constants
satisfying b; > 0,¢; < 0 fori = 1,2, c1o > 0,c01 > 0. Suppose that ci1co9 >
c12¢21. Then any positive solution (vy,ve), withv; € C%(Q),i = 1,2, must satisfy:

v1 < [bi]eaz] + bacia] /ler1ca2 — ci2e21],  and
va < [brear + balc11|] /[er1ca2 — cr2c21] in €.

Proof. On the z — y plane, the two lines b; + c;1x + ¢y = 0,7 = 1,2, inter-
sect at ({L‘o,yo) where Trog = (—b1022 + bgclg)/(cllcgg - 612621),?/0 = (b1021 —
baci1)/(c11c22 — c12¢21). The assumptions on b; and ¢;; of this lemma implies
that z¢ and yo are positive. Let k be a positive number satisfying, co1/|coa| <
k < |c11|/c12. (Here, |c11|/c12 is replaced with 400 if ¢15 = 0). For each
0 > 0, the pair of constant functions v‘f = xg + I, vg = yo + k6 on Q sat-
isfy: Avf + ’U?[bi + gi(z) + cilv‘f + cigvg] < 0in Q, ’U? >0on 99, fori =1, 2.
That is, they form a family of coupled upper solutions for problem (5.20). For
M > 0 sufficiently large, the positive solution (v1,v2) of problem (5.20) satisfies
vi(z) < vM i =1,2. Let J := {6 € (0, M]| for both i = 1,2, v;(z) < v for all
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r € Q}. Suppose the set J has a positive glb § > 0; and let there be a point
x € Q where v;(x) = v? for some i. We may assume, without loss of generality,
that i = 1. For x € Q,u > 0, define fi(z,u) = u(by + g1(x) + c11u); and let P
be a large positive constant such that|0f;/0u| < P for all x € Q,0 < u < v/,
Consider the expression:

A(vi(z) = v9) = P(vr(z) - 09)
= Avi(z) + vi(z)[b1 + g1(z) + crivi(x) + crov2()]
— {Av‘l§ + v‘f[bl + g1(x) + cllv‘l§ + clgvg} + fi(=z, v‘f) + v‘fclgvg

— fi(z,v1(x)) — vi(z)cr2ve(x) — Pvr(x) — v‘f) >0 for all = € Q.

The last inequality is true due to the facts that (v?, vg ) is a strict upper solution,
c12 > 0, and the choice of large P. The maximum principle asserts that v (x) = v‘f
on Q. This contradiction implies that the positive glb § can be reduced, and
cannot be positive. Thus, we must have v1(z) < zg and va(z) < yg in Q.

Remark 5.1. Note that the proof of the above lemma uses an extension
of a sweeping principle to quasimonotone nondecreasing elliptic systems (cf.
Theorem A3-9 in Chapter 6).

We will next prove Theorem 5.1(i) by the following procedure. Under the
hypotheses of this part, we use Lemma 5.1 to obtain a bound for all non-negative
solutions of (5.21) below. Let Cy (2) denotes the set of non-negative continuous
functions on (2, vanishing on the boundary 9). We will construct a bounded
set D in [Cy (Q)]* containing all solutions of (5.21). Then we define various
subsets of D containing solutions with certain components identically zero. The
solutions will be fixed points of appropriate positive compact mappings on D.
We will show that the index of the mapping on D is equal to one, by homotopy
invariance and normalization property (cf. Theorem A2-1 in Chapter 6). By
appropriate deformations and homotopy invariance principle again we will show
that the indices are zero on the various subsets of D described above. By
the additive property of the indices of the maps on disjoint open subsets (cf.
Theorem A2-1 in Chapter 6), we will conclude by index formula (5.24) below
that there must exist a solution of (5.1) with each component positive.

Proof of Theorem 5.1(i). Assume [C1], [Al] and (5.3) to (5.6). Consider any
non-negative solutions of the problem:

4
(5.21)  —Au; = Ouile; + Zaijuj] inQ, u;=0 ondq, for i=1,..,4,
i=1

for 0; € (0,1]. By Lemma 5.1, the second part of [C1] and second part of (5.3),
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we have

ug < [es|aqa| + eqasza]/[azzasq — azqaq3] = ug,
(5.22)

uy < [ezaq3 + eslass|]/[azgass — azaaq3] = uy.

Fori=1,2,letb; = 91[614—&2'3’113—1-&2'4@4], gi(x) = 6; [ai3U3—|—a¢4U4—ai3ﬂ3—ai4ﬂ4] <
0 and ¢;; = a;5, we apply Lemma 5.1 again to obtain a uniform bound for wu;
and ueg, for 6; € (0,1]. Note that we have made use of the second condition of
[C1] and first condition of (5.3). In case fs(or 64) is equal to zero, ug(or uy)
will be the trivial function, and u4(or us) will be bounded above by e4/|a44|(or
es/|ass|). The subsequent bound on wu; and uy will be again established by
Lemma 5.1 as before if both #; and 65 are positive. If one of the 61 or 65 is
zero, the corresponding uy or us will be the trivial function, and the bound on
the other component can be established by the corresponding scalar equation
uniformly for 6; € [0,1]. In any case, there is a constant M > 0 such that all
components of all non-negative solutions of (5.21) must have values in [0, M),
uniformly for 6; € [0,1],i = 1,2,3,4.

For any t > 0, let E(t) :== {u € C(Q) : |u| < t}, and E(t) denotes its
closure. For 6; € [0,1],5 = 1,2,3,4 and P > 0, define the operator Ag,g,040,:
[CE@)* N [EM)]* — [Co(Q))* by

A01050504 (U1, .., us) = (V1, .., Va)

where v; == (—A 4 P) "' (Qsui[e; + 1| aijuj]+ Pu;). Here, the inverse operator
is taken with homogeneous Dirichlet boundary condition on 92. We can take P
sufficiently large so that the operator Ay, g,0,0, is positive, compact and Fréchet
differentiable on [CT(Q)]* N [E(M)]*. Let D = [Cy (Q)]* N [E(M)]*, the bound
on the solutions implies that these operators has no fixed point on 9D (in the
relative topology). We can further use a familiar cut-off procedure to extend
Ap, 0,050, to be defined outside D as a compact positive mapping from the cone
K = [C{(Q)]* into itself (cf. Ladde, Lakshmikanthm and Vatsala [112]). For
convenience, we will denote i(Ap,g,040,,Yy) = index(Ap,0,050,,Y, K) for a fixed
point y of the map in K, and denote i(Agp,g,040,, D) = index(Ag,0,050,, D, K) =
5 (Ap,0,050,, D) as in Section 2.4 (cf. Section 6.2 in Chapter 6). Let A := A1y,
we obtain by homotopy invariance that the cone indices of the mappings satisfy
i(A,D) = i(A1111,D) = i(Agooo, D). From definition, the i-th component of
Aoooo(ul, ..,U4) is (—A + P)_I(P’U,Z) One readily verifies that Aoooo(u) 75 AU
for every w € 9D and every A > 1. Hence by Theorem A2-4 in Chapter 6, we
conclude that i(A, D) = i(Aooo0, D) = 1.

We will next define various subsets of D containing solutions with some
components identically zero, and then proceed to calculate the indices of the
mapping A on these subsets. For i = 1,..,4,¢ € (0, M), let

D :={u= (u1,..,uq) ru € K,0<u; <e,0<uj <M for j+#i},
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which is a “slice” in D containing all fixed point of A with small ¢-th component.
Let
D; ;== DU Dj, and Dj,;:= Dj N D;.

Note that 0D; ; = {u € D : min {|jus|[, [lu;[} =€, or min {[|u;, [lu;||} < e and

max {||ug : 1<k<4} M}, and 8D6 = {u € D : max {||u|, ||u;[|} =€, or
max {||u;|, ||uj]|} < e and max {|jug| : k 75 i and j} = M}. For convenience, we
will use the notation:

4
(5.23) filuy,ug,us,ug) = e; + Zaijuj fori=1,2,3,4.
i=1

Consider the mapping Ag119 in D. Suppose there exists a sequence of fixed points
(ul, u, uf, u}),n = 1,2,3..., of the map Ap 119, in D,6, € [0,1], with uf # 0
or uy # 0. We have Auf +uf fa(ul,...,u}) =0in Q,u} =0o0n 0Q,i =1,...,4. If
both uf and u§ — 0 in C(f2), the equatlon for w) implies that u} < [64/|CL44H +4
for any small § > 0, provided n is sufficiently large. (Note that a4y and a4y are
< 0). The equations for u}, u and Lemma 5.1 then imply that u} < B}+4, u} <
B2 + § for any small § > 0, provided n is sufficiently large. Thus for § > 0
sufficiently small, we have f3(u?,...,u}) > e3 — (las1|B} + |as2| BF) — & for n
sufficiently large. By assumption (5.5), we find Aj (A + fa(uf, uf, uf, uf)) > 0,
and the equation for uf, which is in K, implies that u§ = 0 for all large n.
(Note that (5.5) also implies that e > |a31|B} + |asz|B?). Then, we have
Auf + uf fo(ul,uf,0,uf) = 0 in Q, and the second condition in (5.4) implies
that A\j (A+ fa(ug,uy,0,u))) > 0 for n sufficiently large. Thus we have uy = 0 for
large n too. This contradicts the assumptions above on u3 and u3. Consequently,
the number t:= inf.{max.{||uzl|, ||us||} : (u2,u3) #Z (0,0), where (u1,u2,us,us)
is a fixed point of Agi1p in D for some 6 € [0,1]} must satisfy ¢ > 0. Choosing

€ (0,t), we obtain by Lemma 5.4 below that (A, ﬁ§3) = 0. (The lemma
indicates that all the fixed points of Agq19 in 1553 have both their 2nd and 3rd
components identically zero, and A = Aj111 can be deformed into Agi19 by
homotopy in 1553 It then shows that the only fixed point of Agi1p in 1553 is
(0,0,0,0), whose index is 0.)

Consider the mapping Aj199 in D. Suppose that there exists a sequence
of fixed points (v}, v§,vy,v}),n = 1,2,3..., of the map Ajg,p, in D6, €
[0,1], with both v} # 0 and v} # 0. The signs of aj; implies that A (A +
f1(0,vg, 08, v})) > A (A + e1) which is > 0 by assumption (5.4). We can ob-
tain by comparison from the equation satisfied by v that they are uniformly
bounded away from zero by a positive function, and thus cannot tend to zero as
n tends to infinity. Similarly, we find A (A + fa(v], 0,05, v})) > Ai(A+e2) >0,
and deduce vy also cannot tend to zero as n tends to infinity. Consequently, the
number t* := inf.{||ui|], ||uz|| : both u; # 0 and ug # 0, where (u1, ug, uz,uq) is
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a fixed point of Aj199 in D, some 6 € [0,1]} must satisfy ¢* > 0. Further, the
signs of ay;, as; and assumptions (5.4) imply that A1 (A + £1(0,19,0,0)) > 0 and
A (A + f2(u?,0,0,0)) > 0. Choosing € € (0,t*), we can thus obtain by Lemma
5.3 below that i(A4, Df,) = 0. (Lemma 5.3 shows that A can be deformed in
DS 5 to A1100 which has in Df 5 three fixed points, all with index zero.)

Consider the mapping Agg11 in D. Suppose there exists a sequence of fixed
points (wi', wg, wg, wy),n =1,2,3,..., of the map Ag p,11 in D, 0, € [0,1], with
both w} # 0 and w} # 0. If wy — 0, the equation for w} implies that w} < es/
|agq| + 0 for any small § > 0 provided that n is large enough. The equations for
wl and w¥ and Lemma 5.1 then imply that wf < B} + §,w} < B} + 4 for any
small § provided n is large enough. (Note that Bi is a bound for u;,i = 1,2,
with uy as the only prey, i.e. with ug absent). Thus for § > 0 sufficiently small,
we have f3(w?,...,w}) > e3 — (las1|B} + |agz2|B3) — § > 0, for n sufficiently
large. Hence we obtain Aj(A + f3(w], wh,wy,w))) > 0 by assumption (5.5),
and the equation for wj implies that wi = 0 for all large n. This contradicts
wy # 0, and thus wj cannot tend to zero as m tends to infinity. On the other
hand, if w} — 0, the equation for w4 implies that wj < es/|ass| + ¢ for small
0 > 0 and n large enough. We continue to deduce in a symmetric way that
AL(A + fa(wh, wh,wy,wy)) > 0 by assumption (5.6), leading to wy = 0 for
all large n. We again conclude by contradiction that w} cannot tend to zero.
Consequently, the number ¢**:= inf.{||us||, ||u4|| :both ug # 0 and ug # 0, where
(u1,ug,us,uq) is a fixed point of Aggy; in D, some 6 € [0,1]} must satisfy
t** > 0. Further, the signs of asj, as; and assumptions (5.5), (5.6) imply that
A (A + £3(0,0,0,u3)) > 0 and A1 (A + £4(0,0,43,0)) > 0. Choosing € € (0,¢*),
we obtain by Lemma 5.3 again that i(A4, D§,) = 0.

Under the conditions of this part, the above paragraphs show that for suffi-
ciently small € > 0, all the fixed points of A in 1553 must have both the 2nd and
3rd components identically zero. Because of the symmetry of relations between
u1 and us with respect to us and w4, analogous property can be obtained for
fixed points of A in ﬁi?v’ ﬁfA and 13574 (Here 1, 2 can be interchanged and 3,
4 can be interchanged). Also, the above paragraphs show that for sufficiently
small € > 0, all the fixed points of A in Dj, must have either the 1st or 2nd
components identically zero; and those in DS 4 must have either the 3rd or 4th

component identically zero. Let D := {u € D: each component of u is # 0}.
Thus we obtain i(A4, D) = i(A, D) —i(A, Ds 4 U D 5) for sufficiently small € > 0.
Moreover, i(A, D§ , U D 5) = i(A, D§ 4) +i(A, Df 5) —i(A, D§ 4 N DS ). Deduc-
ing from Venn diagrams, using the additive property of the indices of a map on
disjoint open sets (cf. Theorem A2-1 in Chapter 6), we also have:

i(A, D5, N DY 5) =i(A, ﬁi:a U 155,3 U f)i4 U D§,4)
= i(A, DS 3) +i(A, Dy 3) +i(A, DS ;) +i(A, D5 4)
- Z(Av y4) - Z(A> y2) - Z(A> yl) - Z(A? y?)) - 32("4? (Oa 07 0) 0))
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Note that each y;,7 = 1,2, 3,4 is inside exactly two of the sets 1533, 15573, 1534,
15574 and (0,0,0,0) is inside all the four sets.
Combining the above formulas we find
(5.24)
i(A,D) =i(A,D) —i(A, D5 y) —i(A, DS 5) +i(A, D5 5) + i(A, DS 3)

+i(A, DS ) +i(A, DS ) — S (A, ) — 3i(4,(0,0,0,0)).

We have proved i(A, ﬁ§3) = 0 above. Using the symmetry of the relations
between u; and us with respect to ug and u4, we can interchange the role of
uy with uo and the role of ug with u4 to deduce z'(A,ﬁi?)) = i(A, 1534) =
i(A, D5 4) = 0.

In order to use (5.24), it remains to find i(A4,y;) and i(A4,(0,0,0,0)). For
convenience, we let p; = A1 (A + f;(0,0,0,0)),7 = 1,..,4. The first part of (5.4)
asserts that py is positive. The equation for u{ implies u) < e1/|a11| < Bi;
thus (5.5) implies A1(A + f3(y1)) > 0. Similarly, we have u} < B} and (5.6)
implies A1 (A + fa(y1)) > 0. The second part of (5.4) and az; > 0 lead to
M (A+ fa(y1)) > 0. By part (ii) of Lemma 5.2 below, we obtain ¢(A, y1) = 0. The
symmetry of the relations among u; and us would readily lead to i(A,y2) = 0.

Condition (5.5) and comparison show that ps is positive. Condition (5.4)
and a;3 > 0 for ¢ = 1,2 imply that A\ (A + fi(y3)) > 0 for i = 1,2. Condition
(5.6) and as3 > 0 lead to A (A+ f4(y3)) > 0. By Lemma 5.2, part (ii), we obtain
i(A,y3) = 0. We deduce in a symmetric way that i(A, y4) = 0. Finally, conditions
(5.4) to (5.6) imply p; > 0 for each i. We conclude that i(4, (0,0,0,0)) = 0 from
part (i) of Lemma 5.2 below.

Finally, we apply index formula (5.24). The above paragraphs show that
every term on the right of the formula is equal to zero, except i(A, D) = 1.
Consequently, we obtain i(A, l~?) = 1. That is there must exist at least one
positive solution for problem (5.1). This completes the proof of part (i) of
Theorem 5.1.

The proof of Theorem 5.1(ii) is similar to that of Theorem 5.1(i). The details
will thus be omitted.

Proof of Theorem 5.2(i). Assume [C1], [A3], and (5.11) to (5.15). Consider
the non-negative solutions of problem (5.21) in the present conditions. Since
(5.11) is the same as the second part of (5.3), we can apply Lemma 5.1 to
obtain inequalities (5.22). Note that us = K3 and ugy = K4 by definition.
We then compare the first equation of (5.22) with the scalar problem —Az =
01z[e1+a13K3+a14K4] in 2, z = 0 on 0f2, (using a11 and a2 are < 0), we readily
obtain a bound for u; on €. Similarly, we deduce a bound for us. Thus, as in
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the proof of Theorem 5.1, we obtain a constant M > 0 such that all components
of all non-negative solutions of (5.21) must have values in [0, M), uniformly for
0; € [0,1],7 = 1,2,3,4. We define sets E(t),D,Df,DZj,lA?Zj and the operators
Ap, 0,050, as compact positive mappings from the cone K := [Car (Q)]* into itself,
with no fixed point on 0D, exactly as in the proof of Theorem 5.1. Also we

obtain in the same way that i(A, D) = 1.

Consider the mapping Ag119 in D. Suppose there exists a sequence of fixed
points (uf',uf,uy,uy),n = 1,2,3...; of the map Ay, 110, in D,0, € [0,1], with
uy # 0 or uf # 0. We have Auf + uf f3(uf,...,u}) = 0 in Q,u = 0 on
0Q,i = 1,...,4. If both u§ and u§ — 0 in C(Q), the equation for u} implies
that uf < [es/|ass|] + ¢ for any small 6 > 0, provided n is sufficiently large.
The equation for u} then implies that u} < B’i + § any small § > 0, provided
n is sufficiently large. Similarly we obtain uj < BZ + 9. Thus for 6 > 0 suf-
ficiently small, we have f3(u?,...,u}) > es — (|asi| B} + |as2| B}) — 6 > 0,
for n sufficiently large. Thus we have A\i(A + fs(ul,uf,uf,u})) > 0 by as-
sumption (5.14), and the equation for w} implies that u§ = 0 for all large n.
Then, we have Auf +uf fa(uf', uf,0,u}) = 0in Q. For any 6 > 0, we verify that
M A+ fo(ul, uf,0,u})) > A (A+es— |agiaji|][er +a1aKq]+6) for n sufficiently
large. Thus using (5.13) we obtain by comparison that uf = 0 for large n too.
This contradicts the assumptions above on uy and uy. We deduce by contradic-
tion as in the proof of Theorem 5.1 that i(A, 1553) = 0 for € > 0 sufficiently small.
By symmetry, we also obtain i(A,ﬁi?)) =i(A, 1534) =i(A, 15574) =0, as in the
proof of Theorem 5.1.

Consider the mapping Aj19¢ in D. Suppose there exists a sequence of fixed
points (v, v%,vg,v}),n = 1,2,3..., of the map Ajig,0, in D,6, € [0,1], with
both v{ # 0 and vy # 0. Using (5.22) to estimate v§ and v}, we then deduce
from the second equation for v4 that vl <| a2_21 | [e2+a23 K3+ agsK,). Hence, we
have A\ (A+ f1(0, 08,05, 0})) > A (A+e1— | araay, | [e2+assKs+agKy)) >0,
by assumption (5.12). We can then compare with the equation satisfied by v}
to deduce that v} cannot tend to zero as n tends to infinity. Similarly, we
deduce that A\ (A + fa(vf,0,v5,0))) > 0 by assumption (5.13), and find v%
also cannot tend to zero as n tends to infinity. Consequently, the number ¢t* :=
inf.{|Ju1]|, ||uz]| : both u; # 0 and ug # 0, where (u1, us, us,uq) is a fixed point
of Aj199 in D, some 6 € [0, 1]} must satisfy t* > 0. Further, assumptions (5.12)
and (5.13) imply that Aj (A + £1(0,19,0,0)) > 0 and A\ (A + f2(uf,0,0,0)) > 0.
Choosing € € (0,t*), we can thus obtain by Lemma 5.3 below that i(A, Df 5) = 0.

Consider the mapping Aggi1in D. Suppose there exists a sequence of fixed
points (w}, ws, wf, wy),n = 1,2,3...; of the map Ay p,11 in D,8 € [0,1], with
both wy # 0 and w} # 0. If wy — 0, the equation for w} implies that wj <
eq/|agq| + 6 for any small & > 0 provided that n is large enough. The equation
for w} then imply that w] < Bi + 0 for any small § provided n is large enough.
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Similarly, we have w < B? 4+ 6. Thus for § > 0 sufficiently small, we have
fa(w?, ... w}) > e3 — (|asi| B} + |ass| BY) — 6 > 0, for n sufficiently large.
Hence we obtain A\ (A + f3(w], wy, ws, wy)) > 0 by assumption (5.14), and the
equation for w4 implies that w4 = 0 for all large n. This contradicts wy # 0,
and thus wj cannot tend to zero as n tends to infinity. On the other hand,
if wy — 0, the equation for wj implies that wf < e3/|ags| + ¢ for small
0 > 0 and n large enough. We continue to deduce in a symmetric way that
AM(A + fa(w], wh, w,wy)) > 0 by assumption (5.15), leading to wy = 0 for
all large n. We again conclude by contradiction that w} cannot tend to zero.
Further, the assumptions (5.14), (5.15) imply that (A + £3(0,0,0,u%)) > 0
and A1 (A + £4(0,0,u3,0)) > 0. Consequently, we obtain by Lemma 5.3 again
that i(A, DS 4) = 0, for € > 0 sufficiently small.

As in the proof of Theorem 5.1, we next use index formula (5.24). It re-
mains to show that under the conditions of the present theorem, we still have
i(4,(0,0,0,0)) = i(A,y;) =0, for i = 1,...,4. They are all readily verified by
applying Lemma 5.2, using (5.12) to (5.15). For evaluating i(A,y;), we observe
/\1(A + fQ(yl)) > )\1(A + e2 — ‘ a21a1_11 ‘ 61) > 0 by (?13), )\1(A + fg(yl)) >
M(A + e3— | azi]lera] |) > M(A +e3— | az | BY) > 0 by (5.14) and
M(A + fa(y1) > M(A + ea— | anerayy ) > M(A +ea— | an | Bj) > 0 by
(5.15). Then we apply Lemma 5.2(ii) to verify that i(A,y;) = 0. The other cases
are similar or easier. Finally, applying formula (5.24), we obtain i(4, D) = 1,
and complete the proof of part (i) of Theorem 5.2.

The proof of Theorem 5.2(ii) is similar to the proof of the theorems above.
The details will thus be omitted here.

Remark 5.2. In order to complete the proof of Theorems 5.1 and 5.2, we now
carefully justify the method for calculating the indices of the fixed points and the
mappings over various sets used in the proofs above. They are described in detail
in Lemmas 5.2 to 5.4 below. Lemma 5.2 and Lemma 5.3 are generalizations of
results given in the last section, and Lemma 5.4 is different.

Consider the problem:

—Au; = Opu; fi(ug, ug, us, ug) in Q, u; =0 on 09,

fori=1,...,4,0; c [9,1]. For 0; € [0,1], 2 =1,...,4 and P > 0, define the op-
erator A91929394 : [C(Q)]4 — [C()(Q)]4 by: A91929394(U1, R ,U4) = (Ul,UQ,’L)g,’L)4),
where v; = (—A + P)~Y(0;u;fi(uq,. .., us) + Pu;). Here, the inverse operator

is taken with homogeneous Dirichlet boundary condition on 0f2. For simplicity,
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we use the abbreviations:

A= A1,

AY = A g,0,0, where 0; = 0; =1, 0 = 0 for k # i or j.
For convenience, we let A\ = u; represent the first eigenvalue of the problem:
(5.25) Au+ £;(0,0,0,0)u = Au in Q, u =0 on 9.

Remark 5.3. In the proofs of the main Theorems 5.1 and 5.2 above, it is shown
that under the hypotheses of the theorems, the positive solutions of (5.1), or the
fixed points of Ag,g,0,6,, are uniformly bounded for all §; € [0,1]. Let M be the
uniform bound, E(M) = {u € C(Q): |u| < M.} and D = [C; (Q))* N [E(M)]*.
It is shown that Ag,¢,0,6, has no fixed point on dD, and can be extended to
be defined as a compact, Fréchet differentiable mapping from the cone K =
[Cq ()]* into itself. We will assume these properties for all such operators in
Lemmas 5.2 to 5.4 below.

Let j be an integer between 1 to 4. For simplicity, we denote y; = (0, .., ug-), ..0)

where every component is the zero function except the j-th component. Also,
recall the definitions of the sets Df, D5 ;, Df ; given in the proof of Theorem 5.1(i)
above.

Lemma 5.2 (Indices for the Trivial and Semi-trivial Solutions).

(i) If max{p1,...,pa} > 0, and at most one of u;, i = 1,...,4, is zero, then
i(4, (0,0,0,0)) = 0.

(it) Suppose that p; > 0. If there exists k # j such that A\ (A+ fr(y;)) >0, and
M(A + fr(y;)) # 0 for all v # j and k, then i(A,y;) = 0.

Proof of (i). The proof is the same as Theorem 4.1 in Section 2.4. We outline
the main idea again for convenience.

Suppose p; > 0 and p; # 0 for all other i’s. For y € K, define K, :=
{pelC))*:y+spe K for some s >0}, and S, := {p € K, : —p € K, },
as in Section 2.4. We have K00 = K, S0,000 = {(0,0,0,0)}. The k-
th component of A’(0,0,0,0)u is (—A + P)71[£%(0,0,0,0) + PJug. Hence [I —
A’(0,0,0,0)]u = 0 for u € K implies that [A + £;(0,0,0,0)]u; = 0, uj € Cg ().
Thus the assumption y; > 0 implies that u; = 0. Similarly the assumption j; # 0
implies that u; = 0 for all other i’s. Further, the assumption p; > 0 and the
continuity in ¢ € [0,1] for A\{ (A +tf;(0,...,0) + (¢t — 1) P) imply that there exists
a nontrivial function @ € Cy () such that (—A+ P)u = t(f;(0,0,0,0) + P)a, or
o —t(—A+ P)71(£;(0,0,0,0) + P)u = 0 € S(0,0,0,0), for some ¢ € (0,1). Thus it
follows from Lemma 2.7(i) in Section 1.2 of Chapter 1 that i(A, (0,0,0,0)) = 0.

Next, suppose pj > 0, g = 0 for some 1 < j,r < 4, and p; # 0 for all other
©’s. Define an operator A; by modifying the r-th component of the operator A
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by changing f,(u1,us, us, ug) to fr(ui,u2,us, ug) —t. From the last paragraph,
we obtain (A, (0,0,0,0)) = 0 for ¢ > 0. Then by means of comparison and the
nonincreasing property of f,. with respect to the r-th component, we show that
(0,0,0,0) is an isolated fixed point of A; uniformly for ¢ > 0. We finally conclude
that i(A4, (0,0,0,0)) = i(A¢, (0,0,0,0)) = 0 by homotopy invariance of degree.
See Theorem 4.1 in Section 2.4 for more details. This proves part (i)

Proof of (ii). Let u = (u1,...,u4) be any element in [C'(Q)]*. For i # j, the i-th
component of A'(y;)u is (—A+P)~Y{[f;(y;)+Plu;}; the j-th component is (—A+
P) Y3 i4,[u) (0 /0ui) (yy )ui] + [u(9f;/Ouj) (y;) + fi(y;) + Pluj}. One readily
checks that K, = Cf (Q)®..6Co(Q)..eCy (Q) and S, = {0}&..Co(Q)..&{0}
where Cp(€2) appear in the j-th component in both cases. Let [I — A'(y;)]a =0
for & € Ky,. As in part (i), the assumption that A\(A + fi(y;)) # 0 for i # j
implies that @; = 0 for ¢ # j. Thus the j-th component can be written as
At + (ej + 2ajju§-))ﬂj = 0. Since A\ (A + (e; + 2ajju9)) < 0 by comparison, we
must have 4; = 0. Thus we have 4 = 0.

As in the proof of part (i), the assumption A\i(A + fi(y;)) > 0 implies
that there exists a nontrivial function 4, € Cf (Q) satisfying (—A + P)uy —
t(fe(y) + P)iig = 0. Let w be the column vector function on Q with iy as its
k-th component and zero function as all other components. Then w has the
properties: w € K, \S,, and [I —tA'(y;)]Jw € Sy,. Thus the operator A’(y;) has
the properties as described in Lemma 2.7(i) in Section 1.2, and we assert that
i(A,y;) = 0. This completes the proof of part (ii).

Lemma 5.3 (Indices for Unions of Two Thin Slices). Suppose i # j are
integers with 1 < i,j < 4 with p; > 0 and pj > 0. Let t == inf. {|jus, ||u;]| :
both u; # 0 and u; # 0, where col. u = (uy,us,u3,us) is a fized point of Aéj
in D with ug, > 0 for k = 1,2,3,4, some 0 € [0,1]}. Let yp € [Cy (Q)]* with the
k-th component as ug and all other components as the trivial function. Assume
t > 0, and further that

AM(A+ fi(y;) >0, M(A+ fi(yi) > 0;

then for any e € (0,t), we have i(A, ng) = 0. (Recall that Dy; is defined in the
proof of Theorem 5.1(1)).

Proof. Since 0 < € < t, the operator Aéj in D has no fixed point on anj. By
homotopy invariance, i(A, ng) = i(Aéj,ng). Let (1, tg, U3, 1U4) be a nontrivial
fixed point of A in Df;. Then (—A + P)~1[Piy) = 0, for k # i and j, implies
that such 4, = 0. The condition on € implies either @; = 0 or @; = 0. Thus
AY has ‘t‘hree fixed pgjnts in D, naumely7 (O’O’O’O).’. y; and y;. Moreover, we
find i(Af, Df;) = i(Af,(0,0,0,0)) +i(Ag', yi) +i(Ag, ;). Applying a natural
modification of Lemma 5.2(i) for the operator Ay, we find i(A4{, (0,0,0,0)) = 0.
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Also, applying a natural modification of Lemma 5.2(ii) for the operator AO , we
obtain Z(Agj,y]) =0 and Z(Agj,yz) = 0. This proves Lemma 5.3.

Lemma 5.4 (Indices for Intersections of Two Thin Slices). Let i # j be
integers, 1 < 1,5 < 4, and t := inf{maz.{||u;], ||u;|}, (ui,u;) # (0,0),, where
(u1,ug,us, uq) is a fized point ofAéj i D withug >0 fork =1,2,3,4, for some
6 € [0,1]}. Suppose that t > 0, and further assume: either pi; > 0 or pu; > 0.
Then for any € € (0,t), we have i(A, ﬁfj) = 0. (Recall that ﬁfj is defined in the
proof of Theorem 5.1(1)).

Proof. The assumption that 0 < ¢ < t implies that all fixed points 4 =
(tq, Ug, U3, Ug) of AGJ in D contained in D6 must satisfy 4; = 4; = 0; and

they are bounded away from the other non- negative fixed points in D by anj.
5, we find (A4, ﬁfj) =
('A?, fj) = i(AY, fj) Note that for k # i and j, the k-th component of
Ag (u1, .., uq) is of the form (—A+ P)~[Puy]; thus any fixed point of Aj; 4 in D6

must have all the k-th component 1dentlcally zero for k # i and j too Hence

(0,0,0,0) is the only fixed point of A " in Df], and Z(A” D ;)= ’L(AS], (0,0,0,0)).

We then apply a modification of Lemma 5.2(i) to the operator AOJ with g
changed to fix, where fi = A\(A) < 0 for k # i and j, and f; = p4, ftj = p.
Since at least one of fi; and fi; is positive, we conclude as in Lemma 5.2(i) that
i(AY,(0,0,0,0)) = 0.

Applylng homotopy invariance principle on the set D¢

Theorems 5.1 and 5.2 only consider the special situation when the two groups
of species interact in prey-predator relationship. The two groups can of course
interact in many different ways. We next consider the coexistence of positive
solutions for problem (5.1) when the two groups of species cooperate with each
other. As before, there are two groups with a pair of species within each group.
The cooperation between the groups means that the assumption [C1]is replaced
by:

[C2] am3 and a4 are > 0 for m =1, 2;

an1 and apo are > 0 for n = 3, 4.

This will always be assumed in the next Theorem 5.3. Within each group, the
species may compete or cooperate as expressed in [A4] and [A2] in Theorems
5.1 and 5.2. The case of [A3] is the same as [A2] if we interchange species 1
and 2 with 3 and 4. The case of [C2] together with [A1l] would mean all species
cooperate. It will then be unnecessary to classify the species into two groups for
study.
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Theorem 5.3 (Cooperating Groups with Competition or Cooperation
within Each Group). (i) Assume interaction relations [C2] and [A4]. Suppose
that

(5.26) |amm| > ams + ama for m=1,2, and |apy| > an1 + an2 for n = 3,4.

then the problem (5.1) has a positive solution if the following conditions are
satisfied:

(5.27)
)\1(A +e1 + angg) > 0, where Qo = max.{|eg/k2|, |€3/k‘2|, |€4/k‘2|},
ky = min.{|ax| — a3 — a4, |ass| — asz, |asa| — a4},

(5.28)
AM(A + ez +a2@1) > 0, where Q1 = maz.{|e1/ki|, les/ki1|, lea/ka |},

ki = min.{|a11| — a13 — a4, |ass| — a1, |asa| — aa1},

(5.29)
)\1(A +e3 + a34Q4) > 0, where Q4 = max.{|e4/k4|, |€1/k‘4|, |€2/k‘4|},

ky = min.{|ass| — as1 — as2, |a11| — a4, |age| — a2},

(5.30)
)\1(A + eq —|—a43Q3) > 0, where Q3 = max.{|63/k3|, |€1/k‘3|, |€2/k‘3|},

ks = min.{|as3| — az1 — asz, |a11| — a13, |az2| — ass},

(i1) Assume interaction relations [C2] and [A2]. Suppose

la11]| > a1z + a13 + a4, laga| > a1 + ag3 + az,
(5.31)

lann| > an1 + anz for n=3,4,
then problem (5.1) has a positive solution if the following conditions are satisfied:
(532) )\1(A + 61) > 0, )\1(A + 62) > 0,

(5.33)
M (A + e3 + agsRy) > 0 where Ry = max.{|e4/pal,|e1/pal, |e2/pal},

pa = min.{|as| — as1 — as2, la11| — a12 — ara, |aga| — az1 — ag4},

(5.34)
M (A + eq + ag3R3) > 0 where Rs = max.{|es/psl,|e1/psl, |e2/psl},

p3 = min.{|as3| — az1 — asg, |a11| — a12 — a3, |age| — ag1 — ags}.
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The proof of Theorem 5.3 uses the methods as described in the proof of
Theorems 5.1 and 5.2. It can be found in [129], and thus the details will be
omitted.

Remark 5.4. In Theorems 5.1 and 5.2 we consider the situation when species
in group I consists of predators with species in group Il as preys. The species
within each group are assumed to cooperate or compete with each other. We
have omitted the case when there may be further prey-predator relationship
within one group. For example, species in group I are cooperative and the species
in group II form a prey-predator pair. More generalizations of Theorems 5.1 and
5.2 can also be done for prey-predator groups when prey-predator relations occur
within each group, or prey-predator within one group and cooperating relation
within another. Other cases can be treated similarly. Some of the theorems may
conceivably be proved by other methods. However, if we consider the first case,
i.e. Theorem 5.1(i), it does not seem that one can readily prove the theorem by
other methods. Note that B} or B may not be a bound for predator species i
when all the prey species 3 and 4 are present. Thus the condition in (5.5) and
(5.6) may not be strong enough for proving the result by using other methods.
Generalization of Theorem 5.3 is also possible for cooperative groups with prey-
predator relations within each group. Since the methods are similar for these
cases, the details will be omitted here. There is also the situation of a group of
3 interacting with a fourth species in the same way.

When there is a large number of m species in group I, each of which competes
with n species in group II, existence of positive solutions is studied in Section
2.2 with bifurcation and upper-lower solutions methods. Within each group,
there may be various types of structures. There are, however, limitations to the
amount of interactions between the groups in order to prove the existence of
positive solutions in Section 2.2. In order to use the technique of this section
when there are groups of large numbers of m and n species, the methods in
this section have to be extended more systematically. More interesting results
remain to be found.

Remark 5.5. Further research should also address the issue of time stability
and persistence of the systems. Some stability problems are considered in earlier
sections. The problem of persistence will be considered in Chapter 4. Under the
hypotheses that the various related principal eigenvalues are positive, it should
be possible to obtain some information about the dynamics when the boundary
equilibria are repellers relative to the positive cone. Some conclusions concerning
persistence are possible, as explained in Chapter 4. It would also be interesting
to treat the cases where some of the principal eigenvalues are negative.
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2.6 Application to Reactor Dynamics with
Temperature Feedback

In this section, we consider applications to a physical and engineering problem.
Our methods of analysis will readily lead to useful results, as in the previous
biological problems. We study a system of reaction-diffusion equations describ-
ing the dynamics of fission reactor with temperature feedback. There are m
equations for the neutrons in m energy groups and a last temperature equation.
Basic theory of reactor dynamics can be found in Duderstat and Hamilton [52]
and Kasterberg [101]. We use the bifurcation method to find positive steady-
states for the system which is not symmetric. We then analyze the linearized
stability of the steady-state as a solution of the full system of m + 1 parabolic
equations. The asymptotic stability of the steady-state solution is proved by
means of a stability theorem for sectorial operators. In the study of steady
states and dynamics of nuclear fission reactors, it is crucial to understand the
effect of temperature-dependent feedback, fission rates and reactor size on the
behavior of the system. In Leung and Chen [131], [132] and Ortega [180], various
nonlinear models concerning multigroup neutron fission reaction-diffusion with
temperature feedback are investigated. In these articles, it is always assumed
that the scattering and reaction rates are in some sense larger than the principal
eigenvalue of the domain representing the reactor core. In Leung and Ortega
[137], the scattering and reaction rates are only assumed to be positive, and
the emphasis is on the bifurcation of a positive steady state at certain critical
size of the reactor core. The stability of the bifurcating solution has also been
investigated in [137]. The only important drawback in [137] is that the tempera-
ture is first expressed in terms of neutron-fluxes, and then substituted back into
the first m equations for the m energy groups of neutron-fluxes. The model is
thus implicitly assuming that the temperature is changing in a faster time-scale.
This section treats the m + 1 equations simultaneously, without eliminating the
last temperature equation as in [137]. Here, we follow the presentation in Leung
and Villa [141]. The stability of the positive steady-state here is considered for
the full system of m + 1 equations. Thus the theory is more elegant and less
restrictive. It will be found that the decreasing property of the reaction coeffi-
cients with respect to temperature is crucial for the stability of the system (cf.
hypothesis [H6] below). Such property may be achieved by means of control
rods in the reactor.

More precisely, we first consider the following elliptic system with Dirichlet
boundary conditions on a domain with various sizes:
(6.1)

Au;(z) + Z;n;ll I;Tij(a:,zlmﬂ)ﬁj(a:) =0 forallzekQ,i=1,...m+1,

G;(x) =0 for all x € 0(kQ),i =1,....m + 1,
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where kQ = {z = ky : y € Q}, k > 0,Q is a fixed domain in RV, and m > 2. The
domain k€) represents the reactor core; 4;(z),j = 1,...,m is the neutron-flux of
the j-th energy group; and t,,+1(x) denotes the temperature. I;Qj, i,j=1,....m
represent the temperature-dependent fission and scattering rates of various en-
ergy groups; A is the Laplacian operator with x as independent variable. The
function I:Im+1,m+1 denotes the cooling coefficient, and I:Im+1,j, ji=1,..,m, de-
notes the rate of temperature increase due to neutrons in group j. Consequently,
we should have I:Im+1,m+1 < 0 and I:IZ-J- >0 for all (7,5) # (m+1,m+1). We
will determine the parameter k when positive steady-state will bifurcate from
the trivial solution, and will thus find the critical size of the reactor core.

With the change of variable = ky, the problem (6.1) is transformed into
(6.2)

Ayui(y) + A Hi (9, 1 (W))uj(y) =0, fory € Qui=1,...,m+ 1.

u;(y) =0, foryed,i=1,...,m+1,

which is the Dirichlet problem for a fixed domain €2, where A = k? > 0. Here,
ui(y) = ti(z) = 4;(ky), and

Hij(y, um+1(y) = Hij(@, @1 () = Hij(ky, dn 1 (ky));

A, is the Laplacian on the y-variable; and for convenience, we will not display
this variable in the following context. We will obtain a positive steady state for
(6.2) for certain value of \; and consider the stability of this steady state as a
solution of the nonlinear parabolic system:

(6.3)
Ou; /0t = Aug + AT Hij(y, tmaa (3, £))uj (y,t)  for (y,t) € Q x (0, 00),

u;(y,t) =0 for (y,t) € 80 x (0,00),i =1,....,m +1,
ui(y,0) = uh(y) foryeQi=1,...m+1.

To fixed ideas, we assume  is a bounded domain in RN, N > 1, with boundary
0N of class C?T# for some p € (0,1). For convenience, we denote

J = {1, ,m + 1}, BZJ(I‘) = Hi’j(.Z‘,O), forx € Q,’i,j € J.

We will assume
H1] Hy(.,n) € C“(S:)) uniformly for 7 in bounded subsets of R', i, € J;
Bij(z) > 0in Q, for all (4,j) # (m +1,m + 1);

H2] B;;j #0,fori#j,4,j=1,...m;Bpmy1; 0,5 =1,...,m;B;my1 =0 for
1=1,..,m.
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Note that in (6.3), the coefficients H;; depends on temperature 1. More-
over, the last part in [H2], (Bjm+1 = 0,7 = 1,...,m), means that the effect of
temperature on the system enters only through changes in the fission and scat-
tering coefficients B;;, j < m+ 1. Also, note that so far, the crucial assumptions
are made only at temperature u,,11 = 0, which can be normalized as the exterior
temperature. More hypotheses will be added later when stability is investigated.

For convenience, we will use the following notations:

E={u=col.(ug,. .., ums1)lu; € C**(Q),uilog =0,i=1,...,m+1},

F={u=col.(u1,...,uUns1)lu; € C*(Q),uilon =0,i =1,...,m+ 1},
Fir=A{u=-col.(u1,...,unt1)lu; € CI(Q),UZ'|(‘)Q =0,i=1,...,m+1},
- le =11 Nlezru@y, - Nlz=11lles@y, - llm =11 ller@y;

H(z,n) = [Hij(z,n)] is a (m + 1) x (m + 1) matrix for (z,n) in Q x R', and
P = {u = col.(u1,...,ums1) € Filu; > 0 on Q}. Throughout this section we
will use the symbol ABl f, for f € F or Fi, to denote the function w € £ such
that Aw = f in Q. Applying ABl to (6.2), it can be written as:

(6.4) u+ AALH (o g1 )u] = 0

where u = col.(u1,...,Upnt1). We will use the bifurcation method to find a
positive solution to (6.4). Then, we analyze the linearized stability of this solu-
tion as a steady-state solution of (6.3). Finally, the asymptotic stability of the
steady-state solution will be proved.

In order to find a positive solution bifurcating from zero for equation (6.4),
we will first consider the corresponding linearized eigenvalue problem. We will
need the following comparison Lemma 6.1 in order to prove the main theorems in
this section. For convenience we let J = {1,2,..,m+ 1}, and define the operator:

Li=—A+ci(x)

for i € J where ¢;(z) > 0 are functions in C*(2),0 < u < 1.

Lemma 6.1 (Comparison). Let u,v € [C?(Q) (N CHQ)|™ L u # 0,v; > 0,% 0
in §2, fori € J, satisfy:

Lifui(x)] = X754 pij(a)uy(x),  for v e Qi€ J,
(6.5)
u|8Q :0’ u:COZ.(Ul,..-,um—f—l);
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Li[vi(z)] > Z;”:"El gij(x)vj(x), for x € Qi€ J,
(6.6)
v =col.(V1, .o, Umt1),

where p;; and q;; are bounded functions in ). Suppose that

¢ij > Dij inQ for i,j €.J, and

(6.7) e =
Qij,pij = 0 in Q forall i# j;

then there exists k € J and a real number § such that:

(6.8) Vg = 0U, Pkj = Qkj in Q for all j € J,
' and vj — duj >0 for all j € J.

Proof. Let K > 0 be a positive constant such that p; + K, ¢ + K > 0in Q,
for i € J. From (6.6) and (6.3), we have

m+1
Li[vi] + Kv;g > (qii + K)v; + Z qijvj > 0.
J=1j#

Thus the maximum principles imply that
(6.9) v; >0 in Q, and (0v;/0n)(z) <0 if 2 € 0N and v;(T) =0.

Without loss of generality, we may assume that some component of u takes a
positive value somewhere. Otherwise, replace © by —u. Since u = 0 on 92, we
can readily obtain from properties (6.9) that v;(xz) — eu;(x) > 0 for some ¢ > 0
and all x € Q,i € J. Let §; = sup{a : v; — au; > 0 in Q} for those i € J such
that ¢; can be finitely defined. Define § to be the minimum of such ¢}s. Thus
d = Oy, for some k, and 0 < & < 00, v; — du; > 0 in Q for ¢ € J. From (6.5) and
(6.6), we find

(L + K)(vg — dpug) > (K + prr) (v — dpug) + Z;’S}#k pri(vi — i)
(6.10)
+ 3 (ki — pri)vi =0 in Q.
Consequently, the maximum principle implies that vy — dup = 0 in Q. Then,

(6.10) further implies that we must have qx; = py; for all i € J.

For convenience, we define the following operators with m + 1 components:

Ly=(—A,...,—A,—A+gq(z)), where g(x) >0 isa function in C*(Q);

T = Lq_l(B) SO — [CH(Q)]™ T, so that for u € [CL(Q)]™ T,

w = Tu is the function which satisfies I:qw = Bu and w|gq = 0.
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We first prove the existence of positive eigenfunction for an appropriate linear
system related to (6.4), under the restrictive condition Bp,41m+1 = 0. This
restriction will be modified later in Theorem 6.2.

Theorem 6.1. Suppose that B satisfies [H1]|,[H2] and Bptim+1 = 0 then
there exists (Ao, u’) € R x €, Ao > 0 such that

(6.11) Ly[u®] = XoBu® in Q, v’ =0 on 09,

with each component uf > 0 in Q and du /On < 0 on OQ fori € J. Furthermore,
the eigenfunction corresponding to the eigenvalue 1/X\g for the operator T is
unique up to a multiple. Also, The number A = X\ is the unique positive number
so that the problem u = XI'u has a nontrivial non-negative solution for u € P.
(Recall that B is the matriz whose (i, j) entries are defined as B;j(x) := H;;(x,0)
fori,j=1,...,m+1).

Proof. The operator T : [C1(Q)]™T! — [C1(Q)]™T! is completely continu-
ous and positive with respect to the cone P. Let z = col.(z1,...,2m+1) =
col.((—Ap)~t(1), ..., (—Ap)~1(1)). The functions z; satisfies z;(z) > 0 in
Q, zilag = 0 for i € J. Define v = T(z). Hypotheses [H1],[H2] and the maxi-
mum principles imply that the components v; > 0 in Q,9v;/dn < 0 on 9 for
i € J. Thus, there exists ¢ > 0 such that T'(z) > 0z with z € P. Theorem A3-10
in Chapter 6 asserts that there exists a nontrivial u® = col.(u?, ..., u}, 1) €EP
and pg > & > 0 such that Tu® = pou’ (i.e. (6.11) with A\g = 1/pg.) The last
component of (6.11) implies that we cannot have uY =0in Q foralli =1,...,m.
The maximum principle further implies that if u? %0, for j € J, then u?(x) >0
for all z € 2. We can then obtain from hypotheses [H1], [H2] and the maximum
principle that 4 > 0 in Q and 9u?/dn < 0 on AN for all i € J.

Now, let w = col.(wy,...,wns+1) Z 0 be such that Eq[w] = AoBw. From
Lemma 6.1, there must exist §* € R and some k € J such that

(6.12) u) = §*wy, and ug-) —6*w; >0 in Q for all j € J.
If there is an integer r € J such that

(6.13) ul(z) — §*w,(Z) > 0 for some Z € Q,

then —A[ul — §*w,] = Ao Egn:ﬁl Byj(uy — 6*w;) > Oimplies that u}) — §*w, >0
in  for the case r # m + 1. For the case r = m + 1, we have (—A + ¢)(ud, | —
§*Wpy1) > 0, which also implies that u® —§*w, > 0in . We then consider the i-
th equation in (6.11), for i # r; the hypothesis [H2] implies that —A(u) —§*w;) #
0if i # m + 1 also, or (—A + q)(u) — 6*w;) # 0 if i = m + 1. Consequently,
uY — 6*w; # 0 for each i # r. This contradicts the existence of an integer k € J
such that (6.12) holds. This means that if (6.12) holds, there cannot exist an
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r € J such that (6.13) holds. That is, we have u° = §*w. Finally, suppose that
there is another A; > 0, A1 # Ag so that @ = \{T'a for some @ € P,u # 0. We
can deduce as before that 4; > 0 in Q,0u;/0n < 0 on 9N for ¢ € J. Then we
can obtain from comparison Lemma 6.1 that A; = A\g. This completes the proof
of the Theorem.

As described in the beginning of this section, the last component w,,11 de-
notes the temperature in the reactor, and the term Hy,41 m+1(2,0) = Bt1,m+1
denotes the cooling coefficient. It is therefore physically reasonable to impose
the hypothesis:

H3] Hpt1.m+1(2,0) = Brg1.ms1(z) <0 for all x € Q.
To insure the existence of positive eigenfunction, we further assume that:
[H4] There exists some k € J such that By(z) > 0 for some x € €.

The following theorem remove the restrictive assumption that By, 1 m+1 =0
in Theorem 6.1, and the entries of B are no longer all non-negative.

Theorem 6.2 (Positive Eigenvalue for the Linear Part). Suppose B
satisfies all the hypotheses [H1] to [H4]; then there exists (A\g,v°) € RxE, A\g > 0,
such that

(6.14) —A[°] = AB® in Q,0° =0 on dQ,

with each component v >0 in Q,007/0n < 0 on OQ for i € J. Furthermore,
1/Xo is an eigenvalue of the operator (—Ap)~' B : [CH(Q)]"! — [C1(Q)]™ ",
with an one-dimensional nullspace for (—Ap)~'B — (1/X)I.

We will use Theorem 6.1 to prove this Theorem. For convenience, define B
to be the (m + 1) x (m + 1) matrix function on 2 as follows:

Blj(m) = Blj(m) for (Zaj) € J> (Zaj) 7& (’I?’L +1,m+ 1)7~T € Qv
615)
Brmt1,m+1 = 0.

For each A > 0, define the m + 1 component vector operator:
Ly=(-A,...,—A,~A = ABpi1ms1);

and consider the eigenvalue problem

(6.16) Lyu = pBu in Q, ulpn =0,

with eigenvalue p. Since B satisfies the conditions in Theorem 6.1, problem
(6.16) has a unique positive eigenvalue p = p(A) with corresponding eigenfunc-
tion u = uy = col.((ux)1,-- -, (U\)m+1), With (uy); > 0 in Q,9(uy);/0n < 0 on
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01}, for i € J. The proof of Theorem 6.2 will follow readily from the next two
lemmas.

Lemma 6.2. Under the hypotheses of Theorem 6.2, the function p(\) is bounded
for all X € [0, 00).

Proof. Let G be an open bounded set in €2 with its closure contained in €2,
and Byi(z) > 0 for all x € G. (Here, k is the integer described in [H4]). Let
® # 0 be a C* function with compact support contained in G. We clearly have
Jo Ber®?*dx > 0. Let uy be as described above, and set wy(z) = In(uy)g(z) for
x € . Thus, we have in G that:

(6.17) —A —i(a(wk)f— P ié (ux)j > Brrp(A
. Wy 0z, = kj\U)); = k:kp( )
i=1 Jj=1

Multiplying by ®2 and integrating over G, we obtain

N
(6.18) /G [—Awy — Z(aé‘;%))?]qﬁdx > () /G B (2)®%dx.
i=1 ¢

Integrating by parts gives
(6.19) / < OVwy,2V® — dVwy > dr > [)()\)/ By, ®?dz.
G G

Note that in G, we have

< OVwy,2VP — dVwy, > =— < VP — dVw),, V& —dVwy >+ < VO, VD >
<<VO, VD > .

Hence, (6.19) gives

o Ja<VEVe > du

6.20 0 < p(A
(6.20) <O S

for all A € [0, 00).

Lemma 6.3. Under the hypotheses of Theorem 6.2, the function p(X) is con-
tinuous on \ € [0,00).

Proof. Let A* > 0 and \; be a sequence with A\; — A*. By Lemma 6.2, we may
assume without loss of generality that p(\;) — d for some d > 0. From Theorem
6.1, for each i there exists an eigenfunction u; > 0, normalized to || u; o= 1
satisfying

(6.21) Ly,u; = p(N)Bu; in Q, ulsq = 0.
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Schauder’s theory implies that {u;} is bounded in the C1*#(2) norm. Using an
embedding theorem we obtain without loss of generality that u; — v for some
v e [CHQ)]™ and v # 0,> 0 in . In the limit, we obtain

(6.22) Lywv=dBv in 9, v|gn = 0.

From the maximum principle, we must have v > 0 in Q. On_ the other hand, for
A = \*, Theorem 6.1 implies that there exists v* € [C?T#(Q)]™+ v* > 0 in Q,
and a number p(\*) satisfying

(6.23) Ly-v* = p(N\*)Bv* in Q, v*|pq = 0.

Using the comparison Lemma 6.1, (6.22) and (6.23), we can readily deduce by
contradiction that p(\*) = d.

Proof of Theorem 6.2. By Lemma 6.3, the function w(\) := p(A) — A is
continuous on [0,00). From Theorem 6.1, we have w(0) > 0; and from Lemma
6.2, we have w(\) < 0 for large A > 0. Thus, there exists A such that p(A) = A
and (6.16) becomes

(6.24) L5v° = p(\) B’ in Q, v%s0 =0

for some v°, with v > 0 in Q and 9v?/0n < 0 on 98,4 € J. Comparing with
(6.14), we clearly see that it is the same as (6.24) with Ag = p(A) = A. Finally,
the dimension of the nullspace of (~Ap)~'B — (1/X)I follows from (6.24) and
Theorem 6.1. This completes the proof of Theorem 6.2.

In order to apply Crandall-Rabinowitz’s bifurcation theorem to obtain posi-
tive solution for the nonlinear problem (6.4) we will have to analyze the range of
the operator: I — Ao(—Ap)~'B. This leads to the study of the adjoint problem:

(6.25) (=Aw=ABTv in Q, v|pq=0.

Lemma 6.4. Let B satisfies [H1] to [H4]. Then problem (6.25) has a nontrivial
solutwn when A = \o with the correspondmg etgenfunction v()\o) =0 satzsfymg
0 >0 fori=1,...m, and va =0 in Q. Moreover, the solution v(\o) is

unique up to a multzple (Here, \o is the same as that defined in Theorem 6.2).

Proof. Let k be a positive constant such that kE+ Hyp1m+1 > 0in . Let
D* = BT + kI and consider the problem (—A + Aok)u = AD*u in €, ulspq = 0.
As in the proof of Theorem 6.1, we can show that there exists (Ao, u*) such that

(6.26) (=A + MkI)u* = NgD*u* = Ag(BT + ENu* in Q, u*|pq =0,
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with w* > 0,% 0 in Q, Ao > 0. Hypotheses [H1] and [H2] imply that u} > 0 in
Q fori=1,...,m. Recall that from (6.14), v" satisfies:
(6.27) (—A + Ak = Mg(B + kI in Q, 1°)yq = 0.
Multiplying both sides of (6.27) by u* and integrating over {2, we obtain
Ao < (B4 kDO, u* > = < (—=A + MkI)0°, u* >
= <00, (—A + AkI)u* >
(6.28) _ ~
=X <%, (BT + kIu* >
=X < (B4 kDO, u* > .
This implies that Ao = Ao, and (6.26) becomes
(6.29) (=A)° = 3BT in Q, 9 =0,

where we label 99 = u*. The (m + 1)-th equation in (6.29) clearly implies that
179n +1 = 0in Q, since the last row of BT is = 0 except the diagonal entry, which
is < 0. Applying Lemma 6.1 to the first m equations of (6.29), (i.e with m
replacing m + 1), we obtain the uniqueness of u* = 9" = v(j\o) up to a multiple.

As described above, we can consider a solution of problem (6.2) as a solution
of (6.4). For convenience, we define an operator F : RT x F; — F by

(6.30) F\u)=u— A—=Ap) YH(. upmyr)u for (A u) € RT x Fy.
Problem (6.4) can be written in the form
(6.31) F(\u) =0.
Defining
Lo:Fi—F by Lo=1I—X(-Ap) !B,

(6.32) Li:Fr—F by L= (AD)_lB, and

G:R"xF, —F1 by G\ u)=-N—Ap) Y [H(., um+1) — Blu),
equation (6.31) becomes
(6.33) F(A\u):=Lou+ (A — Xo)Liu+ G\ u) =0, for (A\u)eR" x F.

We clearly have F'(\,0) =0, for all A € RT. Let N(Lg) and R(Ly) respectively
denote the null space and range of Ly. We will show that they have the following
properties:
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Lemma 6.5. Assume that B satisfies hypotheses [H1] to [H4] then
(i) N(Lg) is one-dimensional, spanned by v°;
(i1) dim[Fi/R(Lo)] = 1;
(i) L1v° & R(Ly).
Proof. Part (i) was proved in Theorem 6.2. The operator Ly can be extended

naturally to Lo with the set [L?(Q)]™*! as its domain. The range of Lo can be
described by

{z € [L*( )] : [,g-2dx =0, forall g satisfying Ag+ MBTg=0 inQ,
gloa = 0}.

By Lemma 6.4, all the g described above have to be a multiple of . Thus, by
means of the mapping u — fQ 9% - udr from F; onto R!, we conclude that (ii)
must be true.

To prove (iii), we first assume the contrary that Liv" € R(Lg). Then there
exists w € [F1]™*! such that

[ — Xo(=Ap)'Blw = (Ap)™'Bv°, ie. —Aw— ABw=—Bu’.
Multiplying both sides by #° (cf. equation (6.9)), and integrate over €2, we obtain
< —Aw—NBw, 3" > = < —B°, 8" >,

and thus
0 =<w,0>=<w (—A—XB"i’> = < -B, " >.

However, the assumptions on B, and the fact that v{ >0 fori=1,...,m+1,

and 15? > 0 for ¢ = 1,...,m imply that the expression on the right above is

strictly negative. This contradiction implies that (iii) is valid.

In order to have enough smoothness for the function G given in (6.32), we
now impose further hypotheses on the smoothness of H(.,7):

[H5] (0H;;/0n)(.,n) and (9*H;;/0n*)(.,n) are in C*(Q) uniformly in 7 in
bounded subsets of R!, for each 4,5 € J.
Lemma 6.6. (i) Assume hypotheses [H1| to [H5]; then the Fréchet derivatives
DyG, D1G, D12G exist and are continuous on R' x Fi. Moreover, we have
(6.34) DyG(\ uw)w = MNAD) H (., tms1)w + H(., U1 )1 — Bul

for all (\,u) € Rt x Fi,w € Fy where H(.,ums1) = (0H;j/0n)(., umi1) is an
(m+1) x (m + 1) matriz function;
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(i) |G\ w)|| 7 /]|ull7, — 0 as ||u]|7, — O uniformly in A near \o.

Proof. Direct calculation and estimating the range of (—A)~! gives

GO w) = GO ) = AAD) ™ [H (1) (1w — )
+H (-, g1 ) (w1 — i) — Blw —w)][| 7
< ENH(., wmg1)w — H( 1) u — H( g1 ) (w — u)
—H (. U 1) w(Wing 1 — Ume41)]|oo
< RN | Hij (3 w1 )w; — Hig(o g1 Jw;
—6Hz‘j/677('> Um+1)uj(wm+1 — Um+1)|]0o
< KA [ Hi (o wimsr) = Hig( i)
—3Hij/377('7 Unt1) (Wmt1 — um-l-l)]ujHoo
HNHij (- wim1) = Hig (5 uma1)][w; — wllloo}
< kA 2?3111{||6H2’j/677('>um+1 + Sz'j(wm—f—l — Umt1))
—O0H,j/0n(.; wmt1) oo |w0m+1 — Um-1]]oo 100
HI[Hij (- wm1) = Hij (-, tmg)[|ooJw — uf|oo }
< e\ p)|lw — ullZ

for ||w|| 7, [|u||7 < p, where s;; above is a number between 0 and 1 and ¢(A, p)

is a constant which depends on (), p). This inequality proves (6.34) and G €

CI(R+ X F1,F1). One can then similarly show the existence of D12G and D;G.
For part (ii), we use Schauder’s theory to obtain

NGAwlF EUH (ums 1) = Blullo
lJull7 = Il

< k32— 1Hij (s umen) = Hig( 0)l|oo — 0, as [Jull7 — 0.

Continuing as in Lemma 6.6, one can show F € C?(RT x Fi,F1). Using (6.34)
and Lemma 6.6 again, we obtain

Lo = DyF(X\,0), Ly = D1aF(Ao,0),
G(\,0) =0, DyG(Xo,0) = D13G(X,0) = 0.

Consequently, by means of Lemma 6.5, we can apply a local bifurcation theorem
of Crandall-Rabinowitz (Theorem A1-3 in Chapter 6) to the equation F(\, u) =
0 to obtain a C* curve (A(s),0(s)) of solutions as described in the following
theorem. (See also Diemling [49]).
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Theorem 6.3 (Bifurcating Positive Steady-State). Under the hypotheses
[H1] to [H5)], the point (Ao, 0) is a bifurcation point for the problem (6.33) (or
equivalently for the problem (6.2)). Here, 5\0 > 0, with corresponding eigenfunc-
tion v°, is the eigenvalue described in Theorem 6.2. More precisely, there exists
an interval [0,6),6 > 0, and a Ct-curve (A(s),0(s)) : [0,6) — R x Fy such that:
A0) = Ao, 6(0) = 0, and the solution i(z) = u(y) = u(z/k) of (6.33) is of the
form
u(z/k) = s(v® 4+ 0(s))(x/k) for v € kQ, k= +/A(s).

The corresponding solution u(x) = u(x/k) of (6.1) is positive in k§2 and is in
C*HH(kQ).

Note that A\(s) and u(z/k) satisfy

(6.35) F(\(s),s(v° 4+ 0(s)) =0 for s €0,6).

Remark 6.1. The above number Ay, which is first defined in the statement of
Theorem 6.2, is unique.

Proof of Remark. Suppose 5\1 is any number so that there exists v! € £ (with
each component v} > 0 in Q,i € J) satisfying

(6.36) (=AW =\ Bv', in Q, v' =0 on 9Q,

where B satisfies hypotheses [H1] to [H4]. Let ©° be as defined in Lemma 6.4.
Taking inner product on both sides of (6.36) with ©°, we obtain

M < BoLi%> =< —Av, 00> = <o, —A0 >
=g <o, BT%> = Xy < Bv', 1% > .

Since 99,4 = 0, the hypotheses [H1] to [H4] on B implies that < Buv', 1% ># 0.
This shows that 5\1 = 5\0.

For the rest of this section, we will always assume hypotheses [H1] to [H5].
We will investigate the linearized and asymptotic stability of the positive bi-
furcating solution found in Theorem 6.3. For this purpose, we will introduce

more assumptions on the derivative of H;; below. Applying the theory in [34]
(Theorem A1-3 in Chapter 6), and the fact that

(6.37) / o0 A dx #0
Q

(note that 9 > 0 for i = 1,...,m,1§?n+1 =0, and v > 0 for i =1,...,m+ 1),
we can assert that there exist d; € (0,6) and two functions

(7();2(.)) : (Ao = 81, A0 +61) — R x Fi,
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(m(.),w(.)) : [0,61) — R x Fu,
with (7(Ao), 2(Ao)) = (7(0),w(0)) = (0,2°), such that
(6.38) DoF(X,0)2(\) = v(NAL (2())), and
(6.39) DyF(A(s), s(v° + 6(s)))w(s) = n(s)ABl (w(s)).

Here, (6.37) and the theory in [34] implies that v(\) and 7(s) are respectively
Apt-simple eigenvalues of DaF()\, 0) and DaF(A(s), s(v°+6(s)), with eigenfunc-
tions z(A) and w(s). Moreover, the theory in [34] further leads to the following
lemmas.

Lemma 6.7. Assume hypotheses [H1] to [H5]. There exists p > 0 such that for
each s € [0,01) there is a unique (real) eigenvalue n(s) for the linear operator

(6.40) F* == ADyF(\(s),s(v° +6(s): €—F

satisfying In(s)| < p with eigenfunction w(s) € €. That is
(6.41) )
Frw(s) := Aw(s) + AM(s)H(., (us)m+1)w(s) + A(s)H (-, (Us)m+1)UsWm1
= n(s)w(s),
where ug := s(v° + 0(s)).

The next few lemmas study the behavior of the eigenvalues A(s),n(s) for
small s > 0, and y(A) near A = Ag. In order to obtain stability we will need the
following additional hypotheses:

(0H;;/0n)(.,0) <0 inQ, forall i=1,..m,j=1,..,m+1;
[HO]
(0H;;/0n)(Z,0) <0 for some z € 2, somei=1,...,m,
and some j=1,...,m+ 1.

For all the remaining part of this section, we will always assume hypotheses [H1]
to [H6].

Lemma 6.8. The function \(s) defined in Theorem 6.3 satisfies N'(0) > 0.

Proof. Theorem 6.3 asserts that \(0) exists. Equation (6.35) implies that
5(v° 4+ 6(s)) is in &; and for s € [0,d), we have

A(s(0° +0(s)) + M) H (., s((v") a1 + Omy1(5)))s(0” +6(s)) = 0.
Dividing by s, then differentiating with respect to s and setting s = 0, we obtain

A0'(0)) + N(0)H(.,0)0° + Mo H(.,0)0"(0) + Ao H (., 0)(v°)p10° = 0.
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Multiplying by (2°)” and integrating over , we obtain

/ {(@)T A0 (0) + XN (0)(2°)T Bv® + Ao (2°)T BO'(0)
Q

+ X0 ()T H(.,0)(v°) 10"}z = 0.

Integrating by parts, we find

/ N(0)(69)T B dz = — Ao / (YT F(., 0060 (1)1 d.
Q Q
Consequently, we obtain

> 0.

Note that the sign of the numerator above is determined by hypotheses [H6].

Lemma 6.9. The function y(\) in (6.38) satisfies 7' (Ag) > 0.
Proof. Note that DyF(),0) = I + AA'B. From (6.38), we have

(I +AALB)2(A) = y(WAL2(N), for A€ (Ag — 01, Ao + 61).
We can thus readily obtain
Az(N) + ABz(A) = v(A)z(V),
Jo@)TAz(A) + A@°)T Bz(\)da = [y(A) = v(Ao)] [ (8°)Tz(N)da,

since 7(5\0) = 0. Integrating the first term on the left above by parts, using the
equation satisfied by 9%, factoring and cross multiplying, we deduce

1A —7(o) _ Jo(®*) Bz(N)dx
A=A Jo@)T2(N)dz

Taking limit as A tends to 5\0, we obtain

'Gy) = Jo (0T Buda
T = Jo (0°)T00dz
The strict inequality above is due to hypothesis [H4].

Lemma 6.10. There exists 3 € (0,01), such that n(s) < 0 and us = s(v° +
0(s)) > 0 in Q for all s € (0,62). Here, n(s) and us are defined in Lemma 6.7.
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Proof. From Theorem 1.16 in [34], we find —s\(s)y(Xo) and 7(s) have the
same sign for s > 0 near 0. Hence Lemmas 6.8 and 6.9 imply that n(s) < 0
for small positive s. Since v° is positive in Q with negative outward normal
derivative on the part of 9Q where it is zero, and #(s) — 0 in C! as s — 0, we
must have u; = s(v° 4+ 6(s)) > 0 in Q for s > 0 sufficiently small.

It remains to investigate the other eigenvalues of F). Let b > 0 be a large
enough constant such that

m—+1
(6.43) > AoHij(2,0) —b<0 forallzeQ, i=1,...,m+1
7=1

For convenience, let My be the complex extension of the operator from & into
F defined by

(6.44) Mow = A(w) + AB(w) — bl (w),
for w € £, where I is the identity operator.

Lemma 6.11. (i) The inverse of My can be defined as My' € L(F), i.e. a
bounded linear operator F — F, and it is compact.
(it) If X # 0 is an eigenvalue of My + bI (i.e. A+ XgB), then Re(\) < —r

for some positive number r.

The proof uses the sign of the off-diagonal terms of B, (6.43) and the max-
imum principle for the corresponding systems. It is essentially the same as the
proof of Lemma 2.8 in [137]. The details will be omitted here.

For convenience, we let o5 denote the point spectrum of F7. The next
linearized stability theorem follows from Lemmas 6.7 to 6.11.

Theorem 6.4 (Linearized Stability of Bifurcating Positive Steady-
State). Under hypotheses [H1] to [H6], there exists a number 6* € (0,0) where
d is described in Theorem 6.3, and a positive function n(s) for s € (0,6*) such
that the point spectrum og satisfies:

(6.45) Reos, C {w e RYw < —n(s)} for s € (0,5%).

Here, Reos denotes the set of real numbers which are real parts of numbers in
Os.

The proof of Lemmas 6.8 to 6.10 are given in detail above, and they are
the consequences of [H1] to [H6]. They are different from the model in [137].
However, the proof of Theorem 6.4, using assertions in Lemmas 6.7 to 6.11 are
exactly the same as the proof of Theorem 2.2 in [137]. The details are thus
omitted here.
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For each fixed 5 € (0,6%), the function us = 5(v° + 0(5)) is a steady- state
solution of problem (6.3) with A = A(5) given by Theorem 6.3. We now proceed
to investigate the time asymptotic stability of this steady state as a solution of
the parabolic system (6.3). Let B; and By be Banach spaces as follows:

By ={u:u€[C(Q)]™ u=0on 00}, and

6.46
(6.46) By = {u:u € [Ly(Q)]™!} for p large enough such that N/(2p) < 1.

Let A; be the A operator on By with domain D(4;) = {u : u € [W2?P(Q)]™*!
for all p, Au € [C()]™!, u =0 and Au = 0 on 9N}; and A be the A operator
on By with domain D(As) = {u € By : u € [W?P(Q) N Wol’p(Q)]m“}. For u

= col.(u1,...,Um+1), and f(u) = AH (-, Upm+1)u, we can consider the following
nonlinear initial-boundary value problem for each ¢ = 1, 2 corresponding to
(6.3):

du
(6.47) i Aju(t) = f(u(t)) for t € (0,T]

with u(t) € D(A;),t > 0, respectively for ¢ = 1,2. Here, we suppress writing the
dependence of f on A(5), since it is fixed for some 5 € (0,0%).

Definition 6.1. A solution of an initial value problem corresponding to (6.47)
in B; is a function

u(t) € C([0,T), B;) N C*((0,T), B),

with u(0) = ug,u(t) € D(A;) for all t € (0,T]; and u(t) satisfies (6.47) for
t e (0,7).

The operator A, is an infinitesimal generator of an analytic semigroup M (t),
t > 0, on By. It is well-known that for o > 0

b OOTa_l T)dT
i , MO

defines a bounded linear operator on By. Moreover, [(—A3) ™! = (=A42)%is a
closed linear operator on By with dense domain D((—A2)®) = (—A3)”%(B2). We
denote by X the Banach space (D(—A2)%),||||a), where ||u||o = ||(—A2)%ul|L»
for all u € D((—A)%). Moreover, for N/(2p) < a < 1, there exists a constant
C(a) > 0 such that ||u||ec < C()|]ul|q for all w € X*. (See Definition A4-6 to
A4-8 in Chapter 6 or Pazy [184]).

For further discussion of solutions in these spaces, we will make the following

additional assumptions for 7,5 =1,...,m+ 1:

H;;(z,n) and (8H,;/0n)(z,n) are bounded for all (z,n) € Q x R,

(~42)7" =

[H7]

(z,m2| < Clm —n2)| for all ny,m € RY,
for some constant C' > 0.

O0H;; OH,;;
| anj( ’ 1)_ 877]
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For the function f described above, the hypotheses [H1] and [H7] lead to the
following Lipschitz properties in By and By: There exists C' > 0 and p > 0, such
that
(6.48)

I f(u) = f(w) [loo< C | u —w [loo for all u,w € By with || u [leo, || w [leo< p,

and

(6.49)
I f(u) = f(w) [[Lr< C | u—w |lo for all u,w € X* with || u [la, || w [« < p.

Here C' depends on a and p. From the Lipschitz properties (6.48) and (6.49), we
obtain local existence for solutions of (6.47) in By and Bs respectively. (See e.g.
[184]). Moreover, Corollary 3.3.5 in Henry [84] implies that solutions of (6.47)
are global. From hypotheses [H1] and [H7], we can further deduce:

(6.50) | f(w) = f(u) = dfu(w = u) [oo= of]] w —u [l0)
for all u,w € By, ||ul|leo < p, as ||w — ul|eo — 0, and
(6.51) | fw) = f(u) = dfu(w —u) [[Lr=o([| w — u[a)

for all u,w € X ||lul|lo < p, as ||w — ul||o — 0. Here,

OH
dfuz = NH (-, Upy1)2 + )\[a—n(-, Umnt1) | UZm41-

Note that the operator A; + dfg, 4 := uz, on B; can be written as F; as in (6.41).
Thus the point spectrum of A; 4 dfy lies in {A € C': Re A < —n(5)} by Theorem
6.4. Moreover, the spectrum of Fy is the set {1/p : p is in the spectrum of
(F*)~'}, and thus consists only of eigenvalues. (See e.g. pp. 51 and 79 in [184]).
By means of (6.50), (6.51) and Theorem 6.4, we can apply the stability Theorem
5.1.1 in [84] or Theorem A4-11 in Chapter 6 for sectorial operators to obtain
(6.53) in the following theorem for the asymptotic stability of the steady state
solution.

Theorem 6.5 (Local Asymptotic Stability of Positive Steady-State).
Assume hypotheses [H1] to [H7], and let u := uz, \ = A(5) for a fized 5 €
(0,0%),ac € (N/(2p),1). Then, for each i = 1,2, there exist p > 0,3 > 0 and
M > 1 such that equation (6.47) has a unique solution in B; for allt > 0 if ug €
B and || uo — 4 ||eo< p/(2M) fori =1 (orug € X and || up — @ || < p/(2M)
fori=2). Moreover, the solution satisfies:

(6.52) | w(t) =@ |joo < 2Me P || ug — @ ||oo for allt >0, i=1, or

(6.53) | w(t) =i ||o < 2Me P || ug — @ ||o for allt >0, i=2.



2.6. REACTOR DYNAMICS 195

Note: the condition on « is only assumed for solutions in Bs.

The details of the proof are the same as that for Theorem 3.1 in [137], and
will be omitted here. For (6.52), we can use the theories in Theorems A4-8 and
A4-9 in Chapter 6 by Mora [176] or results in Stewart [211].

Note that hypotheses [H1] to [H5] are sufficient to insure the existence of
the steady-state @, by Theorem 6.3. The addition of hypotheses [H6] and [H7]
leads to asymptotic stability.

Notes.

Theorem 2.1 to Theorem 2.3 are due to Leung and Ortega [139]. Theorems
3.1 to 3.5 are obtained from Leung and Villa [142]. Theorems 4.1 to 4.5 are
found in Liu [160], and Theorems 5.1 to 5.3 are due to Leung [129]. Theorems
6.1 to 6.5 are obtained from Leung and Villa [141].



Chapter 3

Optimal Control for Nonlinear
Systems of Partial Differential
Equations

3.1 Introduction and Preliminary Results for Scalar
Equations

The last two chapters study the basic properties concerning the existence and
stability of positive solutions of reaction-diffusion systems. This chapter is con-
cerned with the control of these systems with various definite purposes in mind.
We summarize some recent results concerning the optimal control of nonlinear
partial differential equations related to those studied in previous chapters. We
control the interaction parameters or boundary conditions in order to optimize
expressions involving the solutions of the systems. For example, in Section 3.2
we consider the optimal control of harvesting effort for a prey-predator system
in an environment. Such problems arise naturally in fisheries and agriculture
when various species are harvested for economic profit. We first assume that
the species are in steady-state under diffusion and Volterra-Lotka type interac-
tion. They are harvested for economic return, leading to reduction of growth
rate. The problem is to control the costly spatial distribution of harvesting ef-
fort in the habitat so as to maximize the profit. In Section 3.5, we assume the
control is imposed on the boundary of the habitat. The study leads to better
understanding of the relationship between the growth of the species and the
economic cost of maintaining an ecologically favorable boundary environment.
In many ecological systems, progressive deterioration of the surrounding of the
habitat may lead to pattern of species extinction in remnant patches, as de-
scribed in Bierregarrd et al. [9]. It is also suggested in Angelstam [4] that as

197
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human activities make the habitat surrounding more dissimilar, there is an in-
crease in the severity of predation impact on Swedish forest birds by predators
(e.g. corvids and foxes) residing in the habitat. Application of similar model
is also made in wildlife damage management for controlling population of diffu-
sive small mammal species such as beavers, raccoons and muskrats (see Lenhart
and Bhat [116]). Since there are natural seasonal environmental variations, we
consider time-periodic optimal harvesting control of competing populations in
Section 3.3. In Section 3.4, we consider the optimal control of nuclear fission
reactors modeled by parabolic differential equations. The neutrons are divided
into fast and thermal groups with two equations describing their interaction and
fission, while the third equation describes the temperature in the reactor. The
coefficient for fission and absorption of the thermal neutron is assumed to be
controlled by a function through the use of control rods in the reactor. The
object is to maintain a target neutron flux shape, while a desired power level
and adjustment costs are taken into consideration. For other applications to
medical and physical sciences, one can find examples in e.g. Kirschner, Lenhart
and Serbin [104], and Lasiecka and Triggiani [114].

In this section, we first consider a simple preliminary problem concerning the
steady-state control of one species, whose growth is governed by the diffusive
Volterra-Lotka equation with no-flux boundary condition:

(1.1) Au+ ul(a(z) — f(x)) —bu] =0 in Q, % =0 on 09Q.

Here, u is the species concentration. The function a(z) describes spatially de-
pendent intrinsic growth rate, and b designates crowding effect which is assumed
to be constant for simplicity. The function f(x) denotes spatially dependent con-
trol harvesting effort on the biological species. The optimal control criteria is to
maximize the difference between economic revenue and cost. This is expressed
by the payoff functional

(1.2) J(f) = /Q (Kuf — Mf*}da,

where K and M are constants describing the price of the species and the cost of
the control. Here fQ ufdzx is a measure of the total harvest, and w itself depends
on f through (1.1). Such a model is certainly only a prototype, and various
other variations can be made. In this section, we follow the presentations in
Leung and Stojanovic [140].

To fixed ideas, we assume () is a bounded domain in R™ with 0Q € C?; A
and a% respectively denote the Laplacian and outward normal derivative. K, M
and b are positive constants. We also assume that

a(x) >0, f(zr)>0 ae. inQ, and
a € L>(Q), feL™N).
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For convenience, we denote
L) ={f|f € L=(Q2), f>0 ae. inQ};
and for § > 0
(1.3) Cs={fe L0 < f<d ae inQ}.
We define an optimal control (if it exists) to be an f* € Cs such that

(1.4) J(f*) = sup J(f).

feCs
Before investigating the optimal control, we first note that for each fixed f €
Cs, problem (1.1) has a unique positive solution under appropriate assumptions.
Theorem 1.1 (Positive Solution for a Given Control). Suppose that a(x)
and § satisfy hypothesis
[H1] 0 < ¢ <infga(x).

Then for each f € Cy, the problem (1.1) has a unique strictly positive solution
u:=u(f) € W2P(Q), for any p € [1,00). Furthermore, the estimate

(1.5) llu(f)]l2,p < const.

is valid, uniformly for all f € Cs.
Proof. Let C' > 0 be a constant large enough so that

(1.6) ||a]|oeC — bC* < 0.
Then choose a constant P > 0 so that
(1.7) 6+20C — P <O.

Define an initial iterate

(1.8) ug = C;
and then inductively define uy, k = 1,2, ... as solutions in W?2P(Q) of the linear
problem

Auy, — Pug = —(a(z) — f(x))ug—1 +bu_| — Pug_1 in Q,
(1.9)
% =0 on 0.



200 CHAPTER 3. CONTROL FOR NONLINEAR SYSTEMS

One readily verifies that (1.9) implies

A(C —uy) — P(C —u1) = (a— f)C —bC? <0 in 0,
(1.10)
%(C —up) =0 on 99.

By means of maximum principle and boundary condition, we can use e.g. The-
orem 9.6 and arguments in Lemma 3.4 in Gilbarg and Trudinger [71] to deduce

(1.11) u;p < C =wyp in Q.
The choice of P in (1.7) implies that the function
h,u) = —(al@) — F(@))u+ bu® — Pu

is decreasing in u € [0,C] a.e. in Q. Using the same argument as above, we
readily obtain

(1.12) u < up_p in Q

for each k = 2,3,... On the other hand, hypothesis [H1] implies that for ¢ > 0
sufficiently small

A(ug —€) — P(ug — €)

h(z,ug_1) + Pe
(z,up_1) + Pe+ (a(x) — f(z))e — be?
(z,up—1) — h(z,e) in Q.

Thus assuming € < C' = ug, and starting from k£ = 0, we can inductively deduce
that A(ug —€) — P(ug —€) < 0 in Q for each k. Consequently, we have

(1.13)

IN

h
h

T,u
T,u

(1.14) ug(x) > €>0 ae. in Q

for each £ =0,1,2,...
From the uniform bounds for uy, and W?P?(Q) estimate, we conclude from
(1.9) that for any p € [1,00), we have

l|ug||2,p < const.,

uniformly for f € Cs. Passing to limit as k& — oo in (1.9), and using WP ()
estimate again, we obtain a solution u = u(f) of (1.1) in W2P(Q).
Moreover, we have

(1.15) 0<e<u(f)<C,

and (1.5) holds for all f € Cs.
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It remains to prove uniqueness. Suppose that w is another bounded strictly
positive solution of (1.1). Let

(1.16) I = max{C,||w||e};

and start iterating from an initial constant function [. We can construct as in
the first part of the proof another solution of (1.1), say v, such that

(1.17) O<u<v,0<w<v ae in Q.

(Note that (1.17) is deduced by comparing u and w with successive iterates
starting from [.) However, we have from the equations for v and v

0= [o(ulAv —vAu)dzx
(1.18) = [q [wv*b —uwv(a — f) — vu?b+ vu(a — f)]dx
= [, buv(v — u)dz.

Thus from the first inequality in (1.17), we obtain from the last equation u = v
in . Similarly, replacing the role of u by w in (1.18), we deduce that w = v in
Q.

Remark 1.1. From the proof of the above theorem we see that the unique
strictly positive solution satisfies (1.15). From (1.13), one sees that the lower
bound e can be chosen as

(1.19) e = % [igfa(a:) - 5] > 0.

From (1.6) in the proof, we also see that we can choose
(1.20) C = sup{a(z)/b}
Q

to be the upper bound for all u = u(f), f € Cs.

Since there are upper and lower bounds for all solutions of (1.1) uniformly
for all f € Cs, we next show that we can find a maximizing sequence f,, € Cs
and prove in the usual manner that there exist a subsequence which converges
weakly in L?(Q2) to an optimal control f* € Cs.

Theorem 1.2 (Existence of Optimal Control). Let 6 and a(z) satisfy hy-
pothesis [H1], then an optimal control does exist in the sense of (1.4).

Proof. From (1.15), it follows that

sup J(f) < oo.
fels
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Let f,, € Cs be a maximizing sequence. Then, there exists a subsequence, again
denoted by f, for convenience, so that

fn— f*€Cs weakly in L?(€),
up = u(fp) — u*  strongly in WH2(Q)

(by using (1.5)). Passing to the limit as n — oo in
/{Vun Vi (a— fo)und+buleldz =0 Yo € W2P(Q) N L=(Q),
Q
and noting that

/ fnunddr — / ffu*pdx Vo € L=(Q),
Q Q
we conclude from the two limits as n — oo above that
But then
J(f*) = JolKu f*— M(f*)*}dz
> limy, oo Jo Ktin frdz — lim inf, . [, M f2dx

= lim sup,,_,. J(fn) = SUPfec; J(f),

and consequently, f* is an optimal control in Cs.

In order to characterize the optimal control, we next find a slightly stronger
condition than [H1] to obtain differentiability of w(f) with respect to f as de-
scribed in the following lemma.

Lemma 1.1 (Differentiability with Respect to Control). Suppose ¢ and
a(x) satisfy

[H2] 0 < ¢ < 3{2infg a(z) — supg a(z)}.

Then, the mapping
Cs 3 [ u(f) e WH(Q)

1s differentiable in the following sense:

u(f + Bf) —u(f)

(1.21) 5

— & weakly in WH2(Q)




3.1. SCALAR EQUATIONS 203

as B — 0, for any f € Cs and f € L>(Q) such that f + Bf € Cs. Further, & is

the unique solution of

(1.22) Ag+m—f—2wuwg:funin9,§§ZOODaQ

(Note that [H2] implies that [H1] is satisfied.)
Proof. From (1.1), we deduce that

_u(f + Bf) —u(f)

(1.23) £ 5

satisfies

A&g+ (a — f)ég — b(u(f + Bf) + u(f)&s = fu(f + BF) in Q,

%if:O on 0f1.

(1.24)

Consequently, we have
JolIV &6 + [b(u(f + BF) +u(f)) —a+ f]E5} do
= Jo —ful(f + Bf)ép du.

From Remark 1.1, we obtain

(1.25) bu(f+Bf)+u(f) —a+ f> 2{11&1‘@—5} —sgpa >4,

where the last inequality is due to [H2]. Consequently

1€5113 2 < const.|| flloc|[u(f + BHII2IEs!l2-

and thus
(1.26) 1€s]]1,2 < const.,

where the constant is independent of 3.

Thus, using (1.26), we choose a sequence § — 0 and deduce, as in Theorem
1.2, that the weak limit satisfies (1.22). From the uniqueness of solution to
(1.22) we conclude that £g — & weakly in W12(Q) as 8 — 0, for a full sequence.

Remark 1.2. Hypothesis [H2] ensures the positivity of the expression on the
left of (1.25). If

(1.27) Qbigf {u(f)(2)|f € Cs} —a(x) >0 >0,
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for all z € €2, then Lemma 1.1 can be proved in the same way. Hence if § > 0 is
such that (1.27) holds, then Lemma 1.1 is true without assuming [H2].
We now obtain a characterization of the optimal control as follows

Theorem 1.3 (Characterization of the Optimal Control). Suppose a(x)
and § satisfy hypothesis [H2]; and the constant K, M have the property:

(1.28) M > [K sup a]/(2b9).
Q

Then for any optimal control f € Cs, there exists (u,p) with b=![infga — §] <
u<b lsupga, 0 <p<K, such that

(1.29) f= ﬁ([( —p) in Q,
and (u,p) is a solution of the optimality system

Au—l—au—(b—l—%)u2 =0
(1.30) Ap+ (a — 2bu)p + L2 — 0 in Q,

du _ Op __
W—ay—o on 89

Proof. The existence of an optimal control in C's has been justified by Theorem
1.2. Let f € Cs be an optimal control. For g € LY(Q), € > 0, set

o {g if f<6—€lglle

= Je =

0 elsewhere.

Then, for G > 0 small enough, we have

(1.31) J(f) = J(f+Bf).

Dividing by 3, we obtain

(E (ks ? ~u) (54 )+ u(f)F) - MFQF + )} de <.

Letting 5 — 0, we use Lemma 1.1 and (1.32) to obtain

(1.33) / Kfé+ Ku(f)f —2Mffdx < 0.
Q
Now, define p to be the solution of
(1.34) Ap+fa—f—2b0u(f)lp=—-Kf in Q, % =0 on 09Q.
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Note that from the lower bound for u(f) described in Remark 1.1, we have
a— f—2bu(f) <supga—2infga + 2§ < —36 + 20 = —J. Hence, the problem
(1.34) has a unique solution p, and moreover

(1.35) 0<p<K.

Combining (1.33) and (1.34), we integrate by parts and use Lemma 1.1 to
obtain

(1.36) [ Futp) 0 =) 20 fldo < 0
Q
Letting € — 0, (1.36) leads to

(1.37) glu(f)(K —p) —2M fldz <0 Vg € LT(R).

/Qﬂ{meﬂf(m)<5}

Consequently, we must have

(1.38) f> %(K—p) in QN{z e Q|f(z) < d}.

On the other hand, for —g € L$°(€2), € > 0, we set

f:fe:

0 elsewhere.

o {g if f> €|g]oo

We deduce in the same way as above that (1.36) holds for such f.. Passing to
the limit as € — 0, we obtain

(1.39) —glu(f)(K —p) —2M fldr = 0 V(=g) € LL(Q).

/Qm{zeQ|f(z)>0}

Consequently we must have

(1.40) < %(K —p) in QN{z e Q|f(x) > 0}.

Hence, combining (1.38) and (1.40), we conclude that

(1.41) fz%([(—p) in QN{z e Q0< f(z) <o}
Since by (1.38) we have
(1.42) fZM(K—p) in Qn{z € Q|f(z) =0};

2M
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and by (1.40) we have

(1.43)
f< %(K—p) < %KS (SIépa K)/(2Mb) <§ in QNn{x € Q|f(x) =}

Consequently, from (1.41), (1.42), (1.35), and (1.43) we obtain

_u(f) .
(1.44) f= Wi (K —p) in Q.
From (1.1), (1.34), and (1.44) we easily derive (1.30). This completes the proof

of Theorem 1.3.

Theorem 1.3 expresses an optimal control in terms of (u, p) which is a solution
of the system (1.30) with the property that

b~ infq a(z) — 8] < u(z) < b~ 1supga(w)

in €.
0<px) <K.

We now provide a much better approximation for (u,p). We construct monotone
sequences converging from above and below to upper and lower estimates for
(u,p). These sequences are found by solving scalar equations rather than the
larger system (1.30). In case where the limits of the upper and lower iterates
agree, then the optimal control problem is completely solved.

For convenience we denote

a =infa(z), a=supa(x).
Q Q

In the remaining part of this section, we will always assume [H2] and (1.28).
Let Rq, Ry be positive constants so that the expressions

—p(a(z) — 2bu) — Ryp, and
(1.45) 2

ot — Rop
are decreasing in p in the interval 0 < p < K for all x € Q,(a — 6)/b < u < a/b.
Choose R > R; 4+ Ry so that the expression

K pu
1.4 . S —yut Py

(1.46) ula(z) — (b+ 2M)u—|— QM] Ru
is also decreasing in u in the interval (a —d)/b < wu < a/b, for all z € Q,0 <p <
K.
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For convenience, we define the following constant functions in €2:

U_1 Ed/b, Uy = &—5’

(1.47) ’
p-1 =K, po = 0.

We can readily verify that they satisfy

K _qu_
(148) Au_y—Ru_1 < —u_1ja— (b+ m)u_l + P 21]\12 1] — Ru_y in Q,
K P—1UQ .
(1.49) Aug — Rug > —upla — (b + m)uo + i | = Rug in Q;
and that
K —p_ 2
(1.50) Ap_1 — Rp_1 < —p_1(a —2bug) — % — Rp_4 in Q,
K — 2
(1.51)  Apy— Rpo > —pola — 2bug) — % ~ Rpo in Q

for each u in the interval [ug, u_1].
We now inductively define sequences of functions u;(z), p;(z) in Q,i = 1,2,. ..
as solutions of the following scalar problems:
(1.52)
Au; — Ru; = —u;—sla — (b+ %)ui_g + %] — Ru;_9 in §, %?j =0 on 08

Apz' — Rpi = —pi_g(a — 2bui_1) — % — Rpi_g in Q, 88% =0 on 0f.

Theorem 1.4 (Approximation Scheme for the Optimal Control).
Assume [H2] and (1.28). The sequences of functions u;(x),p;(x), defined above
satisfy the order relation:

up Sug < - Sugy S U1 S ccs S U S U,
(1.53)
Po<p2 < <SP Spar—1 < < pr<poy
for all x € Q. Moreover, any solution (u,p) of problem (1.30) with the property
(1.54) w <u<u_g, p<p<p1 mQ
must satisfy

(1.55) ugr < U < Ugp1, P2 <P < por—1 I,

for all positive integer r.
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Proof. Using the equation satisfied by u; and inequality (1.48), we obtain
A(u_l—ul)—R(u_l—ul) < 0in Q, (8/81/)(U_1—U1) = 0 on 092. Hence Ui < U—1
in Q. Similarly using (1.49) and the decreasing property of the expression (1.46),
we deduce that A(ug —u1) — R(up —wuy) > 01in , (9/0v)(up — u1) = 0 on 9N.
Thus we have ug < uq in Q.

Inequality (1.50) is satisfied with u replaced by w; on the right hand side.
Then subtracting equation (1.52) for py, we obtain A(p_1—p1)—R(p—1—p1) <0
in Q, (0/0v)(p—1 —p1) = 0 on 0. We therefore have p; < p_; in Q. Inequality
(1.51) is satisfied with u replaced by w; on the right. Then subtracting (1.52)
for p; and using the decreasing property of the second expression in (1.45), we
obtain A(p1—po)—R(p1—po) < 0in Q, (0/0v)(p1—po) = 0 on 9. We therefore
have pg < py in €.

From (1.52) we obtain

P-1uo
2M

K
Aug — Rug > —ugla — (b + —)ug +

Wi ] — Rup in Q.

Subtracting the equation for u;, and using the decreasing property of (1.46), we
deduce as above that uy < uy in Q. From the property M > Ka/(2bd), we find
that

K PolUo .
Aug — Rug > —ugla — (b + —— Potio, _ Q.
ug — Rug > —ugla (b—|-2M)u0—|- 2M] Rug in
Thus, subtracting the equation for us, we obtain A(ug — ug) — R(ug — ug) > 0
in © and deduce that ug < uo in 2. So far, we have

(1.56) uy <ug <uyp <wu_p in Q.
From (1.52), we obtain

(K —p_1)?us

Apy — Rp1 < —p_1(a —2buy) — Wi

- Rp_1 in €.
Subtracting the equation for po, and using the decreasing property of expressions
in (1.45), we deduce that A(p; — p2) — R(p1 — p2) < 0 in Q and hence py < py
in . From (1.51), we have

(K —p0)2U2

Apo — Rpy > —pol(a — 2buy) — Ii

—Rp() in Q.

Subtracting the equation for py in (1.52), we thus deduce that py < py in 2. So
far, we have

(1.57) po<p2<p1r <p-1 inf
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Inequalities (1.56) and (1.57) show that

U2y < Uzpt2 < Uopt1 < U2p—1
(1.58) in Q
Don < Pont2 < Pont1 < Pon—1

are true for n = 0.
For convenience, let the expression in (1.46) be denoted as h(u,p). From the
equation in (1.52), we deduce that

A(u1 — U3) — R(u1 - U3)

= [h(u_1,p—1) — h(u1,p—1)] + [(u1,p—1) — h(u1,p1)] in Q.
From the decreasing property of h in v and p, we find that
A(uy —u3) — R(up —us) <0,
and thus ug < uq in €. Similarly,

A(ug —u3) — R(ug — us)

= [h(uo,po) — h(u1,po)] + [h(u1,po) — h(ui,p1)] >0 in Q,

and thus us < ug in ). We have now obtained uy < usz < uq in Q.

We then follow the arguments as in the above paragraphs to deduce in turn
that po < p3 < p1, us < uyg < ug, and py < pgy < p3 in ). Therefore we obtain
the validity of (1.58) for n = 1. Following the same procedures as in the above
paragraphs, we prove by induction that (1.58) is true for all positive integers n.
Consequently, we obtain the order relation (1.53).

To prove the second part of the theorem, we first assume the validity of
(1.54). From the equations for u and u;, we deduce that

A(u —u1) — R(u —uq)

= [h(u,p) — h(u—1,p)l + [A(u-1,p) = h(u—1,p-1)] 2 0 in

and hence v < up in ). We next prove in turn in the same way that p < py,
ug < u, and ps < p in Q. We thus obtain (1.55) for r = 1.

Following the same arguments, we prove (1.55) by induction.

Remark 1.3. From Theorems 1.3 and 1.4, we find that if

(1.59) lim w9, = lim wo,_7 and lim po, = lim po,_1,
r—00 r—00 r—00 r—00
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then the optimal control problem is determined. In other words, if the upper
and lower bounds resulting from the limits of the two monotone sequences of
the functions are the same, the optimality system has a unique solution with the
property (@ —9)/b <u < a/b,0 <p < K, and hence the unique optimal control
is determined.

Remark 1.4. On the other hand, if the optimality system has more than one
solution satisfying (@ — d)/b < u < a/b,0 < p < K, some solution(s) might
not provide optimal control(s). However, at least one solution gives the optimal
control.

The following examples illustrate some practical values for the application
of Theorem 1.3 and Theorem 1.4.

Example 1.1. Consider the optimal control problem (1.1) to (1.4), with
(z,y) € Q:=(0,1) x (0,1), a =7+ sin(2nzxy),
b=1, K=4, M =13, §=4/3.

One readily verifies that hypotheses [H2] and (1.28) are satisfied; thus Theorems
1.3 and 1.4 are both applicable. Numerical experiments indicate that we have
the situation as described in Remark 1.3. The sequences constructed by (1.52)
practically provides a complete solution of the optimal control problem.

Example 1.2. Consider the optimal control problem (1.1) to (1.4), with Q,b
and K as given in Example 1.1, while a, M and ¢ are modified to

a="T7+4sin(2rxy), M =5, § =2.5.

Both hypotheses [H2] and (1.28) are violated. However, numerical experiments
indicate that (1.59) in Remark 1.3 still holds. The proof that the optimal control
can be described by Remark 1.4 remains open.

3.2 Optimal Harvesting-Coefficient Control of
Steady-State Prey-Predator Diffusive
Volterra-Lotka Systems

This section considers the optimal harvesting control of two interacting popula-
tions. The species concentrations satisfy a prey-predator Volterra- Lotka system
under diffusion. When they are in steady state situation, they are assumed to
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satisfy the following system, with no-flux boundary conditions.
Au+ ul(ar(z) — fi(x)) —biu —c1v] =0 in €,
(2.1) Av 4 v[(az(x) — fa(x)) + cau — bav] = 0 in Q,

ou __ Ov __
m—m—o 0118(2.

The functions u(z),v(z) respectively describe prey, predator population con-
centrations with intrinsic growth rates aj(z),ag(x). The functions fi(z), fa(x)
respectively denote distribution of control harvesting effect on the biological
species. Such problem arises naturally in ecological systems, e.g. fisheries and
agriculture, when various species are harvested for economic return. The param-
eters b;, ¢;, i = 1,2 designate crowding and interaction effects which are assumed
constant for simplicity. The optimal control criteria is to maximize profit, which
is the difference between economic revenue and cost. This is expressed by the
payoff functional

(2.2) T(fus fo) = /Q (Kyufy + Kyvfy — My f2 — My f2} da

where K1, Ky are constants describing the price of the prey and predator species,
and Mj, My are constants describing the costs of the controls fi, fo. Here
Joufidr and [, vfodx represent the total harvest of respectively u,v which
depends on f; through (2.1). Roughly speaking, the object is to maximize (2.2)
through controlling f1, fo which determine the solution u, v of (2.1). Many anal-
ogous models of this nature had appeared in the literature, see e.g. Clark [30],
and Okubo and Levin [179].

The case of competing species under control will be considered in Section 3.3.
Here, the species are under prey-predator type of interaction which are usually
more difficult to analyze than the competing or cooperative case, because the
relation between the species is not symmetric. Nevertheless, Section 3.3 con-
siders the time-dependent parabolic case which gives rise to other concerns. In
this section for the prey-predator steady-state case, we will find explicit condi-
tions for rigorous characterization of the optimal control. We also justify the
existence of solution for the resulting nonlinear optimality system of four equa-
tions. The conditions on the various coeflicients are elaborate, and some of them
seem incompatible with each other. However, Example 2.1 shows that they can
all be simultaneously satisfied. Our results will provide framework for further
investigation to consider whether some of the hypotheses can be successively
relaxed for more practical applications. In the last part of this section, we will
further solve the optimality system by an iterative scheme. Due to the fact that
the nonlinear terms for prey-predator case are not really monotonic in the same
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direction in each component, it requires special treatment to find a particular
scheme so that an oscillatory sequence is obtained for approximating each com-
ponent of the solution. We have assumed that the cost in the payoff functional
depends quadratically on the control in the form M;f? in a customary way in
(2.2). One can certainly modify the condition to obtain a new payoff functional
for J(f1, f2), leading to a new system for investigation. Our prototype prob-
lem here can provide a guideline for the analysis of many other concrete similar
problems which are beyond the scope of this present study. The materials in
this section are mainly obtained from Leung [126].

To fix ideas, we assume € is a bounded domain in R with §Q € C?; A and
% respectively denote the Laplacian and outward normal derivative. K;, M;,b;
and ¢;,7 = 1,2 are positive constants. We also assume that

ai(z) >0, fi(x) > 0 a.e. in Q,
(2.3)
a; € LOO(Q),fZ' S LOO(Q),i =1,2.

For convenience, we denote

(2.4) LY(Q) = {f|f € L™(Q), f > 0 ae. inQ},
and for ¢; > 0,1 =1,2

(2.5) C(01,02) :=={(f1, f2)|0 < fi; < ¢; ae. in Q,i=1,2}.

Finally, we denote an optimal control (if it exists) to be an (f*, f*) € C(d1,d2)
such that

(2.6) J(f1, f2) = sup{J(f1, f2)|(f1, f2) € C(d1,02)}.

We discuss the existence and uniqueness of positive solutions (2.1). Then we
show the existence of optimal control for our problem (2.1), (2.2), (2.6). We
find stronger conditions which enables the characterization of an optimal con-
trol in terms of solution of an elliptic optimality system of 4 equations. Several
theorems and corollaries are given with increasingly more stringent hypothe-
sis and consequently giving rise to increasingly simpler optimality systems and
results. In last part, we construct monotone sequences closing in to all appropri-
ate solutions of an optimality system by methods analogous to that described in
Chapter V of Leung [125]. If the monotone increasing and decreasing sequences
(i.e. oscillatory sequence) converge to the same function, then the optimal con-
trol is unique. An example satisfying all the hypotheses is given at the end of
the section. For our prey-predator control problem, we thus obtain very precise
conditions on the interspecies relation and control constraints etc. so that the



3.2. HARVESTING OF STEADY-STATES 213

problem can be rigorously solved, together with a method for approximating the
optimal control. For convenience, we will denote

a; = esssupa;(z), a; =essinf a;(z), for i =1,2.
e e

As a start, we first consider the existence of positive solution of (2.1) for
an arbitrary fixed control (fi, fo) € C(d1,02). This is established in Theorem
2.1 under hypotheses [H1] and [H2]. Furthermore, a uniform estimate is given
for all solutions under such controls. However, in Theorem 2.1, the solution
may not be unique. Under the further hypothesis [H3], Theorem 2.2 shows
the uniqueness of solution in the appropriate range, under each given control
in C(61,d2). Theorem 2.3 shows the existence of optimal control when solutions
are uniquely defined for each fixed given control.

Theorem 2.1 (Positive Solution for Given Control). Suppose that a;(z), b;,
¢ and 0; satisfy the hypothesis:

[Hl] a; — 2—;(&2 + CQ(_Il/bl) > 6, >0,
[HQ] as > 09 > 0.

Then for each pair (f1, f2) € C(01,92) problem (2.1) has a strictly positive solu-
tion (u,v) = (u(f1, f2),v(f1, f2)), i.e. w,v > 0 in Q, and with each component
in W2P(Q) for any p € (1,00). Moreover, the estimate

(2.7) | w(fi, f2) ll2,p, | v(f1, f2) ||2,p < constant
is valid uniformly for (f1, f2) € C(61,02).

Proof. Define constant functions
i(x) = 8, Pole) = 5 (az + 39,

(2.8) 61(2) = @ — & (@ + 3™) — 6], and

P2(x)

for all = in Q. Tt is clear from [H1], [H2] that ¢);, ¢;,i = 1,2, are strictly positive
in 2. One can readily see that

AYr + i[(ar(z) — fi1(2))) — b1h1 — c1v]
= tl(a1(2) - fi(2)) — a1 — c1v] <0,
for all o < v < 49, 2 € Q. Moreover, we have
A1 + ¢r1[(ar(z) — fi1(x)) — bigr — c1v]
= ¢1[(ar(z) — @) + (61 — fi(z)) + c1by ' (@ + coarby ') — 1] >0

%[&2 — 0o+ 2{a1 — g(az + %) —01}]

(2.9)
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for all ¢g < v < 19,0 < f1 < 61,z € €. Similarly, we obtain

(2.11) At + af(az(x) — fo(@)) — batha + c2u] <0,

(2.12) Ay + paf(az(x) — f2(x)) — bagpa + cou] > 0,

for all 1 <u < 1,0 < fo < g, €D,

Let X; = {w € C(Q),¢; <w < ;},i =1,2. Define the map T : X1 x Xo —
X1x X as T(y1,y2) = (21, 22) for (y1,y2) € X1 x Xo, where 21, 20 € W2P(Q),p >
1 and (z1, 22) is determined uniquely as the solution of the decoupled linear

system
Az — Qz +yilar(x) — fi(z) —biyr — c1ye] + Qy1 = 0 in Q,

Azy — Qz2 + ya2laz(w) — f2(@) + coy1 — baye] + Qu2 =0 in Q,
% = % =0 on 60.

Here @ > 0 is a fixed constant. Using (2.9) to (2.12) and the maximum principle
for W2P(Q) solution with Neumann boundary condition we can show as in
Theorem 3.1 in Leung and Fan [135] (or Theorem 4.2 in Chapter 4) that indeed
(21,22) € X1xX2o. Using Theorem 15.1 in Agmon, Douglas and Nirenberg [1], we
can obtain a bound for the W2P(Q) norms of 21, z in terms of the LY () norms
of yifa1(z) — fi(z) — biyr — crye] + Qur, y2laz(x) — fa(x) + coyn — baya] + Quo.
Since y1,y2 are all bounded functions in X7 or Xo, we can obtain a uniform
bound for the W2P(Q) norm of z1,zo. Following the proof of Theorem 4.2 in
Chapter 4, we can then use such bound to show that the mapping 7" is compact
and eventually obtain a fixed point. Such fixed point is a solution of (1.1) in
X1 X Xo, and the uniform bound for the W?P(Q) norm gives precisely (2.7).
For more details, see Theorem 4.2 in Chapter 4; the later part is completely
analogous and is thus omitted.

Theorem 2.2 (Unique Positive Solution for Given Control). Assume
hypotheses [H1] and [H2|. Define

b, ol _ G201, . by
2.1 = A=ar — — ——=) -0 - —09)——
(2.13) S :=min {bl [a1 by (a9 + b ) — 01](az + b )7, (ag g)dle
Suppose further that
[H3] % < 54

is satisfied. Then for each pair (f1, f2) € C(61,62), problem (2.1) has a unique
solution (u,v),u,v € W?P(Q) for any p € (1,00), with the property that

(2.14) &1 < u(x) <Y1, ¢ <v(x) <y in Q.
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Here ¢i,;, 1 = 1,2 is given in (2.8).

Remark 2.1. Hypotheses [H1] and [H2]| imply that S is positive. Hypothesis
[H3] is readily satisfied if ¢; or co is reduced to a sufficiently small positive
number.

Proof. For convenience, let

1~ C1,_ coa —1/=
Gr = biby [ — p-(ax + =) — &) (@2 + )
2 1

and
Gy = ((~12 — 52)_1b1_1(_11b2.

We now define U(z), V(z),U(z) and V(z) to be respectively solutions of the
scalar problems:

(2.15) AU + Ul(a1(z) — fi(z)) —b1U] = 0 in 9, g—g =0 on 09,
N N CoGq ~ . oV
(2.16) AV 4+ V([(az2(x) — f2(z)) + 5~ bV] =10 in ©, 3 = 0 on 09,
1
oU

(217) AU + Ul(a1(z) — fi(z)) —bU — V()] =0, in Q, 5, =0 ondQ,

(2.18) AV + V[(ag(z) — fa(z)) = bV] =0 in Q, z—‘: =0 on 0Q.

Using the constant functions a;/b; and (1/b1)[@; — 01] as upper and lower so-
lutions for (2.15), we can readily obtain by means of monotone iterations from
the upper solution as in Section 5.1 in [125] that a unique solution U of (2.15)
exists in W2P(Q) for any p € (1,00); and (1/b1)(a1 — 1) < U(z) < a1 /by for all
x € €. Similarly, we obtain the unique positive solutions in W?2P?(),

by ' (a2 — 62) < V(@) < by @+ =),
1
1~ c1,_ 20 ~ 1~
by tlar — 61 — é(az + 2b_11)] < U(x) < b7 '(ar — ),

by H(ag — d2) < V(x) < by 'ay,

respectively for (2.16), (2.17) and (2.18). We thus have the comparison,

(2.19) Ulz) < GoV(z), V(z) < GiU(x), in Q.
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We next inductively define u;, v; to be strictly positive functions in WP (1),
starting with w1 = U, vy satisfying

A 0
Avy +vi[(az(z) — fa(z)) + c2U(x) — bavy] = 0 in £, % =0 on 09,
and u;,v;,1 = 2,3, ... satisfying
(2.20)

Au; + ui[(al (.1‘) — fl(.l‘)) — biu; — Cl'Uz'—l] =0 in ©, %?j =0 on 01,

Av; + vif(a2(x) — fa(z)) + couy — bav;] =0 in Q, %?j =0 on Of.

Using the maximum principle that a function u € W2P(Q),p > N, satisfying

Au—cu <0 in , @:0 on 0f2,
ov

where ¢ > 0 is a constant, must have the property that v > 0 in Q or u = 0, we
can deduce as in Sections 5.2 and 5.3 in [125] that

U<ug<ug<ug-- <us <ug <u <U,
(2.21)
V<wvy<uv<vg-- <wvs<vg<v; <V.

for all z € Q. Using the Green’s identity and the equations (2.20), we obtain for
i>1

0= fQ(uQH-QAuZH-l - U2i+1AU2i+2) dx

(2.22)

= — Jo u2iy1uzipolbi(ugira — ugiy1) + c1(vaip1 — va)] du,
(2.23) 0= /Qv2ivzi+1[62(u2i — u2i41) + ba(v2i41 — v2;)] da,
(2.24) 0= /QU22'U2¢+1[51 (u2i — ugit1) + c1(v2i—1 — v2;)] du,
(2.25) 0= /{2021‘—1021‘ [ca(ugi — ugi—1) + ba(voi—1 — vo;)] da.

Using (2.22), (2.23), and (2.19), (2.21) we deduce that

Jo(u2it1 — ugit2)ugitiugipade = 3 [ (vai1 — vai)ugi1uito dr

(2.26) < 3 Jo G3(vair1 — vai)vaivair do

_ (2cc
= G52 Jo(ugit1 — u2i)vaivaity dx.
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Then, we use (2.24), (2.25) and (2.19), (2.21) again to obtain
Jo(ui—1 — ugi)ugiugiy1de = §- [o(vai—1 — vai)ugiugit1 da

(2.27) <3 Jo G3(v2im1 — vai)vai—1vy; da

= G52 [o(ugio1 — ugi)vai—1vz da.
Combining (2.26), (2.27) and using (2.19), (2.21) once more, we obtain

Jo(u2ir1 — ugiq2)uipiugiyo de
(2.28)
< GG ()7 Jo(ugi1 — ugJugi—1ug; dx

for each integer ¢ > 1.
By means of (2.28), we conclude that if [H3] is satisfied then lim; oo [, (u2it1
—UQZ'+2)UQZ'+1UQZ'+2 dx = 0. By (2.21), the limits

hm U241 = u* >0 and hm Uit2 = Ux > 0
1—00 1—00

must exist. The argument above shows that u* = u, a.e. in 2. Further, using the
maximum principle described above and the subsequently modified comparison
theorem as in Theorem 5.2-1 in [125], with homogeneous Neumann boundary
condition, we can show as in Section 5.2 in [125] that any solution (u,v) of (2.1)
with U <u < U,V <v<VinQ,uveW2P(Q) must satisfy

Uy < u < ux, lim vy = v, <v <v*:= lim vg;1, z € Q.

1—00 1—00
(For more details, see Theorem 5.2-4 in [125]). Since u* = u,, we can show
that v* and v, satisfy the same equation and use comparison again as above to
conclude that v* = v, (see Theorem 5.2-3 in [125]). Comparing ¢;,1;,7 = 1,2
with the estimates for U, U, V,V, we conclude that any solution (u,v) of (2. 1)
satisfying (2.14) must have u = u* = uy,v = v* = v, in Q. The existence part
follows from Theorem 2.1.

Remark 2.2. In Theorem 2.2, uniform | - ||2,, bound for u,v can be obtained
for all (f1, f2) € C(61,92),p > 1, as in Theorem 2.1.

Remark 2.3. Under the hypotheses of Theorem 2.2, the payoff functional

J(f1, f2) is uniquely defined, if (u,v) is chosen as the one solution satisfying
(2.14).

Theorem 2.3 (Existence of Optimal Control). Assume hypotheses [H1],
[H2] and that (u(f1, f2),v(f1, f2)) is defined uniquely so that (2.14) and (2.7)
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are satisfied uniformly for all (f1, f2) € C(61,02). Then (fy, f5) € C(01,02) exists
such that J(f{, f5) is the optimal control for all (f1, f2) € C(d1,02).

Remark 2.4. By theorem 2.2 and Remark 2.3, the addition of hypothesis [H 3]

o [H1] and [H2] ensures that (u(f1, f2),v(f1, f2)) can be chosen uniquely in a
way as described in Theorem 2.3. Hence, under hypotheses [H1] to [H3], an
optimal control does exist.

Proof. The uniform boundedness of (u(f1, f2),v(f1, f2)) for all (f1, f2) € C(é1,d2)

implies that Sup{J(fl,f2)|(f1,f2) € 0(51,52)} < 00. Let (flmf2n) € 0(51,(52)
be a maximizing sequence. Then there exists a subsequence, again denoted as
(fin, fon) for convenience, so that

fin — f§ weakly in L2(Q), with (f{, f3) € C(01,02),
and

Un = u(flm f2n) - ﬂ*, Un = U(flm f2n) — 7" strongly in WL2(Q)

(by using (2.7)). Passing to the limit as n — oo in

/(Vuano — (a1 — fin)une + biule + crunvap) de =0
Q

and
/ (VUnVSO - (a2 - f2n)vn90 — CoUpUpY + bg’U?ﬁD) dx =0,
Q

for all ¢ € W12(Q) N L>°(Q), and noting that, for example,

/flnungod:z — / fifu*pdx for all p € L(Q),
Q Q

we conclude that (u*,v*) is a solution of (2.1) with (f1, f2) replaced by (£, f5).
Since (uy,v,) are uniquely defined in a certain range of values, hence its limit
(u*,v*) is within the same bounds. Consequently, (2.1) implies that || u [|2,p, ||
v ||2,p is bounded by the same constant as in (2.7). By assumption, u(f{, f5)
is uniquely defined so that such properties are satisfied. We thus conclude that
(u*,0*) = (u(fy, f3),v(fT, f3)). Finally, the conclusion follows from semiconti-

nuity of J; that is we have J(fy, f3) = sup{J(f1, f2)|(f1, f2) € C(d1,92)}.

In order to further describe the optimal control, we will need stronger as-
sumptions on the intrinsic growth rate functions a;(z),7 = 1,2. When [H1]|, [H2]
are respectively strengthened to [H1*],[H2*] and additional assumptions are
made on the interaction rates between the species, Lemma 2.1 below shows the
differentiability of u(f1, f2) and v(f1, f2) with respect to (f1, f2). The additional
assumptions are satisfied, for instance, when the interspecies interactions are
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small compared with the intraspecies interactions. Theorem 2.4 gives a charac-
terization of an optimal control in terms of solutions of an elliptic system of 4
equations. The optimal control is related to the solution of the systems in terms
of various inequalities. Corollary 2.5 shows that under further assumptions on
the cost and price parameters M;, K;,i = 1,2, the optimal control can be exactly
characterized by a solution of the optimality system of 4 equations. Under the
additional assumption [H5], Corollary 2.6 shows that the optimality system has
solutions with all four components non-negative. In this last case, the solutions
can be more readily found or approximated, and this last topic will be described
at the end of the section.

Lemma 2.1 (Differentiability with Respect to Control). Assume that
there exist 61,09 such that

[Hl*] 0<d < (1/3){2&1 —a; — (261/52)(&2 + Cle/bl)},
[HQ*] 0<dy < (1/3){2&2 —as — ngl/bl},

and that u(f1, f2),v(f1, f2) is uniquely defined for all (f1, f2) € C(d1,02) in the
sense described in Theorem 2.3. Further suppose

[H4] Cldl/bl + (Cg/bg)(ﬁg + Cgﬁl/bl) < 2min{51, 09, 1}.

Then the mappings C(01,02) 3 (f1, f2) — u(f1, f2),v(f1, f2) € WH2(Q) are dif-
ferentiable in the following sense:

(u(f1+ﬁ¢f1,gl2_)—u(f1,f2)7 v(fi4Bifi ,g?—v(fuf?)) — (&,1m),

(2.29)

(u(ﬁ’f?—’—ﬂiﬁ)_u(fl’h) ”(f17f2+5if2)—v(f17f2)) — (é )

7 61

componentwise weakly in Wh2(Q) for some Bi — 0, for any given (f1, f2) €
C(01,02) and f1, f2 € L>(2) such that (f1+Bif1, fa+ Bif2) € C(61,02). Further,
(&,1m) is a solution of

(2.30)
A&+ [(a1 — f1) = 2biu(f1, f2) — crv(f1, f2)I€ — erul(fr, f2)n = u(f1, f2) fr
mn €,
An + cav(fi, f2)€ + [(a2 — f2) — 2b2v(f1, f2) + coulf1, f2)ln =0

0 0
8—528—220 on 0%;

and (é, 1) is a solution in ) of
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(2.31)

A&+ [(a1 — f1) = 2biu(fr, f2) — crv(fi, f2)I€ — crulfi, f2)7 =0
AR+ eav(f1, f2)€ + [(a2 — fo) — 2b2v(f1, f2) + cou(f1, f2)]7i = v(f1, f2) fo

:%:0 on 0f).

ol

v
Here, §,n,£,ﬁ are in W2’2(Q).

Proof. From (2.1), we deduce that

_u(f1+ Bf1, f2) — ulfi, f2) ~u(fi+ Bf1, f2) —v(f1, f2)
- 5 e E

(232) &

satisfy
(2.33) )
A&g + [(a1 — f1) — bru(fi + Bf1, f2) — bru(f1, f2) — crv(f1, f2)]€s

—cru(fi+ Bf1, fo)ng = u(fi + Bf1, f2) /i in Q,
Ang + cov(f1 + Bf1, f2)€ + [(az — f2) — bav(f1 + Bf1, f2) — bav(f1, f2)

+C2u(f1>f2)]77ﬁ =0 in Qv

%if = % =0 on 0f,

if (f1, f2) and (f1 + Bf1, f2) € C(61,02). The lower bounds in (2.14) imply that
bilu(fi + Bf1, fo) +ul(fi, fo)]l — a1 + fr + crv(fi, f2)

(2.34)

> 2a; — 21,%(@2-1-%)—251 —a;+ci¢p > 6 in Q,

where the last inequality follows from [H1*]. The first equation in (2.33), and
inequality (2.34) give

(235) min{o, 1} | & [25<ll ulfi + BFi £2) looll €5 12 lex 195 12 + 1| Fo [1s]
The bounds in (2.14) and [H2*] also imply that

ba[v(f1 + Bf1, f2) + v(f1, fo)]l — a2 + fo — cou(f1, fo) > d2 in Q.
The last inequality and the second equation in (2.33) give

(2.36) min{dy, 1} || ng [72< ez || v(f1 + B11, f2) llooll €5 121l 95 12 -
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Since || u(f1+Bf1, f2) llo< a1 /by and || v(fi+B8f1, f2) o< (1/02)(a2+c2an /b1),
inequalities (2.35), (2.36) and [H4]| yield

min{dy, 1} || &g I3 5 +min{da, 1} || ng |17,
(2.37)
< kmin{d1, 02,1} || &g [l2]] mp [l2 + const. || &g |2

for some k € (0,2). Inequality (2.37) hence leads to
(2.38) R 1172 + | 13 11T 2) < const. || €5 |2

for some k > 0. This gives a uniform bound for || &5 |12 and || ng |12 for
all (f1, f2), (f1 + Bf1, f2) € C(61,02) with f; fixed. We can therefore choose a
sequence J; — 0 such that we have a weakly convergent sequence as described
in (2.29).

Since ciu(f1, f2)n + u(f1, f2) f1 is a function in L?(Q), the first equation in
(2.30) and the results in Agmon, Douglis and Nirenberg [1] imply that £ €
W?22(Q). Similarly, the second equation in (2.30) implies that n € W22(Q).

Analogously, we obtain the result involving the second part of (2.29) and the
solution (&,7) of (2.31). This proves the lemma.

For convenience, we next denote constants

o ~ B 2¢1 Coa
(2.39) Ey = Ey(a1,a1,as,b1,ba,c1,09) = 241 — a; — b—;(ag + _le),
(2.40) Ey = Ey(az, G2, a1,b1,c2) = 24z — G — C2ba1‘

1

In order to obtain better characterization of the optimal control of the problem,
we need to strengthen hypotheses [H1*] and [H2*] to

[H1] 0 <6 <min{(1/4)Ey, (1/3)[E1 + 42 — £ (a + 92) Az ]},

sk 8c?caKy —9 /- a 1
[H2**] 0< 0y < (1/4)[Ey — b?bch; ai(az + 4% E; By .

Note that the right hand sides of [H1*] and [H2*] are respectively %El and
%EQ. We will not be looking for the best possible sufficient condition for the
characterization; the hypotheses [H1**] and [H2"*] will be used because they
can be readily satisfied if ¢; and/or ¢y are sufficiently small.

Theorem 2.4 (Characterization of the Optimal Control). Assume hy-
potheses [H1**],[H2**],[H4] and that (u(f1, f2),v(f1, f2)) is uniquely defined
for all (f1,f2) € C(61,02) in the sense described in Theorem 2.3. Suppose



222 CHAPTER 3. CONTROL FOR NONLINEAR SYSTEMS

(fr, f3) € C(01,02) is an optimal control. Then, let (u,v,p1,p2) be any solu-
tion of

Au+ (a1 — fHlu—biu? —ciuv =0 in Q,
Av+ (ag — v+ couv — bov? =0 in
(2.41) Apy + (a1 — f{)p1 — 2biu + c1v)pr + covpa = =K1 ff in Q,
Aps + (ag — f3)p2 — (2b2v — cou)pa — crupy = —Kaf5 in L,

ov v Ov ~ Ov

ou Ov __ Op1 __ Op2 -0

with u, v, p1,pa € H>2(Q), satisfying
¢ <u <y, g <v <1 in Q,

(242) —4d10162K1(EL2 + Cle;ll )(bleE]_EQ)_l S P1 S Kl m Q,

—2(_1101K1(51E2)_1 <p2 < % in £,
then the control (fi, fy) must satisfy, for i =1,2,

(Ki — pi(z))u;(x)

(243) £ "

v

in {x € Q|f(z) <} ae.,

(Ki — pi(x))ui()
2M,;

(2.44) fi ()

IN

in {x € Q|f(z) >0} a.e.,

(K; — pi(x))ui()
2M;

(2.45) fi(x) = in {x € Q0< f(x) <} ae.,

(Here, we denote (u,v) = (u1,ug) for convenience. Recall ¢;,1;, 1 = 1,2 are
defined in (2.8).)

Proof. Since hypotheses [H1**] and [H2**] imply [H1] and [H2], Theorem 2.3
insures the existence of an optimal control (f7, f5) € C(d1, d2).
For f; € LL(Q),e > 0, define

(2.46)
0 elsewhere.

~ {ﬁ if f7 < 01— el filloos
fi =
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Then for 3 > 0 small enough, we have J(ff, f3) > J(fi + Bf%, f). Dividing by
0B, and letting 3 tend to zero appropriately as in Lemma 2.1, we obtain

(2.47) /Q Ky f{&+ Kyu(ff, f3)ff + Kafsn — 2My f1 ff dz < 0,

where (&,7) is a solution of (2.30) with fi, fa, f1, respectively replaced by f7, f5, ff.
Let (p1,p2) be any solution in Q of

(2.48)
=Apr — (a1 = fT)p1 + @oru(ff, f3) + crv(f7, f3))pr — cov(fT, f3)p2 = Ku T,

—Apy — (a2 — f3)p2 + 2bav(f], f5) — coulf], f5))p2 + cru(ff, f3)p1 = Ko f3,
%1 — 92 —( on 9Q.

v

Replacing K ff and K> f5 in (2.47) by the left-hand side of (2.48) and integrating
by parts, we obtain by means of the equation for (£, 7) that

(2.49) /Q Felpru(f. £5) — Kvu(fy f5) + 2My ) da > 0.

Letting € — 0T, (2.49) leads to

(K1 —p1(x)ulf], f5)
2M,

(2.50) fi(x) > in {xe€Q|ff(z) <}

This proves (2.43) for ¢ = 1. The rest of the proof for (2.44) and (2.45) is
analogous to that of Theorem 1.3 in Section 3.1, the details are thus omitted here.
Comparing (2.48) with (2.41) and noting the definition of u(f7, f5), v(f, f3),
we see that it remains to show that (u,v,p1,p2) as described in the statement
of the theorem actually exists.

The proof of the existence of solution with range of values as described in
(2.42) is carried out as in Theorem 2.1 by using upper and lower solutions for
system. For convenience, we denote

1#3(3:) = Ky, ¢3(.1‘) = —4a1c1c0Kq ((_12 + Ci?l )(blnglEg)_l,

(2.51)
lp4($) = KQ/Q, (b4($) = —2@101K1(b1E2)_1

for x € Q. Consider for all ¢ < u < 1,9 < v < o, ps < po < 14, that the
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expression

Az + (ar — fi)3 — (2b1u + c1v)3 + coups + K1 ff
< dlKl - 2[511 - z—;((_lg + %) — 51]K1 — 01%(&2 — 52)K1
+32 (a2 + %)% + K161

< Kifay — 2ay + 32 (az + %)) — 92 K1 + (a2 + S2) 52 + 3K16,

is true in €, since dy < (1/2)FE5 implies ag — d2 > ao/2. Thus we have for such
situations,

(2.52) A3 + (a1 — f1)vs — (2b1u + cv)3 + covpe + K ff <0
provided
1 cras ¢y, coay, Ko
5 < S[Ep + 22 2 20y 22
1= gt by?2 b2(2 by )2K1]’

which is assumed in [H1**].
For all ¢ < u < 1,02 < v < 92,03 < p1 < ¢Y3,2¢ € (), consider the
expression

Atpy + (a2 — f5)hs — (2b2v — cou)py — crupr + Ko f5

< —a22KQ — 2(0,2 — (52) + co alKQ

+c1 bl 4a1c100K, (ag + 02a1 )(blnglEQ)_l + K262.

The above expression is < 0 provided that

Qa a
[ 22 as —|— 2b —I— 2(52]K2 + K14a10162(a2 + 2b—11)(b%b2E1E2)_1 <0.

Consequently, hypothesis [H2**] implies that
(2.53) Ay + (az — f3)Ys — (2b2v — cou)ypy — crupy + Kafy <0

in € for the appropriate u, v, p; described above.
For ¢1 <u < 91,02 < v < tha, ¢4 < pa < g,z € Q, we have

Aps + (a1 — f)p3 — (2b1u + c1v) ¢z + covpe + Ky ff

> —daycicaK(ag + C?f;“ )(bibo By Eo) ™!

X {al — 2[0,1 — b—(CLQ + CQal) (51] 2b2 }
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is valid because do < (1/2)Es implies v > (G — d2) /b > a2/(2bs). Consequently
(2.54) Ags + (a1 — f1)d3 — (2b1u + c1v)d3 + covpa + K1 ff >0

in the described region provided that

N _ Ccl,_ C209 asC1 Eq Eq asC1
261 < 2a1 — —2—= —_— —_— =+ —,
1= 0= by (al + b1 ) * 2by 2 2 2bo

which is clearly true due to [H1**].
For ¢1 <u< ¢1,¢2 <v< ¢2>¢3 <p1 < ¢3,$ € Qa we have

Ay + (ag — f3)pa — (2b2v — cou) g — crupy + Ko f5

> 26101 K (b1 Ea) ™M {—ag + 2[az — 2] — (%2)} — 1 1 K.

Hypotheses [H2**] implies that d < Ey/4, and thus

- CcoQ 1. _ coll 1
—d2+2[a2—5g]—2—11 > 5[2&2—&2—?—11] :§E2.

Consequently, we have

Apy + (az — f3)ps — (2b2v — cou)py — crupt + Ko f5
(2.55) )
> 2(_1161K1(b1E2)_1 . %EQ — %Kl =0

in the region described.

Since the first two equations of (2.41) are independent of p1, p2, we can show
Ay + (a1 — fi)h1 — b1y — oy > 0,A¢1 + (a1 — f7)d1 — b1 — crvgy < 0
for all ¢ < v < 9,3 < p1 < Y3,04 < P2 < Yy, x € ) in exactly the same
way as in Theorem 2.1. Similarly, we show A + (ag — f3)1ba + courhy — barhs <
0, Ada + (a2 — f3)pa + coudy — bacps > 0 for all ¢y < u < 41, ¢3 < p1 < 43, ¢4 <
po < g,z € ). Then we follow the same method in the last part of the proof
of Theorem 2.1 to construct a natural mapping T" from X; x X9 x X3 x X, into
itself, where X; = {w € C(Q) : ¢; < w < 1;},i = 1,2,3,4. Following the same
arguments, the fixed point of T" gives a solution of (2.41) with each component
in H%2(Q).

Corollary 2.5. Assume all the hypotheses of Theorem 2.4; and moreover

K1 _
(2.56) My > 191 [1 + 4(_116162((_12 + %)(bleElEg)_l],
2()151 bl
1 _ Cco01 _ 1
(257) Mo (ag + )[K2 + 2(1161K1(b1E2) ],

~ Dby by
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where
9 _ _
E1:2(~11—dl—£(52+%), E2:2(~12—dg—%.
bg b1 bl
Let (fy, f3) € C(01,02) be an optimal control. Then
(K1 —p1)u (Ko — p2)v
2.58 R S S Y A S Sl N o Vi
( ) fl 2M1 ) f2 2M2 )
where (u,v,p1,p2) is a solution of the optimality system:
((Au+ [(aq —M) —biu—cwju=0 inQ
2M )
Av + [(az — %) + cou—byvjv =0 in Q,
)2 ,
(2.59) Apy + aipr + % — (2byu + c1v)p1 + covpy =0 in 9,
)2 ,
Aps + azps + % — (2bov — cou)p2 — crup; =0 in Q,
T TR S

with u,v, p1,pa € H>2(Q), satisfying (2.42).

Proof. By Theorem 2.4, (f{, f5) must satisfy (2.43) to (2.45), where (u, v, p1, p2)
is a solution of (2.41) with conditions (2.42).
From (2.43), in the set {x € Q|f;(x) = 0} we have

(K1 — p1(z))u(x) >0

(2.60) 0=fi(z) 2 o0, >

Thus the first inequality in (2.58) must hold in this set. From (2.44), in the set
{z € Q|ff(x) = 01}, we have

01 = fi(x) < Ly (q)
(2.61)

< %[Kl + 4a1c1c0Kq ((_12 + ci?l )(blnglEg)_l] <&
due to (2.42) and (2.56). Thus there are no x € Q where ff(z) = 0;. From
(2.45) and (2.60), the first equality in (2.58) holds for all z € €.

From (2.43), in the set {z € Q|f5(x) = 0}, we have

(K2 = pa(@)ol@) _

(2.62) 0=fi(z)> o, >
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Thus the second inequality in (2.58) must hold in this set. From (2.44), in the
set {z € Q|f5(x) = da}, we have

(2.63)

S 2]\412172 (aQ + %)[[(é + QalclKl(b1E2)_1] < 62

due to (2.42) and (2.57). Thus there are no z €  where f5(z) = J2. From
(2.45) and (2.62), the second inequality in (2.58) holds for all z € Q. Combining
(2.41) and (2.58), we conclude that (u, v, p1,ps) satisfies (2.59). This completes
the proof.

Remark 2.5. If some additional conditions are made, we can show with a
little more care that the solution (u,v,p1,p2) of (2.59), which characterizes the
optimal control, is actually positive. More precisely, assume all the hypotheses
of Corollary 2.5, and further

K2bia
[H5] €1 S 8K1%)21111§\42'
Let (ff,f3) € C(d1,92) be an optimal control. Then (ff, f3) satisfies (2.58),

where (u,v,p1,p2) is a solution of the optimality system (2.59) with each com-
ponent in H*2(Q) satisfying

o1 <u<P, g <v <o in €,
(2.64)
ngngl, 0§p2§K2/2 in Q.

The arguments are the same as in Theorem 2.4 and Corollary 2.5, redefining
@3, ¢4 in (2.51) as the trivial function. Details can be found in Corollary 3.2 in
Leung [126].

In the remaining part of this section, we further deduce a constructive
method of approximating or computing the positive solution (u, v, p;,p2) of the
optimality system. We will now always assume all the hypotheses of Corollary
2.5 together with [H5] as in Remark 2.5, so that a positive solution of the op-
timality system (2.59) can be found with the property (2.64). We proceed to
construct monotone sequences converging from above and below to give upper
and lower estimates for (u, v, p1,p2). In the case when the limits of the upper and
lower estimates agree, then the optimal control problem is completely solved.
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Choose a large constant R > 0 so that the following four expressions:

—la1(z) — % — biu — c1vju — Ru,
—[ag(x) — % + cou — bov]v — Ruo,

2
—[a1(x)p1 + % — (2b1u + c1v)p1 + cupa] — Rp1, and

_ 2
~[az(@)p2 + E2E0 — (2byv — cyu)py — crupr] — Rps

are decreasing respectively in the four corresponding variables u, v, p1, ps for all
x€ Q1 <u<Y,p2 <v<hg,0<p; <Kp,0<py < Ky/2, when the other
three variables are all fixed. (Recall the definitions of ¢;, 1,7 = 1,2 in (2.8)).
For convenience, let

Uy = @1, u_1 =YP1; Vo = P2, Vo1 = Pa;
(2.65)
P10=0, p1—1=Ki; po=0, po—1 = Ky/2.

We can readily verify that these constant functions satisfy
(2.66)

Ky —p1_
Au_y — Ru_y < —u_q[ay(x) — (K1 —p1,—1)u_1

— — blu_l - Clvo] - Ru_1 in Q2

and

(K1 — p1)uo

(2.67)  Aug — Rup > —uplai(x) — S,

— biug — c1v] — Rugy  in Q
for each v, p; respectively in the intervals [vg, v_1], [p1,0,p1,—1]- The last inequal-
ity is true because

Ki— K
ar(z) — LB by — crv > ar — g1 — by — cry

zal_%dl_dl""él >0
by using (2.56). Moreover, we have

(K2 — p2)v—q

(2.68) Av_;—Rv_1 > —v_1[az(z)— 20,

+cou—bov_1]—Rv_; in Q

for each u, pp respectively in the interval [ug, u_1], [p2,0, p2,—1], since

as(x) — % + cou — bav_1 < ag(x) + cath1 — barho

= CLQ(QS‘) —ag < 0.
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On the other hand,

(K2 — p2)vo

(2.69) Avg — Rvy > —wvglag(x) — 50,

+ cou — bavg] — Rvg in Q

for each u € [ug,u_1],p2 € [p2,0,p2,—1], since

Ko—
as(w) — LR 4 cou— byvy > 4 () — Fiz 60 — bata + catr

> ag(w) — g (g + %) — ag + 62

> CLQ(QJ‘)—(SQ—ELQ—I—(SQ > 0.

(Here, we have used the hypothesis (2.57).) Further, we verify
(2.70)
Api_1— Rp1, 1

K1—p1,-1)? :
< —[a1 (a:)pL_l + % — (2b1U0 + Cl’l}())pl,_l + CQ’U])Q] — Rpl’_l in

for each u € [ug,u_1],v € [vg,v_1],p2 € [p2,0,P2,—1], since

Kq— )2
a1(z)p1,-1 + % — (2b1ug + c1v0)p1,-1 + c2Up2

< Kifay — 20y 4 201 + 35 (a2 + 92 — B3] + 2(az + 22) 52 <.
The last inequality is true due to hypothesis [H1**]. We also have
Apio— Rp1o
(2.71)

Kq— 2 .
> —la1(z)p1o + % — (2biu+ c1v)p1,o + covp2] — Rp1p in

for each u € [ug,u_1],v € [vg,v_1],p2 € [p2,0,P2,—1], since

(K1 —p1o)*u Kug .
at(x — — (2bjug + c1v CoUpP2 > >0 in .
1(z)p1o + oM, (2b1ug + c1v0)p1,0 + c2vp2 > oM,

For the last component, we have

(2.72)

Apy 1 — Rpa 1

< _ (Ko—pz—1)*v _ _ _ _ 0

< —las(x)p2,—1 + 557 (2b2vg — cou)p2,—1 — crugpio] — Rp2,—1 in
for each u € [ug,u_1],v € [vg,v_1], since

Ko— )2
az(x)pa,—1 + % — (2bavg — cou)p2,—1 — C1UEP10

a2 Ky | Ko ~ a1 K.
< R4 PG — Kot + Koo + caph 52 < 0.
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In the last line, we use hypotheses (2.57) and [H2**]. Moreover, we have

Apao— Rpayp

(2.73) (K2 p2 0%

> —[az(x)p2,o + — (2bav — cou)p2o — crupi] — Rpag in

for each u € [ug, u—1],v € [vo,v_1],p1 € [p1,0,P1,-1], since

- M (2090 — cou)p2o — crupy

a2(33)p20
e 2M ¢2 iy Ky > ﬂgglclqb —cah1 K = Klalc >0 in Q.

(Here, we use [H1**],[H2**] and [H5)).
We now inductively define sequences of functions uy(z), v (), p1 (), P2,k (x)

in Q,k=1,2,..., as solutions of scalar problems in {2 as follows:
(2.74)
Ki—p1k— _
Aup — Ru, = —ug—2[a; — % — brug_s — c10p_1] — Rug_s,
Avy, — = _ _ (K2mp2p_o)vk-2 b B
vy, — Rup, = —vp_sfas o + oty — byv_o] — Ruj_s,

Kqi— _ 2
Api gy — Rp1p = —[a1p1 k-2 + % — (2biug—1 + c1VE—1)P1 k-2

+covipak—2] — Rp1k—2,

Ko— _ 2
Apo — Rpa ), = —[aspa k-2 + % — (2bvg—1 — coup)p2,k—2

— ClUg—1P1 k—1) — Rpak—2,

o — ov —  ov

Qu, _ O, _ Op1k Opak
—== 5 =0 on Q.

Theorem 2.6 (Approximation Scheme for the Optimal Control). Assume
all the hypotheses of Corollary 2.5 and [H5]. The sequences of functions uy(x),
vg(x), p1,k(x), poi(z), defined above satisfy the order relations:

ug Sug <-vr <ugy Sugp—1 <os <ugp Suog,
(2.75) Vg Swg < vvr Swg Swgpg Sov- <wp <oy,

Pio<pPi2<- - <pioy <Pio—1< - <pi1<pi—1, 1=1,2,
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for all x € Q. Moreover, any solution (u,v,p1,p2) of problem (2.59) with the
property

(2.76) wp <u<u_1, vo<v<voq, Pio<pi<pi-1, 1=12 inf,
must satisfy

(2.77) ugr <u <L ugp—1, Vo, <V < V1, Pior <D< Pigr—1, 1=1,2 inQ,

for all positive integer r.

Proof. Using the equation satisfied by w; and inequality (2.66), we obtain
A(u—y —uy) — Ru—1 —uy1) < 0in Q,(0/0v)(u—1 — u1) = 0 on 9. Hence
u; < u_p in . Similarly, using (2.67) and the choice of R, we deduce that
A(ug —uy) — R(ug —uq) > 01in Q, (0/0v)(ug — u1) = 0 on 9. Thus, we have

(2.78) up <wup <wu_p in .

Using the equation for vy, inequalities (2.68), (2.69), (2.78), and the choice
of R, we obtain

A(v_1 —v1) — R(v—1 —v1) <0 in Q, %(v_l —v1) =0 on 09,

(2.79)

A(vg —v1) — R(vg —v1) >0 in %(Uo—’ul) =0 on 09,
and
(2.80) vo < v <w_p in .

Again, using the equations for p; and po, the inequalities above, and the choice
of R, we deduce similarly that

(2.81) Pio < pin <pi—1, 1=1,2in (.
Next, we show

A(uy —ug) — R(up —ug) <0 in Q, %(ul —u2) =0 on 09,
(2.82)
A(ug — ug) — R(ug —uz) >0 in Q, %(uo —wu2) =0 on 09,

(Here, we use (2.67) at v = v1,p; = p1,p.) Thus we obtain
(2.83) ug < ug < wup in Q.

Similarly, comparing the related equations and using the inequalities above, we
deduce successively that

(2.84) vg <wg <wp in £,



232 CHAPTER 3. CONTROL FOR NONLINEAR SYSTEMS

(2.85) P10 <pr2 <pi1 and paog < p22 <p21 in (L

From the above inequalities we have the validity of the inequalities
(2.86)
Uop S U2pt2 S U2ptl S U2p—1,  V2n < V2p42 < Vopt1 < U2p— in D,

P1on < P12nt2 S P12+l S P12n—1, P22 S P22n42 < P22nt1 < P22n—1 in €2,

for n = 0. We then use the comparison method as above to prove the validity
of (2.86) for any positive integer n by induction. This proves (2.75).

To prove the second part of the theorem, we use the comparison method on
the appropriate equations as above, and proceed by induction on r in proving
inequality (2.77). For more details of analogous procedures, see Theorem 5.5-1
in [125].

The following example indicates that when the intrinsic growth rates a;(z,y)
various only moderately in different locations and the interaction parameters are
relatively small, ¢ = 1, 2, then all the theorems in this section are applicable.

Example 2.1. Let Q be any bounded domain on the (z,y) plane with C?
boundary, with {(z,y)|0 <z < 1,0 <y < 1} C Q. Consider the system (2.1)
with
ai(z,y) =16 + 2 sin(2mxy), a; = 18, a; = 14 for i = 1,2, by = 12, by = 7.8,
Ccl = 0.35, Cy = 0.5.

The problem is to maximize (2.2) with
Ky =05, Ko=1, My = 0.5, My = 1

for all f; € L®(Q) in (2.5), where §; = 2.079, 5, = 2.308.

We can verify that the hypotheses [H1**],[H2**],[H3] and [H4] are all satis-
fied, thus Theorem 2.4 applies. Moreover, conditions (2.56), (2.57) and [H5] are
also valid; hence Corollary 2.5, Remark 2.5 and Theorem 2.6 are all applicable
to this example. The optimal solution can be characterized by positive solutions
of the elliptic system of four equations (2.59). Moreover, the approximation
Theorem 2.6 applies.

3.3 Time-Periodic Optimal Control for Competing
Parabolic Systems

Optimal control models for reaction-diffusion systems are used for agriculture
and environmental problems. Since the growth rates of life species change sea-
sonally, one needs to analyze such models whose coefficients are periodic in time.
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In this section, we consider time-periodic Voterra-Lotka diffusive competing sys-
tems whose growth and interaction rates are periodic functions of time. We will
show that such systems has a unique positive periodic solution. We then search
for optimal harvesting control of the systems in order to maximize certain pay-
off.

Let Q be a bounded domain in RY with C? boundary, G := Q x [0,7T), S :=
00 x[0,T) for some T > 0, and b;, ¢; some positive constants, i = 1,2. Through-
out this section we will always assume that f(z,t),g(z,t) and a;(x,t),i = 1,2
are functions in L (2 x (—00,00)) := {h € L>(2 x (—00,00)|h > 0 in G}, and
they are periodic functions of ¢ with period T for (z,t) € Q x (—o0,00). For any
constant 6 = (01,4d2),0; > 0,7 = 1,2, we let

B5,T - {(fmg)‘fmg € Lf(Q X (_00700))7
fand gare periodic functions of ¢ with period T and f < §1,¢9 < d2}.

For any (f,g) € Bsr, we define (u,v) = (u(f,g),v(f,9)) as a solution of the
problem:

up — Au — uf(ar(x,t) — f(x,t)) —bju —c1v] =0 in G,

vy — Av — v[(az(z,t) — g(z,t)) — bav — cou] =0 in G,

(3.1)
Gu_L—9 on S,
u(x,0) = u(z,T), v(z,0) =v(x,T), for x € Q.

We will show that such (u(f,g),v(f,g)) is uniquely defined when 6;, a;, b;, ¢;, i =
1,2 satisfy appropriate conditions (cf. [H1], [H2] below in this section).
Let K;, M;,i = 1,2 be positive constants; we define the pay-off functional by

J(f.9) = /G Kyu(f,g)f + Kav(f,g)g — Myf® — Mog?) dedt,

which describes the economic profit of harvesting the competing species u,v.
The problem is to find periodic control (f*,¢*) € Bsr such that

J(f*v g*) = sup(f,g)EB[;,TJ(fv g)

In practical terms, we are searching for optimal harvesting of two competing
biological species whose growth are governed by diffusive Volterra-Lotka system
(3.1). The functions f, g denote the distributions of control harvesting effort on
the biological species. The optimal control criterion is to maximize the pay-off
functional, where K7 and M; are constants describing the market price of species
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u and the cost of control f, and similarly K5 and Ms are constants related to v
anf g. The results of this section are obtained from He, Leung and Stojanovic
in [82] and [83].

We first consider the basic preliminary problem of existence of t-periodic
solution of scalar linear parabolic problem with L coefficients rather than the
usual C® coefficients.

Theorem 3.1. Let f € LE(G) and ¢ € L*®(G) with mingc(z,t) > X > 0.
Suppose further that f and c are periodic functions of t with period T in Q X
[0,00). Then the problem

ug — Au+ c(x, t)u = f in G,

(3.2) % =0 on S,
u(z,0) = u(x,T) for all x €

has a unique mon-negative solution u in Wg’l(G), for p > 1, satisfying the
estimate

(3.3) lully21y < Cllfllnc:

Here, C is a constant independent of f and dependent on ||c||so,q; A is any
positive constant.

Proof. First suppose that ¢ € C%(G),0 < a < 1. Let f,, € LE(G) N C*(G) be
periodic about t with period T such that

fm — [ in LP(G).

(The existence of such sequence {f,,} can be found in e.g. Gilbarg and
Trudinger [71].) Then by Fife’s results in [58] (cf. Theorem 5.6.1 in Leung
[125]), there exists a unique solution u,, € C?*T*(G) of problem (3.2) with f
replaced by f,,. Multiplying both sides of the equation

8;—? — Aty + iy, = [,

by uby ! and integrating on G, we obtain

1d
/——uﬁldwdt—i—(p—l)/ ugl_2|Vum|2dxdt+/ cuf’nda:dt:/ fum™Ldzdt.
G pdt G G G

Since u,, is periodic with period T, we have

1d
/ ——ub drdt = 0.
G pdt
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Using Young’s inequality (see e.g. p. 622 in [57]) and the fact that
/ W2V 2 dzdt = (2/p)2 / V2l Pdzdt > 0,
G G

we deduce that

(34 Munllg < VOl + el g for all e > 0.
Hence, by choosing e small enough, we obtain

(3.5) l[umllze () < Cll fnllir (@)

Here, C is a constant independent of m and f,,, and u,, € C*T%(G). Since
fm = 0, the maximum principle implies that wu,, > 0. Since f,, — f in LP(G),
we obtain by (3.5) that

(3.6) ||um||p,G <C.

Here C is independent of m. Using Theorem A5-1 in Chapter 6 (with T = 7'/2
and Ty = 2T"), and the periodic property of w,,, we obtain

(3.7) lumlly21 ) < Cillfmllp.c + Collumllp.e < Cllfullpc-
We thus readily deduce that

U, — ug strongly in Wg’l(G),
where g € Wg’l(G) is a solution of (3.2) and

(3.8) ||u0||W§’1(G) < C||f||P,G'

In order to complete the proof of this theorem when ¢ € L*(G) in general, we
need the following lemma.

Lemma 3.1. Assume all the hypotheses of Theorem 3.1, with f,c replaced by
fisci, here fi € LP(Q x [0,00)) and ¢; € C*(Q2 x [0,00)),7i =1,2 and p > 1. Let
u;, i = 1,2 be the non-negative solutions of problem (3.2) with f,c replaced by
fi,ci, respectively. If f1 > fo and co > ¢y in G, then up > ug in G.

Proof. By using mollifiers, we may assume without loss of generality that
fi € C*(G) for i = 1,2. The function w = uj — uy satisfies

—Aw+crw = f1 — fo+ (c2 — c1)ug in G,
2—15:0 on S,

w(z,0) = w(z,T) for all x € Q.
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Suppose w(xg, tg) is a negative minimum of w, then the fact that (co —c1)ug > 0
and f; — fo > 0, implies that (z¢,y) cannot be in the interior of G. Moreover,
w(z,0) = w(z,T) and the maximum principle implies that tg # 0,7’; unless w
is a negative constant, which is a contradiction to the equation. Thus, we have
xg € 09, and dw/Ov > 0 at xp, by maximum principle. This again contradicts
the boundary condition. Hence, we must have w > 0, i.e. u; > us in G.

We now continue to prove Theorem 3.1 when ¢ € L*(£2 x [0, 00)). Choose a
constant P so that P > ||c||x,c. Let ug and u be, respectively, the non-negative
solution of the problems (3.2)y and (3.2)p which are (3.2) with ¢ replaced by A
and P respectively. Lemma 3.1 implies that

(3.9) 0<wu, <y in G.
We then define uj as the non-negative solution of the problems
%Ltk — Auy + Puy, = f — cup—1 + Pug_1 in G,

(3.10) u — on S,
ug(z,0) = ug(z,T) for all x € Q.

The first part of the proof of Theorem 3.1 implies that uq; > 0 is uniquely
defined in G. Using the equations satisfied by wu,,u; and ug, we obtain readily
from Lemma 3.1 that

0<uy <up <wug in G.

Denoting h(u) = f — cu+ Pu, we find h is increasing since P > ¢. Suppose that

we have proved

0<u, <up <up—1 <---<wu <y inG.

Since wugy1 satisfies problem (3.10) with &k replaced with k + 1, and h(0) <
h(ux) < h(ug—1), Lemma 3.1 implies that

U < Upy1 < U

We thus obtain a monotone increasing sequence {ug} with ug > ur > u, for
all K = 1,2,3,.... Using the first part of the proof (cf.(3.7)), and applying
estimates (3.8) to (3.10) we obtain the estimate

ukllw21 gy < Cllfllp,e(+[lelloo,c)-

Applying (3.8) to (3.10) again, we obtain a subsequence u,, converging to a
solution in Wg ’1(G). Further, applying the above estimate to u,,, and taking
limit as & — oo, we obtain (3.3).
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It remains to prove the uniqueness of solution. Suppose that (3.2) has two
solutions u and v, then u — v is a solution of problem (3.2) with f replaced by
0. Multiplying both sides of the equation by u — v and integrating over G, we
obtain

(3.11) /G(u —0)¢(u — v)dzdt + /G |V (u — v)2dadt + / c(u —v)*dzdt = 0.

G

From the periodic property of u, v, we deduce

/G(u—v)(u—vda:dt // 2dtu—v V2dtdz = 0.

Consequently, we can complete the proof of Theorem 3.1 by mean of (3.11).

In order to prepare for the consideration of the competitive system (3.1), we
next consider the following scalar periodic nonlinear problem:

— Au— (a(z,t) — f(z,t))u+bu? =0 in G,
(3.12) gu = on S,

u(x,0) = u(x,T) for all z € Q.

Theorem 3.2 (Periodic Solution for Scalar Nonlinear Problem). Let
a(x,t), f(x,t) be both in LL(Q x [0,00)) and f(x,t) € Bsr, where § satisfies

(3.13) 0<é <infga(z,t).

Suppose a(x,t) is also a t-periodic function with period T in Q x [0, 00), then the
problem (3.12) has a positive t-periodic solution u(x,t) € Wa'(G) of period T,
for all p € (1,00), satisfying the estimate

(3.14) [ul 21y < €

where C is a constant determined by ||a||co.c. Moreover, if § further satisfies
the condition

(3.15) 0<d< é{2 infga(x,t) — supg a(z,t)},

then the positive solution is unique.

Proof. Let C7 > 0 be a constant such that

(3.16) ||a|co.cC1 — bCE <0,
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and choose another positive constant P so that
(3.17) 0+ 20C1 — P < 0.
Define an initial iterate

(3.18) ug = C1;

and then inductively define ug, k = 1,2, ..., as the unique non-negative solutions
in W' (@) of the problem:

88% — Auy + Puy, = (a — flup—1 + Pup_y —buj_, inG,

(3.19) ¢ % =g on S,
ug(z,0) = ug(z,T) for all x € Q.

The existence of uy has been proved by Theorem 3.1.
By (3.16), (3.18) and Lemma 3.1, one can easily verify that

(3.20) up <Ci=up in G.

By the choice of P in (3.17), the function

(3.21) h(z,t,u) = [a(z,t) — f(x,t)]u — bu® + Pu
is increasing in u for 0 < v < Cy. Again, Lemma 3.1 implies
(3.22) up < up_1 in G for each k =2,3,...

On the other hand, hypothesis (3.13) implies that for € > 0 small enough, we
have
(3.23)

%(uk —€) — Aug, —€) + P(ug, — €) = h(x,t,up—1) — Pe

> h(z,t,up_1) — Pe — (a — f)e + be?
= h(z,t,up_1) — h(z,t,€).

Thus, assuming € < Cf is sufficiently small, we can deduce inductively starting
from k =1 that

0
E(Uk —€) — A(ug, — €) + P(ug, — €) > 0.

Consequently, we have

Ci=up>uy >uy > --up>--->€>0.
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From Theorem 3.1, we have
(3.24) ||uk’||W§’1(G) < CO(|[(a = flug—1 + Pug—1 — bui_al,(;).
Hence, combining with the uniform bound for ug, we obtain

(3.25) [Tl 216y < C,

where C is determined by C; and ||a||so,q, independent of k. Passing to the
limit as k — oo in (3.19) and using the a-priori estimate (3.24) again, we obtain
a solution of problem (3.12) in W' (G) and the estimate (3.14).

We next prove the uniqueness part of this theorem. First, we note that from
(3.23) we can choose the lower bound € as

(3.26) e = (1/b)(infq a(z,t) —9).
From (3.16) above, we also see that we can choose C as
(3.27) C1 = {supg a(z,t)}/b.

Suppose w is another positive solution, let k = maz{C1,||w||s} and start it-
erating from an initial constant function k. We construct as in the proof of
existence above another solution, say v, such that

(3.28) 0<e<u<ov and 0<w<w a.e. in G.

By the choice of € and using the same argument as above for proving u > ¢, we
can prove w > €. Thus we have

O<e<w<vw.

We now prove u = v in G. Since u and v both satisfy (3.12), the function
U := v — u satisfies

U — AU — (a(x,t) — f(z,t)U +b(u+v)U =0 in G,

%—520 on S,
U(x,0)=U(x,T) for all x € Q.

From (3.28) we have

(3.29) u+v > 2e.
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Using (3.15), (3.26) and (3.29), we deduce that
a— f<2infga(z,t) — 3
< 2infga(z,t) — 26 < 2eb < b(u + v).
That is, we have
(a—f)—0blu+v) <0 in G.

We can then use the same methods as in the proof of uniqueness as in Theorem
3.1 to prove U = 0, i.e. uw = v in G. (Here, the role of ¢ is replaced by
b(u +v) — (a — f).) Similarly, we can show w = v in G. This completes the
proof of Theorem 3.2.

We now return to consider the existence of periodic positive solution for the
competitive system (3.1), for a fixed given (f, g) € Bs, . This will be established
in Theorem 3.3 with the hypotheses

[H1] 0<6; < %{QQi—&i—QciZ—j}, i=j=1,2andi#j.

Here a; = infg a;(z,t) and a; = supg a;(x,t) for i = 1,2. To obtain the existence
theorem (Theorem 3.3), we will construct two sequences by means of iteration.
Let ug be the solution of the problem

ug — Au — (a1 (x,t) — f(z,t))u+bu? =0 in G,

(3.30) % =0 on S,
u(x,0) = u(z,T) for all x € Q;

and let vy be the solution of the problem

v — Av — (ag(z,t) — g(o,t) — coug)v + bav? =0 in G,

(331) ¢ =0 on S,
v(z,0) =v(x,T) for all x € Q.

From Theorem 3.2 and its proof, we see that hypotheses [H1] imply that up and
vp exist in Wg’l(G) for p > 1, and

Qo — coa1/b1 — &
9 — C2a1 /b1 2 S

0.
by

(2
—= > v >
by = = p by = 0=

Note that in (3.30) and (3.31), the derivatives are taken in the weak sense,
and the equations are satisfied a.e. in G. For i = 1,2,..., we define u; and v;
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as the solutions of the following problems (3.32) and (3.33) respectively:

aauti — Au; — (a1 — f — crvi1)ug + biuf =0 in G,
(3:32) %qfxi =0 on S,
ui(z,0) = ui(z,T) for all x € Q;
and
%? — Av; — (az — g — cou;)v; + byvf = 0 in G,
(3.33) % =0 on S,
vi(z,0) = vi(z,T) for all x € Q.

Inductively, from (3.32) and (3.33), and using Theorem 3.2 we obtain
(3.34)

0< @ —c1(az/bg) — & cu<B 9@ — c2(a1/b1) — &y <o <2
b]_ b]_ b2 b2
Moreover, uj and vy are in I/[/p2’l((¥)7 forp>1,k=1,2,.... By means of a slight

extension of the comparison Lemma 3.1, we can prove the following monotone
properties.

Lemma 3.2. Assume hypotheses [H1], then the sequences defined by (3.30) to
(8.33) satisfy

(3.35) Ug > Uy > Uy > - >up >, in G,
and

3.36 v < <v <<y <o, in G
(

Proof. We first extend the comparison Lemma 3.1 to include the case for a
fixed ¢ € LE°(2 x (—00,00)), while all the other assumptions are unchanged. In
fact, suppose that w; is the solution of the problem

we — Aw + c(z, t)w = f in G,
(3.37) gu = on S,

w(z,0) = w(z,T) for all x € Q
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for i = 1,2, where ¢ € LE(€2 x (—00,00)). We need to prove that f; > fo, f; €
LP(G) for i = 1,2, implies w; > wy in G. Let ¢, € C*(Qx (—o0,00)),n = 1,2, ..,
be positive functions periodic in ¢ with period 71" such that

cn — ¢ in LP(G), as n — oo.

Moreover, let w;, be the solution of problem (3.37) with ¢ replaced by ¢, for
i =1,2. Then, Lemma 3.1 asserts that

(3.38) Wiy > wo, NG, n=1,2,3,....

Moreover, Theorem 3.1 implies that {w;,} is uniformly bounded in Wy (G) for
each ¢ = 1,2. Hence, by extracting appropriate subsequences, we can readily
obtain wj, — w; a.e. in G as n — oo for ¢ = 1, 2. Consequently, from (3.38), we
obtain wy > wo.

Now we are ready to prove (3.35) and (3.36). Let w = up — wuy; then w
satisfies the inequality

(3.39) wy — Aw + [by(up +u1) — (a1 — f) + crvplw > 0, in G.
The hypothesis [H1] and (3.34) imply that
bi(up +u1) — (a1 — f) +c1v9 > 9 >0, in G.

Then by the extension of Lemma 3.1 mentioned above, we conclude that w > 0,
ie.
() > uy, in G.

From this we deduce that (v; — vg) satisfies the inequality
(v1 —vo)e — A(v1 — vg) + [b2(v1 +v9) — (a2 — g) + cauo](v1 — vo) = 0,

in G. The same argument as above implies that vy > vg in G. By iterating and
induction in k, we deduce by the same argument that (3.35) and (3.36) hold.

By (3.34)-(3.36) and Theorem 3.2, we obtain the estimates
(3.40) Hukﬂwjl(g) < Ry, Hvkuwp?vl((;) < Ry,

where Ry and Ry are constants independent of k.

By a similar argument as in Theorem 3.2, taking limit as i — oo in (3.35)
and (3.36) and using a-priori estimates (3.40), we finally conclude that there
exists a solution (u,v) of problem (3.1) in Wg’l(G) X Wg’l(G) and the estimates
(3.40) for w and v hold. Hence, we have proved the following theorem.
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Theorem 3.3 (Periodic Solution for Competitive Systems). Suppose
hypothesis [H1] holds. Let (f,g) € Bsr, then problem (3.1) has a solution in
Wg’l(G) X Wg’l(G) for p > 1 with u,v satisfying

(3.41) 0<€1§u§d1/b1, 0<€2§’U§&2/b2.
Here €; = [a; — ¢;(aj/bj) — 6;]/bi,i = 1,2 and i # j. Moreover, (u,v) satisfies
(3.42) lullyzs g < Brs lollyzag < Ro.

Here, R; is a constant determined by ||a;||co,c,? = 1,2 respectively.

In order to obtain uniqueness of solution to problem (3.1), we introduce the
following hypothesis:

[H2] ci‘Z—;—i-cj‘Z—ll < 2min{d1,d2}, fori,j=1,2andi# j.

Theorem 3.4 (Uniqueness). Let 0;,a;,¢; and b;,i = 1,2, satisfy [H1] and
[H2]. Let (f,g) € Bsr, then the problem (3.1) has a unique solution (u,v) in
Wl (G) x W2l (G) for p > 1 with u,v > 0.

Proof. We first prove that if (u,v) is a solution of problem (3.1) with u,v > 0,
then u and v satisfy (3.41). In fact, we can use the same comparison lemma
described in the proof of Lemma 3.2 to prove ug > u, and then vy < v. Similarly,
we can show uyp > w and v < v for all k = 0,1,2,.... Finally, we obtain the
inequalities u < limy_oou < a1/by and v > limg_.ovg > €2. Interchanging the
role of u and v, we can show by means of symmetry that u > €; and v < ay/bs.

Suppose that there exist two solutions (u1,v;) and (ug,v2) of problem (3.1)
with u;,v; > 0 for i = 1,2; then (u; — ug,v1 — vy) satisfies

(w1 —u2)r — A(ur — ug) + [br(u1 +u2) — (a1 — f)](u1 — u2)

+civi(ur —ug) + crua(vy —v2) =0 in G,
(3.43)
(v1 —v2)r — A(v1 — v2) + [ba(v1 + v2) — (a2 — g)](v1 — v2)

+ couq (v1 — v2) + cova(ug —uz) =0 in G.

By hypothesis [H1] and (3.41), we have

(3.44) by(ug +u2) — (a1 — f) + cav1 > 01, ba(vy +v2) — (ag — g) + coug > ds.
By hypothesis [H2] when ¢ = 1,j = 2 and (3.41), we find

(3.45) crug + covg < 2min{dy, d2}.
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From (3.43), (3.44), (3.45) and the periodic property of the solutions, we obtain

(3.46)
JollV(ur = u2)]? + [V (01 — vo) 2] dadt + [[01(u1 — ua)? + d2(v1 — v2)?] dadt
—2min{d1, 02} [ [(u1 — u2)|(v1 — vo)| dzdt < 0.
From (3.46), we finally obtain
Uy = uz, V1 = v, in G.
Having proved the existence and uniqueness of problem (3.1), we can now

consider the problem of existence of an optimal control (f*,¢*) € Bsr, such
that

(3'47) J(f*7g ) = SUP(f,g)eBs T (fa )7
where
(348)  J(f.9) = /G K1u(f,9)f + Kxo(f,g)g — Mif? — Mog?) dudt,

as described in the beginning of this section.

Theorem 3.5 (Existence of Periodic Optimal Control). Let d;,a;,¢; and
bi,i = 1,2, satisfy the hypotheses [H1] and [H2]. Then there exists an optimal
control (f*,g*) € Bsx for the problem (3.47), (3.48). Here, (u(f,g),v(f,q))
denotes the unique positive solution of (3.1) as described in Theorem 3.4.

Proof. From (3.42), it follows that

sup(f.gyeBs J(f19) <

Let (fyn,gn) be a maximizing sequence. Then, there exists a subsequence, again
denoted by (fn,gn) for convenience, so that

fo—= %, gn — g", weakly in L2(G) with (f*,¢") € Bsr,
and

Un(frygn) — u°, Un(fn,gn) — v*, strongly in Wpl’O(G) and weakly in Wﬁ’l(G).

Since
Unt — Ay — upf(ar — frn) — bruy — 1o, =0 in G,
Unt — Avy, — vp[(ag — gn) — bovy, — cou,] =0 in G,
%Lyn = %L; =0 on S,
\ un(xao) = Un(xaT)a 'Un(xv 0) = Un(l‘,T), for z € Q,
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we have

/G{—unqﬁt + Vuy, - Vo — (a1 — fo)und + bluigb + crupvp ¢} dedt =0
and

/G{—vn¢t + V- Vo — (a2 — gn)vnd + bav2é + counvn¢} dedt = 0,

for any ¢ € WI}’I(G) N L>®(G) with ¢(z,T) = ¢(x,0). Passing to the limits as
n — oo in the two inequalities above, and noting that

/fnungi) dmdt—>/f*u*¢) dxdt and /gnvnqb dmdt—>/g*v*¢) dxdt,
G G G G

for all ¢ € L>°(G), we find that (u*,v*) is a weak solution of (3.1) with (f,g)
replaced by (f*, g*). Since (u*,v*) € Wg’l(G) X Wg’l(G), the uniqueness of
positive solution of problem (3.1) (Theorem 3.4) implies that

ut=u(f%g") and v" =0"(f7,g7).
Moreover, we have
J(f*.g%) = [{Kwu* f* + Kov*g* — My(f*)* — Ma(g*)?} dadt
> limy—oo [ AK1Un fro + K2vVngn} dadt

—liminfp—oo [o{M1f2 + Mag?2} dxdt

= lim SUPn— o0 J(fna gn) = Sup(f,g)EB(;’T J(f7 g)'

Consequently, (f*,g*) is an optimal control in Bsz, and this completes the
proof.

In the remaining part of this section, we will deduce an optimal system which
characterizes the optimal control described in Theorem 3.5. We first consider
the differentiability property of the solutions of (3.1) with respect to the control.

Lemma 3.3 (Differentiability with Respect to Control). Suppose that
disai, ¢ and by, i = 1,2, satisfy hypotheses [H1] and [H2]; then we have

“(f+f3f,g+ﬂﬁ!7)—u(f,9) — €, weakly in W22’1(G),
(3.49)

v(f-i‘ﬁf_,g‘l‘ﬁﬁg)—u(f,g) — weakly in W22’1(G),
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as 8 — 0 for some subsequences, for any given (f,g) € Bsr, and (f,g9) € L=(G)
such that (f+5f,9+08g) € Bsr. Furthermore, (§,n) is a solution of the problem

(3.50) )

ft_Ag_ [al _f_2b1u(fvg) _Clv(fvg)]£+clnu: _fu(fag) n G)

% =0 on S,

£(z,0) =&(x,T) for all x € Q;
(3.51)

m— A’I? - [(12 —9g— 2b2?./(f, g) - CQU(fv 9)]77 + 0251] = _gv(,ﬂ g) in G)
oy _ g on S,

n(z,0) = n(z,T) for all x € Q.

(For the uniqueness of solution to problem (3.50) and (3.51), see Remark 3.1
below.)

Proof. Let
68— y NI = )
B g
then by (3.1), ({3,73) satisfies
(3.52)

Eor — A§p — (a1 — [)&p + bi(u +u)ép + 108 + crung = —fu in G,
npt — Ang — (a2 — g)ng + b2(v + v)ng + cating + c2vég = —gv  in G,
855 _ 87][3

W_WZO ODS,

£p(x,0) = Ea(x, T') and ng(x,0) = ng(x,T), for all x € Q.

Here, we denote 4 = u(f + Bf,g + 89),v = v(f + Bf, g + 7). Since £z and
ng € V[/p2 ’1(G) are periodic with period T, we can readily prove by approximation
that

(3.53) / §p8pt dxdt = / ngngt drdt = / EptAég dadt = / nptAng drdt = 0.
G G G G

In fact, the inequalities are all proved similarly, and we will only prove one of
them here. Let {ry,} be a sequence of C°°(G)-periodic functions of ¢ with period
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T, and Ory,/0v = 0 for all (z,t) € 02 x [0,T),m =1,2,... such that
Tt — &4, Arpy — Aég, in L2(G), as m — oc.

(Since &3 € W' (G), the existence of such {r,,} is given in Chapter 7 of [113]).
Then we have

fG fﬁ,tAgﬂ dxdt = llmm—>oo fG T'mﬂjATm dxdt
= iMoo J; — 55| Vrm|? dzdt = 0.

Here, the second equality is due to the divergence theorem; and the last one is
due to the periodic property of r,,.

Multiplying the first and second equations of (3.52) by &3, 7 respectively
and integrating both over GG, we obtain

fG |V£5|2 dxdt + fG[bl (ﬂ + u) + v — (a1 - f)]fg dxdt + fG clufgnﬂ dxdt

= — |, futs dadt,

and

fG |Vng|? dzdt + fG[bQ(@ +v) + coti — (ag — g)]n% dxdt + fG coungép drdt

= — [ ging dadt.

From Theorem 3.3 and [H1], we find

(3.54) bi(a+u) — (a1 — f) > 01, ba(v+v) — (ag — g) > 02.

Moreover, by [H2] when i = 1,7 = 2, we have

(3.55) cru+ cov < 2min{dy, 9z }.

Consequently we obtain the inequality
(3.56) / (Vesl? + [Vinal? + €2 + ] dadt < const.
G

where the constant is independent of 3.

By transposing all the terms of the first equation in (3.52) except £z — As
to the right-hand side and using (3.56), we can use parabolic estimates to obtain
the following inequality

||§ﬁ||w§v1(g) <C,
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where the constant C' is independent of (. Similarly, from the second equation
of (3.52) and (3.56), we obtain

||775||W22’1(G) <C,

where C' is independent of 3. Consequently, there exist subsequences (denoted
again by &g and 73), such that

g — & and ng — 1,

strongly in VVQJL (@) and weakly in VV22 (G). Moreover, taking limits as § — oo
in (3.52), we conclude that the limit (£,7n) satisfies (3.50) and (3.51). This
completes the proof of the Lemma.

Remark 3.1. Under the same hypotheses as Lemma 3.3, we can prove as
in Theorem 3.4 that problem (3.50), (3.51) has only one solution, which is in
VV22 (@) x W22 1(@). Therefore we can actually conclude that (3.49) holds for
the full sequence. The proof of uniqueness under hypotheses [H1] and [H2] is
nearly the same as that for Theorem 3.4, and will be omitted.

Theorem 3.6 (Characterization of the Optimal Control). Let p > 1 be
any positive number. Suppose a;(x,t),0;,b;,¢c;,i = 1,2, satisfy hypotheses [H1|
and [H2]; and the positive constants K;, M;,1 = 1,2, satisfy the hypotheses
[H3] M; > Hsupeaied) gy =1 9,

For any optimal control (f,g) € Bs of problem (3.1), (3.47), (3.48), let (u,v)
be the solution of problem (3.1) with

0<er <u<gar/bi, 0<e <v<ay/by,
and suppose (z,w) is a solution of
21+ Az — [2uby + v — a1 + flz — cuw = —K1f in G,

wy + Aw — [20by + cou — ag + glw — cquz = —Kag in G,

(3.57)
% = 8—7;’ =0 on S,
[ 2(%,0) = 2(2,T) and w(z,0) = w(z,T), for all z € Q.
satisfying
Koa Kia
(3.58) @R o, <Ky, AN < K.

" S1bo + c1an " S9by + cody
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Then the optimal control (f,g) satisfies

(3.59) f= u2(m—]\21t)(Kl —z) and g=

v(z,t) ,
— (Ko — .
20, (Ky —w), in G
Here u,v,z and w are in Wp2’1(G) and €;,1 = 1,2 are defined in (3.41).

Proof. Theorem 3.5 implies that the conditions of this theorem suffice to ensure
the existence of an optimal control in Bsp. Let (f,g) € Bsr be an optimal
control, i.e. there exists a solution (u,v) of the problem (3.1) for (f, g) such that

J(£,9) = supj gyep, , J(f, ).
For arbitrary f,§ € LP(G),e >0, set

f~> iffg(sl_erHoo,Ga

0, elsewhere;

similarly we define g = g.. B
For 8 > 0 small enough (say § < €), such that (f + 5f,g9+ 8g) € Bgr, the
optimality of (f, g) implies that

(3.60) J(f.9) = J(f + BF,q+ Bg),
that is
fG(Kluf + Kovg — My f? — Mag?) dadt

> [olEu(f + BF, 9+ Bg)(f + BF) + Kxvo(f + Bf,9 + 83)(g + 59)

—M(f + Bf)? — Ma(g + 39)?] dxdt.

Dividing by 3 and letting 8 — 0, we obtain from Lemma 3.3,
(3.61) / [K1€f + Kiuf + Kong + Kovg — 2My f f — 2Msgg] dxdt < 0.
G

Since (z,w) is a solution of problem (3.57) satisfying (3.58), we deduce from
(3.61), (3.57), (3.50), (3.51) and integrating by parts that

/G{ﬁ[(Kl — 2)u — 2M; f] + Ge[(K2 — w)v — 2Mag]} dadt < 0.

Now, letting § = 0,e — 07, and using argument as in the proof of Theorem 2.4
in Section 3.2, we deduce from hypothesis [H3] and the above inequality that
. Kl —Z

f= oI, u(z,t), in G.
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Similarly, letting f =0, we obtain

This completes the proof of the theorem.

Remark 3.2. Suppose (f,g) € Bsr is any optimal control, we see from The-
orem 3.6 that if (u,v) and (z,w) are the unique solutions of problem (3.1) and
(3.57), respectively, then (u, v, z,w) is a solution of the following optimal system:

(3.62)
'ut—Au—aﬂH—(bl+I§1T_lz)u2+cluv:0 in G,
vy — Av — agv + (by + IgQ—]V_[;”)v2+62uv =0 in G,

2zt + Az — [2bju — a1 + c1v)z + (1(211\}12)2u —cvw=0 inG,

wy + Aw — [2byv — ag + coujw + (KQQJ\_/[;U)2’L) —cuz=0 1inG,

B-g-g-t -0 s
u(z,0) = u(z,T), v(z,0) =v(z,T), for all x € (2,
 2(2,0) = 2(z,T), w(z,0) =w(z,T), for all x € Q2.

Thus if (3.62) can be solved for (u,v,w,z), then the optimal control (f,g) can
be found by using (3.59).

We next prove problem (3.57), described in Theorem 3.6, indeed has a unique
solution satisfying (3.58)

Theorem 3.7. Under the assumptions of Theorem 3.6, problem (3.57) has a
unique solution (z,w) € Wa''(G) x W' (GQ) with

coKsa aKia
2202 <z< K; and —DQE—#SwSKQ.

_p, = __n202
! 01bo + cras 02b1 + c2a1

Here (u,v) satisfies (3.1) and (3.41).

Proof. We can readily show that (—Dy,—D»), (K7, K3) are respectively lower
and upper solutions of problem (3.57) in the region —D; < 2z < Kj,—Ds < w <
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KQ, i.e.,
(—D1)t + A(—=D1) + 2biu+ c1v — a1 + f]D1 — oKy > —K 1 f  in G,

(—Dg)t + A(—Dg) =+ [2b2v + cou — as + g]DQ — cluKl > —Kgg in G,

K+ AKq — [2b1u +civ—a1 + f]Kl — CQU(—DQ) < —Klf in G,

Kot + AKy — [2b2v + cou — ag + g| K2 — cpu(—D1) < —Kag in G.
To prove the existence of solution for (3.57), we first define
(po,q0) = (—=D1,—D2), (p-1,q9-1) = (K1, K2),

and p;,q;,t =1,2,3,..., to be solutions of
(3.63)
—pit — Ap; + 2biu — a1 + f + c1v]pi—o = K1 f — covgi—y in G,

—qit — Agi + [2bav — az + g + culgi—2 = Kog — crupi—1 in G,

% = %’ﬁ =0 on S,
\pi(ﬂj‘,O) = pz’(ajaT) and Qi(xvo) = qi(va)a for all z € (2.

The existence of solutions for each of the scalar problems in (3.63) are ensured by
Theorem 3.1. In fact, if we denote ¢°(x,s) = ¢(x, —s) for any function ¢(z,1),
then p? satisfies the parabolic problem

(3.64)
p?t - Ap? + [2b1u0 - a(l) + 0+ clvo]p?_Q =K, f%— cwoq?_l in Q x [-T,0],

& =0, on S =00 x [-T,0],
p°(z, =T) = p°(z,0), for all z € Q.

Theorem 3.1 implies that the above parabolic problem has a unique solution.
Therefore problem (3.63) has a unique solution p;(x,s) = p?(x, —s). The same
argument applies to g;.

For a given positive number R, (x,t) € G we define two functions:

hl(xatapa Q) = Klf(ajat) - C2U(x>t)q - [2b1u(x,t) - al(xvt) + f(.l‘,t)

+c1v(z,t)]p + Rp,
(3.65)
h2($a tapa Q) = Kgg(.l‘, t) - Clu(xa t)p - [2b2’0(1‘, t) - ag(l‘, t) + g(a:, t)

+cqu(, t)]q + Ry.



252 CHAPTER 3. CONTROL FOR NONLINEAR SYSTEMS

We choose R to be sufficiently large such that h; and hy are increasing in p and ¢
respectively in the domain € < u(z,t) < a3 /by, e2 < wv(z,t) < ag/be,—D1 <p <
K; and — Dy < g < Ks. Moreover, it is obvious that h; and hy are decreasing
in ¢ and p respectively in the above domain.

Using hy and hg we modify (3.63) into

—pit — Ap; + Rp; = hi(x,t,pi—2,qi-1) in G,
—qit — Aq; + Rq; = ha(x,t,gi—2,pi—1) in G,
(3.66)
i = %1 = on S,
pi(x,0) = p;i(z,T) and g;(z,0) = ¢;(z,T), for all x € Q.

From the monotone properties of h; and hg, the maximum principle of linear
parabolic equations and the fact that (po,qo), (p—1,9—1) are lower and upper
solutions, we can prove by means of (3.66) and induction that

Po<pr < <py <o <Py <o <pr<p_1 inG

and

W<@p<- << <S@a <o <qa<ga inG
(See Section 5.5 in [125] for details of the scheme). Moreover, we have

< C and ||g| <C,

Pillwz @) wi()

where C' is a constant independent of 7. Consequently, (3.66) implies that the
limits

limy—oo @2r, 1iMy—o0 q2r—1, liMy—oo D2ry 1My — 00 D2r—1

exist in I/Vp2 ’1(G), say q«,q", px and p*, respectively. Moreover, we have ¢, < ¢*
and p, < p*. It remains to prove that ¢, = ¢* and p, = p*. Taking limit as
i — oo in (3.66), we find (g«, q", ps, p*) satisfies the problem
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(3}629@ — Apy + [2biu — ay + f + c1v]ps + cugt = K f in G,
—pi — Ap* + [2b1u — ay + [ + cvlp* + covge = K1 f in G,
— @it — Ags + [2b2v — a2 + g + caulgs + crup® = Kag in G,
—q; — A" + [2byv — ag + g + coulq* + crup, = Kag in G,
p g m o g n 5,
P«(2,0) = pu(,T),p*(,0) = p*(2,T), ¢« (x,0) = gu(x,T), and
q*(z,0) = ¢*(z, 1), z e

Equation (3.67) consists of actually two separate systems, each with two equa-
tions. Moreover, (ps,q¢*) and (p*, g«) satisfy the same system of two equations.
From hypotheses [H1] and [H2] and the fact that

2bju— a1+ f+ v > 01+ v > 61, 2bov —as + g + cou > 09 + cou > s,
we can prove as in Theorem 3.4 that

(P*,q¢) = (p«, q).

Hence, we have proved the existence part. The uniqueness of solution in the
prescribed range is proved by using the property that (—Dy, —Ds) and (K7, K3)
are lower and upper solutions of problem (3.63) and by showing

p2r < 2 < Popgi, and o, <w < q2r+1, forr=1,2,..,

with similar arguments. This proves Theorem 3.7.

In the final part of this section we describe a method to find approxima-
tions for the solution (u, v, z,w) of problem (3.62). We construct monotone se-
quences converging from above and below, providing upper and lower estimates
for (u,v,z,w). In the case when the limits of upper and lower iterates agree,
then the optimal control problem is completely solved. That is, the optimal
control is given by (3.59) in terms of (u, v, z,w), which is calculated iteratively.
We will need the following additional conditions:

[H4] 622—]\[/2 <9; fori=1,2 and
[HE)] Cjijbi S 11((]12]31 for 17] = 172 and 1 ;é j’

where €1, €3 are positive numbers defined by (3.41).
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Remark 3.3. Under the additional conditions [H4] and [H5], together with
[H1]-[H3], we can prove that (ug,vo,po,q0) := (€1, €2,0,0) is a lower solution of
(3.62). This implies that the proofs of Theorems 3.6 and 3.7 still hold if we
replace (—D1, —Ds3) with (0,0). Then we can use the same arguments to show
that the conclusions of Theorems 3.6 and 3.7 are still true. Consequently, there
exists one solution (u,v,z,w) of problem (3.59) such that the functions w,v, z
and w are positive.

Assume all the hypotheses [H1] to [H5] in the remaining part of this section;
define

(u0,v0,P0,q0) := (€1,€2,0,0) and (u—_1,v_1,p—1,9-1) := (G1/b1,a2/b2, K1, K2).

For (x,t) € G, and a given positive number @, we define four functions as
follows:

5 _ (K1 —p)?
hl(I7t,p,U17U27’U) - p[al(xat) - 2b1U1 - Cl’U] + 27]\41”2 + Qp7
. Ky —q)?
ho(z,t,q,v1,v2,u) = glag(z,t) — 2byv1 — cou] + %02 + Qq,

. K
hs(z,t,u,v,p) = ulai(x,t) — (by + 2—]\411)u + QP—J\Z —cv] + Qu,

“ K
hy(z,t,v,u,q) = v|ag(z,t) — (by + 2]\422 v+ 2(]_]\14)2 — cou| + Q.

We choose ) large enough such that ﬁi,i = 1,2, 3,4 have the following corre-
sponding properties.

(S1) hy is increasing in p for p € [po, p—1] with fixed uy,us € [ug,u_1] and
v € [vg,v_1]; moreover, hy is increasing in us but decreasing in u;,v with the
other variables fixed in the same intervals.

(S2) The properties of hs in terms of q,v1,v2,u are the same as hi in terms
of p,u1,us, v respectively.

(S3) hs is increasing in u for u € [ug,u_1] with fixed p € [pg,p_1] and
v € [vg,v_1]; moreover, hs is increasing in p but decreasing in v with the other
variables fixed in the same intervals.

(S4) The properties of ;14 in terms of v,u, ¢ are the same as ilg in terms of
u, v, p respectively.

We can readily verify that (ug,vo,po,q0) and (u—1,v_1,p—1,q—1) satisfy

(3.68) U_1t — Au_1 + Qu_1 > ﬁ3($,t,u_1,vo,p_1) in G,
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(369) V-1t — A’U—l + Qv—l > il4(l', t,v_1,ug, q—l) in G7
(3.70)  p_1t +Ap_1 — Qp_1 < —hy(z,t,p_1,u0,u_1,v0) + 20040 in G,

(3.71) g1+ Aq1 — Qq_1 < —ha(z,t,q_1,v0,v_1, ) + c1uopo in G,

(3.72)  por + Apo — Qpo > —hi(x,t, po, u_1,up, v_1) + c2v_14_1 n G,
(3.73)  qor + Aqgo — Qqo = —ha(w,t, o, v_1,v0, u—1) + CLu_1p_1 in G,
(3.74) ugr — Aug + Qugp < ﬁg(x,t,uo,v_l,po) in G,
(3.75) vor — Avg + Quy < iL4(aj,t,v0,u_1,q0) in G,

Inequalities (3.68)-(3.71) can be readily verified using [H1]. We next show that
(3.72) holds. Since pg = 0, proving (3.72) is equivalent to proving the inequality

K? ao

From [H1], we have

a; — ci(az/ba) — 01 N 201
b1 ~ b '

€1 =

Thus, in order to prove (3.72), we only need to show

K1251 > CQ&le
MKy = by ’

which is our hypothesis [H5]. Inequality (3.73) is completely analogous to (3.72).
Similarly, using [H1] and [H4], we can prove (3.74) and (3.75).

Now, we inductively define sequences of functions wu;,v;,p; and ¢; for ¢ =
1,2,... as solutions of the following problems:

wir — Aui + Quy = ha(z,t,u;_9,v;_1,Di2) in G,
(3.76) 9ui =) on S,

u;i(z,0) = ui(x,T) for all x € €
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vit — Av; + Qui = ha(,t,v; 9, i1, i_2) in G,

(3.77) % =0 on S,
vi(z,0) = vi(z,T) for all x € €
(3.78)
Pit + Ap; — Qp; = —hi(x, ¢, pi—2, Ui—1,Ui—2,vi—1) + c2v—1¢;—1 in G,
% -0 on S,
L pi(2,0) = pi(x,T) for all x € Q;
(3.79)
Gt + Agi — Qqi = —ha(x,t,¢i—2,vi—1,Vi—2,Uj—1) + c1ui—1pi—1 in G,
% =0 on S,
L qi(2,0) = qi(z,T) for all z € Q.

The existence of solutions follows from Theorem 3.1. By using the induction ar-
gument, the monotone properties of h;,i = 1,2, 3,4 and the maximum principle,
(cf. Section 5.5 in [125]), we can show that

up <ug <-o-Sugy < v <ugiop <o Sugp Sug in G,

Vg S < --- <y << << S0 in G,
(3.80)

Po<pr< - <py <o <pyi1 < <p1 <p in G,

G0<q@< << <@pi1<--<q <q- in G.

Furthermore, we can readily prove the following theorem by repeated applica-
tions of Lemma 3.1.

Theorem 3.8 (Approximation Scheme for the Optimal Control).
Assume hypotheses [H1] — [H5]. The sequences u;,v;,p; and ¢; defined above
by (3.76)-(3.79) satisfy relation (3.80) for all positive integer i and (z,t) € G.
Moreover, any solution (u,v,z,w) of problem (3.62) with properties

(381) wy<u<u_, v<v<v_q, pp<z2<pg, g <w<gog, nG,

must satisfy the inequalities

(3.82)
ug < u < ugi—1, v2; <V <91, P2 < 2 < Pty @i Sw < @oi—1, n G,

for any positive integer 1.
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Remark 3.4. From Theorems 3.7 and 3.8, we find that if

Lo —oo Ui = 1Moo U2i—1, 1Moo V2 = 11100 V21,

limi oo P2i = limi— oo P2i—1, 1M 00 q2i = 1Moo q2i—1,

then the optimal control problem (3.47), (3.48) for the competitive system (3.1)
is completely solved (cf. Remark 3.2).

For an example of the control problem: (3.1), (3.47) and (3.48), which sat-
isfies all the hypotheses [H1] to [H5], we consider the following:

Example 3.1. Let Q = {(z,y)[z? + y? <1} and G = Q x [0,27]. Define
ay(z,y,t) = [%(;1?2 +yH)]cost +16, by =4, ¢ = 0.4,
as(z,y,t) = sin(mx)sin(my)sint + 25, by =6, ca = 0.5,
K1 =8, Ko=7, My =4, My =5.

We thus have

Choosing 0 = (d1,d2) = (11,17), we can easily verify that the hypotheses [H1]-
[H5] are all satisfied. For instance, we have
(~11 —C1 (dg/bg) — (51 19 13

= =— - — < 2
‘1 by 16 30

thus [H4] holds for i = 1 because

e1 K1
2M,

<2< =11,

Similarly, [H4] holds for i = 2. Moreover, [H5] holds fori = 1,5 =2ori=2,j =
1.

Remark 3.5. Let A;(x,t) and As(z,t) be given continuous t-periodic functions
for x € Q,t € (—o0,00), where Q is any bounded domain with C? boundary.
Consider problem (3.1), (3.47) and (3.48) with fixed ¢;, b;, M; and K; for i =1, 2.
From the previous example, we see that we can always find large enough con-
stants B and ¢; such that if we define a; = A; + B,i = 1,2, then the hypotheses
[H1]-[H5] are readily satisfied. Consequently, our results are applicable to a large
family of problems.
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3.4 Optimal Control of an Initial-Boundary Value
Problem for Fission Reactor Systems

To illustrate the diversity of applications of the method in the last sections, we
consider a different type of problem related to engineering physics. We will be
concerned with the mathematical theory for the optimal control of nuclear fission
reactors modeled by parabolic differential equations. The neutrons are divided
into fast and thermal groups with two equations describing their interaction and
fission, while a third equation describes the temperature in the reactor. The
coefficient for the fission and absorption of the thermal neutron is assumed to
be controlled by a function through the use of control rods in the reactor. The
object is to maintain a target neutron flux shape, while a desired power level
and adjustment costs are taken into consideration. Dividing the neutrons into
two energy groups and taking into account of the temperature feedback, the
two-group neutron diffusion reactor equations become:

Vl_18u1/8t — 01Au; = ajul + ajaus
(41) 1/2_1811,2/8t — 09Aug = asul + (a22 — f)UQ forx € Q, t > 0,

8u3/8t — 0'3AU3 = asiuil + aza2u2 + assus,

ui(x,t) = ua(z,t) = ug(z,t) =0 for x € 092, t > 0,
(4.2)
u;(z,0) = r;(x) for 1=1,2,3, z€Q.

Here, uq(x,t) and us(x,t) are the fast and thermal neutron fluxes respectively,
and ug(x,t) is the temperature function. ) represents the reactor domain, and
t is the time variable. The coefficients a1 and ao; are positive constants, repre-
senting group-transfer “cross-sections” between the two neutron groups. The pa-
rameter ass is negative, representing the cooling constant; the constants ag, ass
are positive, related to rate of energy released due to fission in the two neutron
groups. The constants a1; and ago can be any sign, and are related to fission and
absorption rates of each neutron group. The coefficient for the thermal neutron
is assumed to be controlled by the function f through the use of control rods
in the reactor. The parameter o;,v;,7 = 1,2 are positive constants related to
diffusion rate and average number of fast neutrons released during fission. (See
e.g. Christensen, Soliman and Nieva [29], Lewins [146], Lin, Lin and Jiang [154],
and Terney and Wade [218] for more details.) We are thus making the following
assumptions concerning the signs of the constants a;;:

a12, G921, a31, ass are positive and assz is negative;

4.
(4.3) a11 and age can be any sign.
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We will assume Q to be a bounded domain in RV, N > 2, with C? smooth
boundary 9. The control function f = f(z,t) will be assumed to be in the set

Cs ={f € La(2x(0,T)) -6 < f <6}

where T and § are some positive constants. One method for the control of such
a reactor is to maintain a target neutron flux shape, so that a desired power
level and adjustment cost are taken into consideration. For simplicity, we thus
define the cost functional J by

3
(14) IO = [ Kaluth) = e + M ) doi

T =1

for each f € Cs. Here, Qp = Q x [0,T],e; = e;(x,t) are the target profiles
for the two neutron fluxes and temperature with corresponding weight factor
K;, and M is related to the cost of the control f. Moreover, K; and M are
constants; and (u1(f),ua(f),us(f)) denotes the solution of the problem (4.1),
(4.2) with the corresponding control function f = f(z,t) in Qp. The target
functions e; are all assumed to be in the class Lo(2 x (0,7)), and the initial
functions are in W2(2),p = 2 with riso = 0 throughout this section. The
solutions of (4.1), (4.2) will be considered in VV22 1(Qy) for each component; and
the equations in (4.1) are satisfied almost everywhere. Here, VV22 1(Qr) denotes
the set of measurable functions in Q0 with weak partial derivatives with respect
to x up to second order, and weak first order partial derivative with respect to
t in LQ(QT)

An optimal control (if it exists) for the problem (4.1), (4.2) corresponding
to the cost functional (4.4) is a function f* € Cy such that

(4.5) J(f*) = inf J(f).

feCs

We will consider the existence of an optimal control and the differentiability
of the cost functional with respect to the control. We then characterize the
optimal control and derive an optimality system of equations. The optimality
system is solved by an iterative procedure, which can be implemented into a
computer algorithm. The iterative procedure is shown to be a contraction for
small enough time interval. The optimal control can then be synthesized from
the solution of the optimality system. The theory in this section is obtained
from Leung and Chen [133], it can be extended to include the effects of delayed
neutrons, e.g. xenon and iodide. It is known in practice that these delayed
neutrons do have significant effect in the dynamics of the reactor. More details
can be found in [133].
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We first show the existence of optimal control for our problem in the set Cs.
Then, we consider the differentiability of the mapping

Csof— (ul(f)7u2(f)7u3(f))

We characterize the derivative of the mapping as the solution of the linear system
(4.6), (4.7) below.

Lemma 4.1. There exists an optimal control satisfying (4.5) for the control
problem (4.1), (4.2) with cost functional J defined by (4.4).

From the boundedness of the set of admissible controls and the subsequent
a-priori VV22 ’1(QT) bound on the solutions, we can find a subsequence f,, of the
minimizing sequence such that:

fo— % weakly in Lo (Qrp),
and
wi(fn) — u;, i=1,2,3, strongly in WQ’O(QT) and weakly in W22’1(QT),

as n — oo. We can then deduce J(f*) satisfies (1.5) by the usual semicontinuity
argument. See e.g. Theorem 1.2 in Section 3.1, Theorem 2.3 in Section 3.2, and
Theorem 3.5 in Section 3.3 for details of similar problem.

Lemma 4.2 (Differentiability with Respect to Control). Fori=1,2,3,
the mapping
Cs > f — wi(f) € Wy (Qr)

1s differentiable in the following sense:

[wi(f + BF) —wi(f)]/B — & weakly in Wi (Qr)

as B — 0, for any f € Cs and f € L>®(Qr) such that f + Bf € Cs. Further,
(&1,&2,&3) is the unique solution of

v t0€ )Ot — 01 A = a1 + arabo,

(4.6) < vy '0E /Ot — aaAEs = an €y + (aza — f)é — fua(f) in Qx (0,7),
030t — a3AEs = az1&1 + azeba + azsls,

4.7)  &(x,t)=0 in (Q x {0}) U (89Q x (0,T)), for i =1,2,3.

Proof. Let -
&% = [wi(f + BF) —wi(f)]/B for i=1,2,3.
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By (4.1), (€],€5.£5) satisfies

uflﬁglﬁ/&f — alAEf = anilﬂ + a125§>

vy 105 [0t — 02 AEy = an €] + (az — €5 — fua(f + Bf)
(4.8)

0l J0t — o3 ALY = a1 + astl + agsel, i Qx (0,7T),

Pz, t) =0 in (2 x{0})U (02 x(0,T)), fori=1,2,3.

Let 5? = :Sfe_)‘t,i =1,2,3; (é’lﬁ, ,g}{’) satisfies the same equations (4.8), with §iﬁ
replaced by é’f and diagonal coefficients a;; replaced by a; — A\, i = 1,2,3. By
choosing A > 0 large enough, the diagonal coefficients in the equations for éf are
all negative and large in absolute value compared with a;;,7 # j. Multiplying the

i-th equation by f? and integrating over {27, we obtain the following estimates
after adding the three equations and using the Green’s identity:

Y 1{|IV?§’6IIL2 Q) JrllﬁﬁllL2 @)
(4.9)

< const.|| flloo[uz(f + B La@r) 18 | o)

This implies that the expression on the left above must be bounded for all small
6 > 0. Applying parabolic estimates to the equations satisfied by {f , we obtain:

(4.10) Z ||£ ||W2 L) < constant

for all small 3 > 0. The inequality (4.10) is readily satisfied also with Sf replaced
by fiﬁ , since A is chosen fixed.

Consequently, there exist subsequences (for convenience denoted again by
:Sf,z' = 1,2,3) such that

& &, i=1,2,3 as §—0,

strongly in WQI’O(QT) and weakly in Wg’l(QT). Taking limit as 8 — 0, we con-
clude that the limit &/s satisfy (4.6) and (4.7). From the uniqueness of solution
& to (4.6), (4.7) we conclude that fz-ﬁ — &1 = 1,2,3, weakly in W22’1(QT) as
G — 0, for a full sequence.

We now proceed to characterize the optimal control in Theorem 4.1 in terms
of solutions of (4.1), (4.2) and its adjoint problem (4.13), (4.14) below. From
this, we will obtain an optimality system (4.23) together with initial and terminal
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conditions (4.2), (4.14) respectively. In Theorem 4.2, we show that for small
enough time interval, the solution of the optimality system can be obtained by
a contractive iterative procedure. The solution of the optimality system within
a certain range is also shown to be unique because the solution is the fixed point
of a contraction. After the optimality system is solved, an optimal control can
be readily constructed by means of formula (4.12).

For convenience, we adopt the following notations for the differential
operators:

Li:= Vl_lﬁ/at —o1A, L] := —1/1_18/815 L ATAY
(4.11) Lo :=vy10/0t — 03 A, L} := —vy'0/0t — g /A;

L3 :=0/0t — o3/, Lj:=—0/0t — o3A.
The following theorem gives a characterization of any optimal control in C.

Theorem 4.1 (Characterization of the Optimal Control). For M > 0
sufficiently large, any optimal control f € Cs must satisfy:

(4.12) f=qua/M in Qx[0,T],
where (uq,ug,us) is the solution of (4.1), and (p,q,w) is the solution of

Li[p] = a11p + a219 + asiw + K1 (u1 — e1),
(4.13) L;[Q] = a19p + (a2 — f)q + assw + Ko(ug — e2),

Lilw] = agzw + K3(uz — e3)
in Q x (0,T), with terminal and boundary conditions:

p(x,T)=q(z,T) =w(x,T) =0 for x € Q,
(4.14)
p(z,t) = q(z,t) = w(z,t) =0 for (x,t) € 00 x [0,T].

Proof. Let f € C5 be an optimal control, i.e., the corresponding solution of the
problem (4.1) for f satisfies the property:

J(f) = inf J(f).
JeCs
For arbitrary g € LY (Qr),e > 0, set

= 7 _Jg if f<6—elglloos
f=f= {0 otherwise.
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For 8 > 0 small enough (say 3 <€), such that f + f3 fe € Cjs, the optimality of
f implies that J(f) < J(f + Bf.), that is

<3 fQ i= 1{K [ui(f + ﬂfﬁ) - 61] — Kilui(f) — ei]2}

+M((f + Bf)?* — f?] dadt.

Dividing by 3 and letting 8 — 0, we obtain

(4.15) /Q {ZK ui(f) — €)& + M fof} dadt,

T =1

where &,i = 1,2,3, are defined in (4.6), (4.7). For convenience, we define the
matrix function:

ain a12 0
(4.16) A= |an (a—f) 0 |,
a31 a32 a33

and let AT denotes the transpose of A. Inequality (4.15) can be written as:

Lip »
0< Jo, {[61,62,&]- (| Lyg | — A" | ¢ |) + M[f}dadt
Liw w
(4.17)
L& &1
= fQT{[p7q7w] (| Lol | —A | &)+ Mffe}dudt.
L3&s &3

From Lemma 4.2, (4.17) leads to:
{q(—feug) + M f.f} dadt = fel—qua + M f] dxdt.
T Qr
Letting € — 0, we obtain:

0< / gl—qua + M f] dzdt.
Qrn{(z,t)| f<5}
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This implies that:
(4.18) f>qua/M in Qprn{(z,t)|f <d}.
On the other hand, for arbitrary —h € LL(Qr),€ > 0, set

Fof— {h it f>—6+¢||hlloo

0 otherwise.

Using the same argument as above, and letting ¢ — 0, we obtain

0< / (R)[—qus + M) dudt.
()| -5<)

This implies that

(4.19) f < quo/M in Qrn{(z,t)|—0d< f}.

Hence, from (4.18) and (4.19) we obtain

(4.20) f=qua/M in Qprn{(z,t)]—3d<f <}

In the set Qr N {(x,t)|f = ¢}, we find from (4.19) that

(4.21) 0=f <qug/M < 6. provided that M is sufficiently large.

This means f = qua/M there, under these conditions. (Note that ¢ and ug are
uniformly bounded in [0, 7], for all M > 0.) Similarly, in the set QrN{(z,t)|f =
—0}, we find from (4.18) that

(4.22) —0=f>quy/M > —§ provided that M is sufficiently large.

Combining (4.20), (4.21) and (4.22), we conclude that (4.12) must hold for
fs € C. This proves the Theorem.

Remark 4.1. Note again that since f € (Y, the functions ¢ and wus in the above
theorem are uniformly bounded in [0, 7], independent of M > 0. This leads to
the last inequality in (4.21), (4.22) and the conclusion of the theorem.

Remark 4.2 (The Optimality System). Combining equations (4.1), (4.13)
and equality (4.12), we obtain the following optimality system of six equations,
from which the optimal control f in Cs can be found by means of the formula
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(4.12), when M is sufficiently large:

u(laul/at — 01Au; = ajqu1 + ajous,

Vglaug/at — 09Aug = agiuy + (age — u2q/M)us,
Ous /0t — o3Aug = asju; + asaug + assus,

(4.23)

—I/l_lap/at — UlAp = ai1p + as1q + as3lw + Kl(ul — 61),

—1/2_18q/8t — 09Aq = ajop + (age — uzq/M)q + asow + Ka(ug — e3),

—8w/8t — o3Aw = agzw + Kg(U3 — 63)

in Q% (0,7T). The components (uq, ug, u3) satisfy initial conditions (4.2) at t = 0,
and the components (p, ¢, w) satisfy terminal conditions (4.14) at ¢t = T". Here
all a;js are constants, with all off-diagonal constants a2, as1,as1,ass > 0, the
cooling constant az3 < 0, and ai1, ase arbitrary.

For simplicity, we assume the following additional hypotheses on the smooth-
ness on the target and initial functions. The assumptions are convenient for the
use of Holder space theory and estimates by mean’s of Green’s function.

[H] Each e;(z,t) is in C"“f/Q(Q x [0,T7), for some 0 < a < 1,¢;(x,T)|on =
0,5 =1,2,3;7;(x) is in C?*TY(Q), r;(z)]9q = 0, and Ar;(x)|sq = 0, for i = 1,2, 3.

Theorem 4.2 (Solution of the Optimality System). Assume hypotheses
[H]. For T :=t* > 0 sufficiently small, problem (4.23) with boundary, initial and
terminal conditions (4.2) and (4.14) respectively, has a unique solution with the
property that each component of the solution is in the space C?te1Te/2(Q x
[0,t]),0 < a < 1.

Remark 4.3. The existence part is not really needed because it can be ob-
tained by the existence of optimal control. However, the proof further gives a
constructive method to approximate the optimal control. It can also be adapted
to obtain bounds of the solution. An iterative scheme is described in Remark
4.4. The convergence of the scheme is ensured by contraction argument in the
proof of this theorem.

Proof. For convenience, we will denote the operators L,i = 1,2,3 above by:
Li=1L,, L;=1Ls L3= Lg.

We will also denote the expressions on the right hand side of equations (4.23)
successively by fi(u1,ue,us,p,q,w),i =1,...,6. Let C be the set of continuous
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functions y = (y1(x,t),...,ys(x,t)) for (z,t) € Q x [0,*], (* > 0 to be deter-
mined); and let Gi(x,t;z0,t0);1 = 1,2,3, be Green’s functions for the equations
L;[u] = f. For functions y € C, define a mapping H for functions y € C — C by:

(4.24)
z = Hly], where z= (z1(z,1),...,26(x,t)), (z,t) € Qx[0,t"],

zi(w t) = [ dr [ Gila, t,&,7) fi(y1(&,7), ..., ys(&, 7))dE

+ [ Gi(w,,6,0)r;(€)dE for  i=1,2,3,

Zz(aj?t) = f(f*_t dr fQ Gi—?)(ajat* - tvgvT)fi(yl(gat* - T)v s 7y6(§>t* - T))df

. for 1 =4,5,6.

It is well known that the functions z will be in C. If the integrand f; as a
function of (§,7) € Q x (0,t*) is Holder continuous in & uniformly in 7, then
z; satisfies L;[z;] = f; in Q x (0,t*), (see e.g. Friedman [63]). The functions
(21, 22, z3) satisfy corresponding initial boundary conditions (4.2); and the func-
tions (z4, 25, 26) satisfy corresponding terminal boundary condition (4.14) with
t* =T. Moreover, for z,£ € Q2,0 <7 <t < t*, we have

K
=7yl — &2

(4.25) |Gi(z,t;6,7)| < i=1,2,3.

for some constant K > 0,0 < p < 1.

We next show that the mapping H is a contraction in C, with ¢t* chosen
sufficiently small. Let § = (91, ...,9¢) and § = (91, ..., Js) € C, then for i = 1,2, 3,
we obtain from (4.24),

t
(4.26) 2i(az,t)—éi(x,t):/0 /QGi(z,t;é,T)[fi(@)l,...,3)6)—fi(ﬂl,...,ges)] dédr

for (z,t) € Q x [0,t*]. Since the functions f; are Lipschitz for § and g in C, one
can thus readily obtain, from (4.25) and (4.26)

6
(4.27) |2i(x,t) — Zi(w, 1) < KM mazgyoz
i=1
for all (z,t) € Q x [0,#*],4 = 1,2,3, some K > 0. For i = 4,5,6 in (4.24), the
corresponding differential equation is changed to a parabolic type by using the
variable 7 = t* — t,0 < ¢t < t*, and one can deduce in the same way that

Ui — Uil

6
(4.28) i, t) = Zi(2, )] < Kt =) mazqyoe |9 — il
=1
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for all (x,t) € Q x [0,t*],i = 4, 5,6, some K > 0. By (4.26) and (4.27), one can
readily see that if t* > 0 is chosen to be sufficiently small, then the mapping
H : C — C is a contraction with respect to the uniform norm. The contraction
mapping H has a unique fixed point in C. As an image of the mapping H, the
fixed point in C is Holder continuous in Q x [0,¢*]. Applying the mapping H
again, we find that the fixed-point function is actually a classical solution of
(4.23). By the smoothness and compatibility assumptions in hypotheses [H], we
conclude that the fixed point is a solution to problem (4.23), (4.2), and (4.14),
with components in C2+®1+%/2(Q % [0,*]). Since any solution of problem (4.23),
(4.2), and (4.14) with components in C?*®1+2/2(Q x [0,¢*]) is a fixed point of
the mapping H in C, we conclude that such a kind of solution must be unique.

Remark 4.4. We may define Y, .., v8) = (r1(z),ra(x), r3(2),0,0,0) for (z,t) €
Q x [0,¢*], and define iteratively (y7,...,y4) = H[(y) ", ...,y4~")] as functions in
C as described in (4.24), j = 1,2,...; that is

Lily!1 = fi(yl ™" gl ™) in Qx (0,¢%),i=1,...,6, j=1,2,...
yg(x,O) =ri(z) inQ, i=1,2,3,

yg(a:,t*) =0 in i=4,5,6.

Then the functions (y{, ey yé) will tend to the unique solution (uq,us, us, p, q, w)
as described in Theorem 4.2, as j tends to infinity.

Remark 4.5. Due to the signs of the coefficients of the optimality system
(4.23), its solutions has a tendency to blow up quickly. More specifically, the
coefficient a0 may be positive; moreover, g can possibly be negative and thus
the nonlinear term —u3q/M in the second equation in (4.23) can be positive.
This causes the solution us to grow quickly and makes it difficult to define an
iterative scheme for functions on the whole interval [0,7]. The nature of the
opposite time orientation of the last three equations in (4.23) also gives rise
to additional difficulty. Thus we are able to obtain a constructive scheme for
calculating a solution only for small intervals of time. Such restrictive condition
is partly alleviated by Corollary 4.4 and system (4.32) below. Similar optimal
control problem for other applications are studied in Section 3.3 and Stojanovic
[213]. However, these other kinds of systems do not tend to blow up as in our
present situation. The signs of the coefficients in these other problems ensure
that the problems can be conveniently treated once in the entire interval [0,T].

In Theorem 4.1 the constant M is assumed to be large. If no assumption
is made on the size of the positive constant M, we can follow exactly the same
argument as in the proof of the theorem up to (4.20), to obtain the following
result.
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Theorem 4.3. For a given fixed § > 0, any optimal control f € Cs must satisfy

q(z, t)us(x,t)

(4.29) f(z,t) = i

in QrNn{(z,t)] —0< f(z,t) <},

where (u1,u2,us) is the solution of (4.1) and (4.2), while (p,q,w) is the solution
of (4.13)and (4.14).

Let f € Cs as described in Theorem 4.3 or 4.1. At those (z,t) in Qp where
f(x,t) = 0, the arguments in the proof of Theorem 4.1 show that we must also
have f(x,t) < q(x,t)us(x,t)/M. That is, at such (z,t), f = 0 also satisfies

(4.30) f=maz {9, min{qua/M,0}}.

Here, ¢ and wug is as described in Theorem 4.3. At those (x,t) in Qp where
f(x,t) = =6, the arguments in the proof of Theorem 4.1 show that f(x,t) >
q(z,t)ua(z,t)/M. That is, at such (z,t), f = —6 also satisfies (4.30). Combining
with the statement of Theorem 4.3, we see that (4.30) is satisfied for all (z,t)
in Qp. We can summarize as follows.

Corollary 4.4 (General Formula for the Optimal Control). Let f € Cs
be an optimal control and let q,us be as described in Theorem 4.3, then

(4.31)  f(x,t) = maz{—0, min{q(x,t)ug(x,t)/M,5}} for all (z,t) € Qp.

Consequently, the function (uq,us,us,p,q,w) in Qp, described in Theorem
4.1 or 4.3, also satisfies system

(4.32)
I/l_laul/at — 01Au; = aq1u1 + ajgus,

V2_13U2/3t — 09Auy = aguy + (az — max{—0, min{qua/M,d}})us,
Ouz /0t — o3Auz = asju; + asgug + assus,

—Vflap/at —01Ap = an1p + asq+ aziw + Ki(u; —eq),

—vy10q/0t — 09 Aq = arap + (aze — max{—5, min{qua/M,5}})q + azgw

+ K (ug — e2),

—8w/8t — o3Aw = azzw + K3(U3 — 63)
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in Q x (0,7). The components (u1,us,us) satisfy initial-boundary conditions
(4.2), and the components (p, ¢, w) satisfy terminal-boundary conditions (4.14).
One readily sees that if f € Cs is an optimal control, then there exists a solution
(u1,ug,us,p,q,w) of (4.32) in 2 x (0, T) satisfying initial and terminal conditions
(4.2) and (4.14) such that f satisfies (4.31) for the functions us(x,t) and g(x,t).
Letting [H] be as described before Theorem 4.2, we can prove the following
theorem by exactly the same method as Theorem 4.2.

Theorem 4.5. Assume hypotheses [H|. For T := t* > 0 sufficiently small,
problem (4.32) with boundary, initial, and terminal conditions (4.2) and (4.14),
respectively, has a unique solution with the property that each component of the
solution is in the space C*t1+2/2(Q % [0,t]),0 < a < 1.

Although the existence part of the theorem is ensured by the existence of
optimal control f, the usefulness of this theorem is justified by Remark 4.3. The
convenience of hypotheses [H] is also explained before.

3.5 Optimal Boundary Control of a Parabolic
Problem

In the previous sections, we analyze elliptic and parabolic systems with control
in the interior of the domain. We now consider a simple optimal control of a
parabolic equation with the control of coefficient at the boundary. Such problem
is related to natural applications to environmental boundary preservations (cf.
Friesen, Eagles and MacKay [65] , and Doa [51]), and to heat transfer studies
(cf. Lenhart and Wilson [119]). We first consider the heat equation with convec-
tive boundary condition, and use the boundary heat transfer coefficient as the
control. The objective is to maintain a target interior temperature profile and
reduce the cost of the control, as in the last section. However, in our present
case of boundary control, it will be convenient to obtain rigorous theory by us-
ing different type of function spaces and solutions. Our intention is to illustrate
how the proofs can be adapted for a simple problem. More elaborate and larger
systems can then be considered as in previous applications. In this section,
our development for the control of scalar temperature problem (5.1)-(5.2) is ob-
tained from [119], and for the more complex prey-predator system (5.21)-(5.21)
is obtained from Lenhart, Liang and Protopopescu [117].

Part A: Scalar Problem.

We consider the heat equation in a bounded domain €2 with smooth boundary
in RV, and a finite time interval [0,7]. In order to avoid restricting to a small
interval, we define a dependent variable u(z,t) = e MT(x,t), where T(x,t) is
the temperature function and A > 0 is a large constant to be chosen later. The
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initial-boundary value problem for the variable « becomes

ut_@Au-’-)\uzo in QX(OyT)J
6.) w0 =uwl)  wo,
% — —hu on 00 x (0,7),

where h € L*(0€2 x (0,7")) is a non-negative heat transfer coefficient under
control, and « is a positive constant. The boundary relations above is known as
Newton’s law of cooling. (Note that T'(z,t) satisfies (5.1) with A = 0). In this
section, we assume that the initial function satisfies ug € L>°(Q), and ug > 0
a.e. in 2. We define the cost functional J by:

(5.2) J(h) = %{ﬁ [u(h) — Zq)? dzdt + ~ / h2dsdt}.

Qr oQr

Here, Qp = Q x (0,7),0Qp = 0Q x (0,T), and Zz € L*(Qr) is the desired
temperature distribution. The symbol u(h) denotes the weak solution of the
initial-boundary value problem (5.1) with corresponding control h = h(z,t)
on JQr described below. The positive constants 8 and ~ are per unit costs
associated with deviation from desired temperature profile and with controlling
the heat transfer coefficient. The control functions will be restricted to the set:

Cyr = {h|h € L*(9Q x (0,T));0 < h(z,t) < M a.e.}.
The underlying state space is given by
V= H'(Q);

and define
W = L*(0,T; H'(Q2)).

For ® and ¥ € V, we define a time dependent functional a; by

ap(t; @, U) :/

[@VOVY + \OUdz + / hdWds.
Q

o0

Definition 5.1. A function u is a weak solution of problem (5.1) provided that:
u € W NL20,T; L*(Q)),
(5.3) [T I< ' (t),0(t) > +an(t;u(t), v(t))] dt =0 for all ve W,

% € L2(0,73V"),  u(0) = uo,
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where V' is the dual space of H'(2), and the bracket < > in the integral denotes
V! — V duality.

Remark 5.1. Under the assumptions on the domain €2, the initial function u,
and the control set C); described above, we readily obtain:

T
ko||v]|? < / ap(t;v(t),v(t))dt < Kol|v||} for all v € W,
0

where ky and K are positive constants independent of h € Cj;. Consequently,
for each h € Cjy, the existence of a unique solution u(h) € W N L>(0,T; L*(Q2))
for (5.3) is given by standard theory from Chapter 3 of Lions and Magenes [159]
(cf. Theorem A5-2 in Chapter 6). Note that by choosing suitable test functions
in (5.3), we can deduce that

du/dt € L*(0,T;V'), and thus u € C([0,T], L*(Q)).

Hence it makes sense for the initial condition in (5.3) (see e.g. Section 5.9 in
[57])-

We will assume that in (5.2) the function Z4 is in L?(£2). An optimal control
(if it exists) for problem (5.1) (or (5.3)) corresponding to the functional (5.2) is
a function h* € C}; such that

(5.4) J(h*) = infrec,, J(h).

Theorem 5.1 (Existence of Optimal Control). There exists an optimal
control satisfying (5.4) for the problem (5.1) (or (5.3)) corresponding to the
functional (5.2).

Proof. Let {h,} be a minimizing sequence in Cj;. From the above remark,
the functions u, := u(hy,) are uniquely defined for each n. Using (5.3) with
u = v = u, and the time variable from 0 to ¢, t € (0,T) we obtain:
3 Jol(un(@, 1) = (uo(2))?] du
(5.5)
+ fot{fQ a|Vu,[* + |Muy|?dx + faﬂx(o,t) | |?ds}dt = 0.

Since ap,(t, un (-, 1), un(-,t)) > 0, we have

/(un(x,s))Qda: < /(u0($))2dx for all s € (0,7).
Q Q
Hence, from above and (5.5) we find

Jo Jo(un(z,5))? dads < T [o(uo(x))?dz, and
(5.6)

afot Jo IVun(z, 8)|? deds < § [ (uo(z))?dz,
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for t € (0,7T]. Thus, u, ranges in a bounded subset of W. By using appropriate
test functions for u, in (5.3), we deduce that du,/dt = ap(t,un(t),v) € V’
for each t. Consequently, the boundedness of w, in W implies that du,/dt
ranges in a bounded subset of L?(0,T,V’). Since H'(Q) C H%“(Q) c Vv,
for 0 < e < 1/2, we can apply a compact embedding theorem of the space
Hy(0,T; HY(R), V') into L2(0,T; H2+<(Q)) (see Theorem A5-3 in Chapter 6),
to extract a subsequence,(again labeled as {u,}), with the following properties:

Uy — u* weakly in W,
(5.7) dg—t" — dst* weakly in L2(0,7; V"),
Up — U* strongly in L?(0, T} H%“(Q))

We can also obtain a subsequence {h,} such that
(5.8) hp — h*  weakly in L% (0Qr);

and h* € Cyy, since C)y ils closed in this topology. From the continuity of the
restriction mapping of H27¢() into L?(0€2), we find

(5.9) u, — u*  strongly in L*(0,T; L*(09)).

Finally, passing to the limit with u replaced with u,, n — oo in (5.3), we
obtain a weak solution u* of (5.1) with h* as the heat transfer coefficient. By
the usual lower semi-continuity property of the cost functional as in the earlier
sections or [159], we conclude by means of (5.8) that h* is the optimal control
in Cyy.

Remark 5.2. Note that by (5.6), the function u = u(h) for h € C)y, satisfies
||lullw < C, for some constant C' independent of M.

We will proceed to characterize the optimal control by an optimality system
which consists of the coupling of the state equation (5.1) with an adjoint equa-
tion. For this purpose, we first consider the differentiation of the solution wu(h)
of (5.3) with respect to the control h in Cjy.

Lemma 5.1 (Differentiability of Optimal Control). The mapping
Cyr > h— u(h) € W= L*0,T; H(Q))
1s differentiable in the following sense:

u(h + ph) — u(h)
p

— U weakly in W
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as p — 0, for any h € Cy and h € Cy such that h + ph € Cyr. Further,
U = U(h,h) is the unique weak solution of the problem

Uy —aAU + AU =0 in Qrp,
(5.10) U(x,0) =0 in €,
9U = —hU — hu(h) in 9Qr.

Proof. From (5.1) and (5.3), we deduce that

u(h + ph) — u(h)
p

(5.11) &

satisfies

1 _ _
/ §£§d33 + / a|VE|* + AES dadt + / &2 + hu(h + ph)&, dsdt = 0.
QX{T} QT 8QT

This implies that

(5.12) / a|VE P 4+ AES dadt < / hlu(h + ph)&,| dsdt.

Qr 0T

This leads to

16115 < ClIRl| oo @0y [ulh + ph)lwll€pllw,

and thus
(5.13) [[€p]lw < const,

where the constant is independent of p. Thus, we can choose a sequence p — 0
and deduce that the weak limit satisfies (5.10). From the uniqueness of solution
to (5.10), we conclude that £, — U weakly in W as p — 0, for a full sequence.

Theorem 5.2 (Characterization of the Optimal Control for the Single
Heat Equation). Let h* be an optimal control for problem (5.1), (5.2), (5.4),
and u* = u*(h*) be the corresponding solution of (5.1). Then there exists a
solution p* of the adjoint equation:

—pf — aAp* + \p* = (u* — Zy) mn Qp,
(5.14) p*(z,T) =0 in Q,

L = —h*p* on 0Qrp,
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with h* satisfying
(5.15) h* = min {maz{0, a—ﬁp*u*}, M} on 0Qr.
Y

Proof. Let h* + ph be another control in Cy; with the corresponding solution
up = u(h* + ph). We obtain

J(h*+ph)—J(h*)

0 S limp_)o P

(516) = lim, o fo (“5) (G — Zg)dadt + 7 [, (Rh* + pls)dsdt

=B Jo, Uuw* — Zg)dadt + v [, hh*dsdt.

Here, U = U(h, h) is the weak solution of (5.10) as described in Lemma 5.1. Let
p* be the solution of the adjoint problem (5.14). Then, integrating by parts in
the last line and using (5.10), we obtain from above

0< 8 Jo, U(=pf — alp* + Mp*)dadt + 7 [yq, hh*dsdt

= Joa[Ba(p* % — U%) + yhh*|dsdt

= fc‘?QT h(yh* — afp*u*)dsdt.
Standard arguments as in the previous sections in this chapter shows that h*
satisfies equation (5.15).

Note that since the initial function in (5.1) is non-negative and bounded,
the zero and large positive constant functions are respectively lower and upper
solutions for problem (5.1) for all h € Cjs independent of M. We can compare
different solutions by maximum principle of parabolic equations by smoothing
out the coefficient A and take limit as in Section 3.3. Thus we deduce that
there exists a constant B independent of M such that all solutions of (5.1) with
h € C)y satisfies

0<wu(h)<B a.e. in Qp.

Choose 3
B = maz{B,||Z4||~}-

Let p be the solution of
—pr —aAp+Ap=B—Z4 in Qp,

% =0 on 0Q,

plr =0 in €.



3.5. OPTIMAL BOUNDARY CONTROL 275

By comparison, we obtain p > 0 in Q7. Moreover, p is an upper solution to
problem (5.14) in the sense that it satisfies (5.14) with all the three equalities
replaced by >. Again, by comparison we have

p > p* in 8QT7

where p* = p*(h*),h* € C)y, independent of M. Since by comparison there
exists a constant K independent of M such that K > p in Qp, we obtain a
constant K such that
p' <K,

h* € C'ys, independent of M. Consequently, we can choose M sufficiently large
such that

a—ﬂp*U* < M,

Y
and h* is independent of M. Since u* > 0 in Qp, we have
O )t
~

From (5.14) and (5.15), we find that provided that M is sufficiently large for the
set of admissible control Cj;, the optimality system satisfied by u* and p* is:

h* =

U — aAu 4+ Au =0 in Qp,
u(x,0) = ug(z) in Q,

du _ _aB +, 2 o0
ov v b u on T,

(5.17)

—pr —alAp+ Ap = (u — Zy) in Qr,
p(z,T)=0 in Q,

% — _"‘7514(p+)2 on IQp.

Remark 5.3 (The Optimality System). In case the optimality system (5.17)
has a unique solution, the optimal control problems (5.1), (5.2), (5.4) is com-
pletely solved by finding the solution (u,p) = (u*,p*) of problem (5.17). Then,
we set the optimal control h* as

— O‘_ﬁpm _ab
2 2
Note that the existence of solution for (5.17) is ensured by means of Theorems

5.1, 5.2 and the uniform bound arguments above. The question of uniqueness is
considered in the next theorem.

(5.18) h* (p*)Tu.
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Theorem 5.3 (Uniqueness of Solution for the Optimality System). For
A > 0 sufficiently large, the optimality problem (5.17) has at most one solution.

Proof. Suppose (u1,p1) and (ug, p2) are two solution pairs for the system (5.17).
Using the test functions:

¢1 = u1 — u9, in the equation for uq,
¢2 = p1 — pa, in the equation for pq,
¢3 = ug — uq, in the equation for us, and

¢4 = p2 — p1, in the equation for po;

and adding all the four equations together, we obtain after integrating and
transposing:

(5.19)

f fQT (u1 — uz)(p1 — p2)dxdt

2fQ a:T)da:+2fQ P — ) ($de—|—affﬂ Ul—uz)dedt
taf fo, IV(pr = p2)Pdwdt + A [ o, (p1 — p2)? + (ur — u2)?)dwdt
+ faQT aTﬁ(pr% — p3ud)(ur — ug)dsdt

+ Jaa, aTﬁ(Ul(PTV — usz(py)?(p1 — p2)dsdt.
We estimate one of the boundary integral on the right above as follows:
faﬂT (p1 Ul p;U%)(m — ug)dsdt

- faQT %(

piuf — pius + piud — p3us)(un — ug)dsdt
< O [oq, (w1 —u2)® + (pf —py)*dsdt

< CfagT (ug — ug)? + (p1 — po)3dsdt

<[ fQT (w1 — u2)? + (p1 — p2)*dadt

+5 foT IV (uy — ug)[* + |V (p1 — p2)Pdadt,

for some large constant Cf, using continuous embedding of H!(£2) into L?(9Q)
and Young’s inequality with € (cf. p. 258 in [57]) in the last line. The other
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boundary integral term can be estimated in the same way. We also have

// up — ug)(p1 — po)dzdt < = // (ug — UQ + (p1 — )2]d;1:dt.
QT QT

Rearranging all the terms in (5.19) and using the above estimates, we obtain

2 fQ (z,T)dx + 5 fQ — po)?(x,0)dx
(5.20)
+(A = C1) f fQT[(Ul - U2)2 + (p1 — p2)2]dxdt <0.

Substituting a large enough A in (5.20), we conclude

u] = U9, and p; = po in Q.

Remark 5.4. By means of an iterative scheme, we can construct sequences of
functions by solving scalar problems, converging to upper and lower estimates of
the solution of (5.17), as in Sections 3.2 and 3.3. The upper and lower estimates
are solutions of a larger modified system. However, since this is an initial-
boundary value problem, we can show that the upper and lower estimates are
equal by means of large A in a variable change as above. Consequently, the
sequences actually converge monotonically to the solution of the original problem
(5.17).

Part B: Prey-Predator System.

The second half of this section extends the method in the first half to study
the optimal boundary control for the following prey-predator system:

up = a1 Au + ufay (x,t) — bi(z, )u — c1(z, t)v] in Qp,
v = o Av + v][—ag(x, t) + ca(x, t)ul in Qp,
(5.21)
u(z,0) = ug(z), v(z,0) =vo(z) for x € Q,
\alay + B(z,t)u = 0, a2 v+ Bz, t)v =0 on 0Qr.

As in the first half of this section, we set the class of admissible control as:
Cy = {B|8 € L*(09 x (0,7));0 < B(z,t) < M a.e.}.

We prescribe our payoff functional as

(5.22)  J(B) = / [ (A1u+A2v)dxdt—% /8 (M s
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with positive constants A;, As. This functional combines the control on the
boundary and its effect on the populations. It reflects the relationship between
the growth of the species and the economic cost of maintaining an ecologically
favorable boundary environment. The cost could include a loss of profit to the
neighboring industries. To make the most favorable boundary environment, we
would take 8 = 0 and incur the largest cost, (M — 0)2. We seek to maximize
the functional over the admissible class above, i.e. to find 8* such that

(5.23) J(ﬂ*) = maxﬁecMJ(ﬂ).

We clarify the assumptions for our problem (5.21) to (5.23) for the remainder
of this section. The set § is a bounded domain in RY with smooth boundary 9.
The coefficient functions a;(z,t), ¢;(x,t),i = 1,2 and by (z,t) are non-negative in
Qp, and are all in L®°(Q7). The parameters a; > 0,7 = 1,2, are constants. The
initial functions wug(x), vo(x) € L>(R) satisfy 0 < ugp(z) < B,0 < vp(x) < B a.e.
in € for some constant B > 0. As before, we let

V =HYQ), W=L*0,T;V), V'=H Q)

is the dual space of V; and <, > denotes the duality between V' and V.

Definition 5.2. A pair of functions (u,v) is a weak solution of problem (5.21)
provided that:

u,v € W, ug, vy € L2(0,T; V"),
JF <y ¢ >dt+aq fj [i, VuVedrdt

= fo fQ a1 — byu — cyv)o dedt — fo faﬂ Bue dsdt,
(5.24) JE < >dt+ag [ [i, VoVi dedt

= foT Jo vl=az + coultp dwdt — fo Joq Bt dsdt

for all ¢, € W, and

u(z,0) = up(z), v(z,0) =v(x).
Theorem 5.4 (Solution of Initial-Boundary Value Problem). For each
B € Cyy, there exists a unique solution (u,v) for problem (5.21) (i.e. (5.24)).

Remark 5.5. Note that there are much fewer restrictions on the relative sizes
of the coefficients a;, ¢; and by here compared with those on Sections 3.2 and 3.3
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concerning positive steady states and time periodic solutions, because we are
now only concerned with an initial value problem.

Proof. Let U and V be respectively the solutions of the following linear prob-

lems:
u — o1 Au = aju in Qp,
(5.25) ar1%t + fu =0 on 9Q x (0,7),
L u(z,0) = up(x) for x € Q; and
vy — asAv = coUv in Qp,
(5.26) %t + fu =0 on 9N x (0,T),
v(x,0) = vo(x) for x € Q.

By comparison, the functions U and V are in L (Q7), with:

0<U < |luollpe gy’
(5.27) .
0 <V < ool g g™

where v = ||a1]| (o) and 1 = [|ea| Lo (@)lluol| L= ()e?". Define u' = U,v* =
V,u? = 0 and v! = 0, where the superscript denotes the iterative step which we
will set up presently. Choose a large constant R such that

R > SupQT{ag + 2b10 + Cl‘_/},
and for convenience, write

fi(z, t,u,v) = Ru+ ulai(z,t) — bi(x, t)u — c1(z, t)v],

fo(z,t,u,v) = Rv +v[—az(x,t) + co(x, t)ul.

For i = 2,3, ..., define u’,v*t! inductively as the solutions of the following
problems:
ul — a1 Au' + Ru' = fi(x,t,ui"2,0%) in Qp,
(5.28) a2 4 Bui =0 on 99 x (0,7),

ut(x,0) = ugp(z) for x € Q; and
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vl — AVt + Rv' = fo(x, t,ut" 0" ?) in Qp,
(5.29) a2 ay 4+ Bt =0 on 09 x (0,7T),
vi(z,0) = vo(x) for z € Q.

Since the problems (5.28) and (5.29) are linear, solutions u’,v*,i = 0,1,2...
exist. By comparison, for i = 1,2,..., we have 0 < u’ < U,0 < v* < V in Qg.
(See e.g. p. 54 [183] for comparison of classical solutions and extension to weak
solutions in Section 3.3). Also note that for (z,t) € Qp,i =1,2,...

fi(z,t,ui=2 v?) is increasing in u'~2, decreasing in v’
fo(z, t,ui=! v*=2) is increasing in u~! and v*~2

We have v! = 0, and from (5.29)
(v® — ') — aA(W? — o) + R(v® —vb) = cuo! >0,

we find v! < v3 Snmlarly, we deduce u? < u!,v? > v* u® < uw?. Moreover, we
obtain u2 < u3 and v* > v3. We can then 1nduct1ve show that

0:u0§u2§...§u2i...§u2i+1§...§u3<u1:l7

4

0:’1}1SUBS"'§U2i+1"-<U2i§-" v ’UZZV

IN
IN

in Qr as in Sections 3.2, 3.3 or Chapter 5 in [125]. From the boundedness of
u?,v" and the monotone properties, we obtain the pointwise convergence of the
odd and even iterates. Since the right-hand side of (5.28) is bounded in L*°(£27),

we can use u¥ as its own test function to obtain:

supo<i<t( [o(uF)?(z, t)dz) + fo Jo |VuF|2dzdt + fo Joq Blu )2dsdt
(5.30) < Oy fruddr+ Cy [y [olfr(a,t,ub =2, 0M)]2 + (uF)2dwdt

< (4 fQ ugdm + C5T
for some constants C3,Cy and Cs. Thus, the functions v?*, u**! are uniformly
bounded in W. Similarly, we deduce that v, v?*1 are also uniformly bounded
in W. Consequently, without loss of generality, or by relabeling, we can select
subsequences so that:

w¥ S, W S g, 0¥ S5, 0¥ S v weakly in WL
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From the W boundedness of u?, u2"+1', v?, v?*1 and the equations (5.28), (5.29),
we deduce that v, u?"! v?" and v?*! are bounded in L?(0,T;V’). Thus by
weak compactness again, we may assume by relabeling

2j 241 25 254 :
u? — oy, u? T = ay, v — v, v’ — v, weakly in L2(0,T, V).

Since L2(0, T; H} (Q)) compactly embeds into L2(0, T; HY/?+¢(Q)),0 < € < z,
we may extract subsequences and assume

u¥ —u, vFH S g, v¥ -7, v¥ = v strongly in L%(0, T H1/2+6(Q)).

The above assertion can also be obtained by applying Theorem A5-3 in Chapter
6. Using the continuous mapping from H'/?*¢(Q) into L?(9Q), we also have

u? =, wT s a, v 5, 0¥ v strongly in L2(0,T; L2(09)).
Passing to the limit with «?*! 4% 0% and v**! in (5.28) and (5.29), we find
that the limits satisfy:

(5.31)
( Uy — o A+ Ru = f1($7t>a7¥)> u — a1Au+ Ru = fl(x>tvﬂaﬁ) in QT?

al% + pu = alg—% +pBu=0 ondQr,
a(x,0) = u(x,0) = up(x) for x € Q;

Uy — AV + Ry = fg(l’,t,ﬂ,@), Vi — asAv + Rv = f2($7t>27!) in QTv

aQ%—l—ﬂ@:agg—%—Fﬂy: on 0Qr,
| 9(2,0) = v(z,0) = vo(z) for x € Q.
In order to show @ = u and o = v, we substitute @ = eMw,u = eMw, v =

eMz,v = eMz where A > 0 is to be chosen. Note that, we have

(W — 0l AW + A\ = ayw — bieMw? — creMwz  in Qrp,

At 2 At

w, — AW + AW = a;w — bieMw® — cieMwz  in Qp,

Zt — a0 AZ+ A2 = —a9zZ + cowz in Qp,

2 — 2Az + Az = —agz + cowz  in Q7.
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By the weak formulations of the equations for w,w, z and z, we find
Jo, (@ = w)i(@ — w) + a1 |V(@ = w)]? + Mw — w)?
+(z— 2z~ 2) + a2|V(z — 2)]* + Az — 2)*}dzdt
+ faﬂT{B(u? —w)? + B(z — 2)?}dsdt
= Jo, la1(@ —w)* — bieM(@* — w?) (w0 — w) — creM(wz — w2) (w0 — w) }dadt
+ Jo, {—a2(z - 2)? — coe (wz — wZ)(z — 2)}dxdt.
Since u,u,v,v,a;,¢;,t = 1,2, and b; are all L° bounded in 7, we can use
Cauchy’s inequality to obtain

(5.32)
%fg[w(a:,T) —w(x, 7)) + [2(x,T) — z(x, T)]?dx

+ fQT [a1| V(@ — W) + 2|V (2 — 2)[*]dzdt
+ (A= 0) Jo (@ —w)? + (2 — 2)?|dedt + [5, B —w)? + B(z — z)*dsdt <0,

where C depends only on the coefficients, 7" and ||u! ||z, |[v?||z>. By choosing
A > C, we see that inequality (5.32) holds if and only if

w=w and Z =2z a.e. in Q.

Consequently, @ = u,v = v in Qp, and the solution of problem (5.31) becomes
the solution of problem (5.21) with (u,v) = (u,?) = (u,v).

As in the above paragraphs, we can show by comparison and iteration that
a solution (u,v) of (5.21) must satisfy

u<u<u, v<v<v in Qp.

Since © = u and v = v, we must have uniqueness.

We have the following existence theorem for the optimal control problem
(5.21)-(5.23).

Theorem 5.5 (Existence of Optimal Control). There exists an optimal

control satisfying (5.23) for the problem (5.21) corresponding to the functional
(5.22).

Proof. Since the controls are bounded, there exists a maximizing sequence
{Bn} C Cp. From the last theorem, the corresponding solutions of problem
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(5.21): up, = u(Bn),vn = v(5,) are uniquely defined for each n. From (5.21) for
(up, vy,) we deduce readily

sup0<t<T{fQ (z,t) + 02 (2, t)] dr} + fo fQ [[Vun|? + |V, |?|dzdt

< C1([foluf + vgldz +1),

for some constant C7. Using this bound, we then select subsequence and pass
to the limit, by means of the same compactness arguments as in the proof of
Theorem 5.1, to obtain the optimal control §5*.

The following theorem is concerned with the differentiability of the solution
of (5.21) with respect to the control.

Theorem 5.6 (Differentiability with Respect to Control). The mapping
Cr 2 B8 — (u,v) = (u(B),v(B)) € W x W is differentiable in the following
sense:

w — & weakly in W,
M/w — weakly in W,

as p — 0 for any B € Cu, B € L>®(Qr) such that 3+ pB € Cyy. Also € =
£(8,8),n=mn(B,5) satisfy

& — a1 Al = a1€ — 2b1ué — c1v€ — crun in Qr,

N — e An = —agn + coun + cavé in Qp,
(5.33) a1 % = ¢~ fu on 87,

oy 21 L= —fn — B on 0Qr,

{(2,0) =n(z,0) =0 for z € Q.

Proof. Define u? = u(83 + p3),v” = v(B + pB). Let u? = eMw,u = eMw,vP =
eMzP v = eMz where A > 0 is to be determined. Estimating by means of the
differential equations satisfied by (w” —w)/p, (2” — z)/p, and using the bounds



284 CHAPTER 3. CONTROL FOR NONLINEAR SYSTEMS

(5.27) for the solutions, we obtain

%fﬂ[(wp(z,t)p—w(:c,t))Q + (z”(z,t)p—z(z,t) )Q]dw

+ Joxon [ V(S P + ao| V(52) Pl dadt

(5.34) A oo (P50 + (252)|dzdt

< C [o, (%51 + (552)|dudt

T oy (1Bwr (M2 4 320 (22) ) dsdt

where C depends on the coefficients and the final time 7. Continuing to estimate
using the continuous mapping of H(Q) into L?(99) and Cauchy’s inequality
with €, we deduce

1 fQ[(u}p(r,t)—w(m,t))Q + (zp(m,t)—z(m,t) )Q]dﬂj‘

2 P P

T o, (% IV () 2 1 92V (2552 dedt

+(A = C1) o [(W52)? + (552)?)dwdt

< 02 faQT BQdet,

where C4,Cy are constants depending on the bounds of the coefficients and
u,v,u” and v”. Choosing A > C1, we conclude
2f —z

I3 + HTH%V < (Cy - B2dsdt.
T

wP —w

This bound leads to the existence of £, in W, such that

_ p_
Yo u—nf, i — n weakly in W.
p P

As in Theorem 5.4, we also have

_ p_
(up u)t — &, (U Up)t — 1 weakly in L2(0,T; V).

These lead to (u” —u)/p — € and (v° —v)/p — 1 strongly in L?(Qr). Also, we
have (u? —u)/p — & and (v” —v)/p — 1 strongly in L?(0Qr). Taking limit in
the differential equations satisfied by (u” —u)/p and (v? —v)/p, we obtain (§,n)
satisfy (5.33).
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Using the above theorem, we can characterize the optimal control in terms
of the adjoint system for (5.21) as in the following theorem. The proof is similar
to that for Theorem 5.2. The details will thus be omitted.

Theorem 5.7 (Characterization of Optimal Control for the Prey-
Predator System). Let 3* be an optimal control satisfying (5.23) for problem
(5.21), (5.22), and (u*,v*) € W x W be the corresponding solution, then there
exists a unique solution (p,q) € W x W satisfying the adjoint system:

(5.35)

—pt — o1Ap = Ay + a1p — 2b1u™p — c1v*p + cav™q

—qt — e Aq = Ay — ciu™p — asq + cou*q

P+ Bp=0, adl+pfq=0

p(z,T) = q(z,T) =0

with the property,

(5.36)

B* = min.{(M — pu* — qu*)", M}.

m QT,
m QT,
on 0Qp,

forx € Q,

Combining (5.21), (5.35) and (5.36), we obtain the optimality system:

(5.37)

up — a1 Au = ufa; — byu — c1v]

vy — aaAv = v[—az + caul

—pt — o Ap = Ay 4+ a1p — 2byup — crvp + covg
—qt — a2Aqg = Ay — crup — azq + couq

u(x,0) = ug(z), v(z,0) =vo(zx)

pla,T) = gz, T) =0

al% +min{(M — pu— qu)*, M}u =0

ag% +min{(M — pu—qu)T,M}v =0

al% +min{(M —pu—qu)T,M}p=0

QQ% +min{(M —pu—qu)T,M}q=0

in Qp,

in Qp,

in Qp,

in Qp,
for x € Q,
for x € Q,
on 0Q7,
on 0,
on 0,

on 0,
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Here, A1, As, M, a1 and ao are arbitrary given positive constants; and the func-
tions a;(z,t), ci(x,t),i = 1,2,b1(x,t), up(x) and vo(x) satisfy the assumptions as
in Theorems 5.4 to 5.7 above. We know that weak solution of (5.37) exists by
Theorem 5.4 and Theorem 5.7. Once the solution of (5.37) is found, then the
optimal control for (5.21)-(5.23) can be expressed by:

B* = min{M — pu — quv)", M}.

For T' > 0 sufficiently small, we can further deduce the uniqueness of solution
for problem (5.37) as follows.

Theorem 5.8 (Uniqueness of Optimal Control) Consider the optimality
system (5.87) with hypotheses on the coefficients and parameters described above.
For T sufficiently small, the optimality system (5.37) has a unique solution
(u,v,p,q) EW x W x W x W.

Proof. From the proof of Theorem 5.4, the solution components v and v of the
state system part of (5.37) are bounded in L*°(27). The bounds are independent
of M,A; and A;. Thus the adjoint system can be interpreted as linear inside
the domain with bounded coefficients, and appropriate sign for the coefficients
on the boundary. We can deduce by comparison that

[Pl Lo () < C(A1 + Ag),

lgl| oo ) < C(AL + Az).

The constant C' may depend on M, the coefficients of the adjoint system, and
the bounds of the solution (u,v) of the state system.

Suppose (u,v,p,q) and (a,,p, §) are two weak solutions of (5.37), we define
new functions by

8= min{(M — pu—qu)*, M}, §=min{(M —pi—go)*, M},

where A > 0 is to be determined. Subtracting the equations for the new variables,
multiplying with the appropriate test functions as in the proof of Theorem 5.3
and integrate, we obtain:
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(5.38)
5 Jollw(@, T) —d(e, )P + [2(2,T) - 2(z,T))

+[y(x,0) = §(2,0)]* + [£(x,0) — (2, 0)] }da
+ Jo, {1 |V(w = @) + 2|V (z = 2) 2 + a1 |V(y — §)* + 2|V (§ — ) }dawdt
+ Jop Mw = @)% + (2 = 2)> + (y = §)* + (€ — £)?] dudt
< Jo dal(w—@)? + (y — §)%] — asl(z — 2)* + (£ = §)*]
—(w = @)ereM (wz — w2) + (y — §)[~2b1eM (wy — wg) — creM(zy — 77)
+ oM (2E — 26)] + (2 — 2)cpeM (wz — W7)
+ (€ = lereM (wy — @) + coe (wé — wE)]} duwdt
— Joa, 1(Bw — ) (w — @) + (B2 — B2)(z — )
—(By = By)(y — §) — (BE — BE)(E — £)] dsdt.

As an illustration, we can use the L° bound of z,Z,w, and @ to obtain an

estimate of a typical integral term on the right as follows:
Ja, (w— w)ereM(wz — wE)dadt
(5.39) < 1M [, |wz — Wz + w2z — wE||w — w|dxdt
< et fQT[(w — )2 + (2 — 2)?|dwdt,
for some constants Cy, Cy. We can use the fact that |3— 3|2 < (@f—wy+ 326 —2€)2

and the trace theorem to estimate a typical boundary term on the right as in
Theorem 5.3 to obtain:

(5.40) )
faQT M (By — BY)(y — §) dsdt

< Coe™ [ N(w =)+ (y— §)° + (2 — £)* + (£ — §)*] dsdt
< Cyee® T [, [[V(w —@)* + |V(y = )2+ V(2 = 2)]* + V(¢ - §)[*] dadt

+CoC (e [ [(w— )2 + (2 — )2 + (y — §)* + (£ — §)] dadt,
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for some constant Cy, € is a small constant to be chosen, and C'(e) is a large
constant determined by e. By means of (5.39) and (5.40), we deduce from (5.38)
that

b Jollw(@, T) — @ (@, D) + [2(2,T) - 2(z,T))”
+[y(2,0) = (=, 0)]* + [£(x,0) — (x,0)* }d

+ Jo, {1 = C3ee?T) [V (w — @)]* + (a2 — C3ee® )|V (2 — 2)?
(5.41)
+ (a1 — C3ee T |V (y — §)|? + (ag — C3ee2T) |V (€ — &)} dadt

+ fQT()\ — Cye®T — C5C (€)M [(w — )% + (2 — 2)?

+(y— )2+ (€= §)?dadt <0

where C;,i = 1,2,...,5 depend only on the coefficients and the L°° bounds of
z,w,p and q. Let a = min.{aq, as}. If we choose €, A and T such that

€< A>Ci+C5C(e), and

T < %min.{ln(icﬁc);c(e)), ln(c%e)},
then we find from (5.41) that w = W,z = Z,y = g and £ = £. Consequently, we
have u = u,v =0,p =p and ¢ = q.

Remark 5.6. In Part A of this section, Theorem 5.1, Lemma 5.1 and Theorem
5.2 are all valid even if A = 0. However, for Theorem 5.3, if A = 0, then we can
only show that the optimality system (5.17) has at most one solution for small
time interval [0, 7], with T sufficiently small, as in Theorem 5.8.

Notes.

Theorem 1.1 to Theorem 1.4, for the control of scalar equations, are due
to Leung and Stojanovic [140]. For the control and steady-state prey-predator
systems, Theorems 2.1 to 2.6 are obtained from Leung [126]. For the control
of periodic competitive systems, Theorems 3.1 to 3.8 are summarized from the
two articles [82] and [83] by He, Leung and Stojanovic. Theorems 4.1 to 4.5,
concerning the target profile control for fission reactors, are found in Leung and
Chen [133]. For boundary controls, Theorems 5.1 to 5.3 are results in Lenhart
and Wilson [119]. Theorems 5.4 to 5.8, concerning the boundary control of
prey-predator systems, are due to Lenhart, Liang and Protopopescu [117].



Chapter 4

Persistence, Upper and Lower
Estimates, Blowup,
Cross-Diffusion and
Degeneracy

4.1 Persistence

In Chapters 1 and 2, we are mostly concerned with finding positive coexistence
steady-states for systems of reaction-diffusion equations. We also investigate
whether these steady-states are stable locally or even globally as time changes.
In other words, we study whether the steady-states attract other solutions of
the parabolic systems as time tends to infinity. We developed very complicated
theories, which are sometimes difficult to apply. Moreover, in many situations
in population dynamics or environmental studies, we do not need to obtain such
detailed information for the system. We may be only concerned whether all
species under consideration will survive in the long term. Conditions for glob-
ally attracting steady-state will be too strong because it excludes possibilities of
periodic solutions or other steady-states. In many occasions, it will be practi-
cal enough to find criteria to insure all components which are positive initially
must eventually enter and remain inside a fixed set of positive states which are
strictly bounded away from zero in each component. This property of the sys-
tem is called persistence or permanence. It may not require to obtain excessive
knowledge of the dynamics of the system, and is thus sometimes more mathemat-
ically tractable. An exposition of the idea of permanence in genetics, population
dynamics and evolutionary theory is given in Hofbauer and Sigmund [87]. Re-
lated criteria for coexistence are discussed in Bhatia and Szego [8] and Butler,
Freedman and Waltman [16]. In the context of reaction-diffusion systems, we

289
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will follow the rigorous methods in Hale and Waltman [81], Cantrell, Cosner
and Hutson [21] and [22] in this section. In part of the next section, we will fur-
ther enhance the theory of persistence by estimating, by means of comparison
method, the location of the set which attracts solutions whose components are
positive initially.

Part A: Chains and Uniform Persistence.

We first introduce some topological concepts which will be used to analyze
the reaction-diffusion systems. Let X be a complete metric space (with metric
d) and suppose that T'(t) : X — X,¢t > 0, is a Cy-semigroup on X; that is,
T0)=1,T(t+s)=T(t)T(s) for t,s > 0, and T(t)x is continuous in ¢,x. The
positive orbit through =z is defined as v (x) := Ui>o{T'(t)z}. The w-limit set is
defined as

w(z) = Nr>0 Cl U, {T(t)x}.

(Here C1 denotes the closure). This is equivalent to saying that y € w(x) if and
only if there is a sequence t,, — oo as n — oo such that T'(t,)r — y as n — oo.
If B is a subset of X, we define the w-limit set of B as

w(B) :=Nr>0Cl Up>r T(t)B, where T(t)B = Uyzep{T(t)x}.

If the point x or the sets B have negative orbits, we can define the a-limit set
a(z) of x and a-limit set a(B) of B in a similar manner taking into account the
possibility of multiple backward orbits. A set B in X is said to be invariant if
T(t)B = B for t > 0; that is, the mapping T'(t) takes B onto B for each ¢t > 0.
This implies, in particular, that there is a negative orbit through each point of
an invariant set. When the points or sets belong to an invariant set A, we will
restrict the backward orbits to those remaining in the invariant set and denote
this by aa(x). Sometimes it is convenient to have the alpha limit set of a specific
full orbit, y(x) through a point x. We denote this by a(z).

A nonempty invariant subset M of X is called an isolated invariant set if it
is the maximal invariant set of a neighborhood of itself. The neighborhood is
called an isolating neighborhood. The stable (or attracting) set of a compact
invariant set A is denoted by W* and is defined as

We(A) = {z|r € X,w(z) # ®,w(x) C A}.

(Here, ® denotes the empty set.) The unstable (or repelling) set, W*" is defined
by
W"(A) = {z|r € X, there exists a backward orbit vy~ (x)
such that oy (z) # ®,a, C A}.

A set A in X is said to be a global attractor if it is compact, invariant and,
for any bounded set B in X, §(T(t)B,A) — 0 as t — oo, where §(B, A) is the
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distance from the set B to the set A:
d(B, A) = supyepinfread(y, x).

In particular, this implies w(B) exists and belong to A. A global attractor is
always a maximal compact invariant set. The semigroup 7'(¢) is said to be point
dissipative in X if there is a bounded nonempty set B in X such that, for any
x € X, there is a tg = to(z, B) such that T'(t)x € B for t > t;. By Theorem
A4-13 in Chapter 6, if T'(¢) is point dissipative in X and there is a ¢ty > 0 such
that T'(t) is compact for ¢ > tg, then there is a nonempty global attractor A in
X.

In order to study the problem of persistence, we will now assume that the
metric space X satisfies X = XU 90X, where X is open in X, which is the
closure of X?. 90X (assumed to be nonempty) is the boundary of X°. We
suppose that the Cy-semigroup T'(t) on X satisfies

(1.1) T(t): X — X9, T(t): 0X° — 0X°

and let To(t) = T(t)|xo0, Tp(t) = T(t)|gxo. The set X is a complete metric
space. If T'(t) satisfies the conditions of Theorem A4-13 in Chapter 6, then Tp
will satisfy the same conditions in X°. Thus, there will be a global attractor
Ap in 0X°. However, if T'(t) satisfies Theorem A4-13 in Chapter 6 in X, it does
not follow that the semigroup Ty (t) must have a maximal compact invariant set
in X% There may be points z in X° for which w(z) N 9X% # ¢. In order to
analyze such problem, we give the following definition.

Definition 1.1. Let X be a metric space, and X = X% U 9X? as described
above. Let T'(t) be a Cy semigroup on X with properties as described in (1.1).
We say the semigroup T'(t) is persistent if lim in f;_ood(T(t)z,0X") > 0 for any
r € X°. The semigroup T'(t) is said to be uniformly persistent if there is an
n > 0 such that for any € X©, lim inf; oo d(T(t)z,0X°%) > n.

In order study uniform persistence by means of the behavior of the semigroup
on 0X°, we introduce a few more definitions. Let M, N be isolated invariant
sets (not necessarily distinct). M is said to be chained to N, denoted by M —
N, if there exist an element z,z ¢ M U N, such that x € W*(M) N W#(N).
A finite sequence Mi, Mo, ..., M} of isolated invariant sets is called a chain if
My, — My — -+ — Mp(My; — My, if K = 1). The chain is called a cycle if
My, = M. A special invariant set of interest is the following:

(1.2) Ap = Ugen, w(x).

(Here, Ap is the global attractor in 9X° described above.) The set Ay is isolated
if there exists a covering M = Uf”zl My, of Ay by pairwise disjoint, compact,
isolated invariant sets My, Mo, ..., My, for Ty such that each M; is also an isolated



292 CHAPTER 4. PERSISTENCE, CROSS-DIFFUSION

invariant set for T. M is called an isolated covering. Ay is called acyclic if there
exists some isolated covering M = U¥_| M; of Ay such that no subset of the Ms
form a cycle. An isolated covering satisfying this condition is called acyclic.

The following topological theorem is very important for analyzing the prob-
lem of persistence.

Theorem 1.1 (Abstract Persistence Theorem). Let the Cy-semigroup T'(t)
on X = XY UOXY satisfy conditions as described in (1.1). Suppose that

(i) There exists tg > 0 such that T(t) is compact for t > to,

(ii) T'(t) is point dissipative in X, and

(iii) The set Ay, defined by (1.2), is isolated and has an acyclic covering M
as described above.
Then T'(t) is uniformly persistent if and only if each M; of the covering has the
property:

(1.3) We(M;) N X" = .

Roughly speaking, condition (iii) above states that there are no cycle in the
boundary which links up various of the limits; and the final condition states
that no solution orbit from the interior converges to one of the boundary limits
in forward time. With the aid of the above abstract theorem, we are now
ready to return to the analysis of reaction-diffusion systems. We consider the
following reaction-diffusion system for three interacting populations involving
one predator with two competing preys, for (z,t) € Q x [0, 00).

8u1/8t = alAul + ul(al — Uy — C12Uu2 — 61311,3),

8uQ/8t = O'QAUQ + Ug(ag — Co1U1 — U9 — C23U3),

(1.4)
Ouz /Ot = o3Ausz + uz(ag + c31uy + csaug — us),
L ui(z,t) =0, i=1,2,3 for (x,t) € 9Q x [0, 00)
where oy, a;, ¢;; are all constants, with o; > 0,7 = 1,2,3;¢;; > 0,4,] =
1,2,3, 1 # 4.

We will discuss solutions of (1.4) such that each component as a function of
x, at a given ¢, is in Ck(Q), for some integer k. For this section, we assume (2 is
a bounded domain in RY, with boundary 99 uniformly C3T¢ for some o > 0.
The norm in [C*¥(Q)]? will be denoted by || - ||z, and the closed subspaces of
functions vanishing on 9Q by [CF(Q)]3. [CF (Q)]® will denote the positive cones
with respect to the usual ordering; and let C(’i L(Q) =CEHQ)NCY (). From the
theory of semigroup of solutions of reaction-diffusion equations in C*(Q), and
the structure of the quadratic reaction terms in (1.4), we see that [C§ , (Q)]? is
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invariant on the maximal interval of existence. From the signs of the coefficients
in (1.4), we will show in Lemma 1.1 below that the solution of (1.4) satisfy:

[H1] (Uniform boundedness in [Cf , (Q)]*). For given 3 > 0, there exists a
number B(ﬁ) such that if ||(U1(, 0)> * U3(', 0)”0 < ﬁa then ||U1(', t)v ) U’3('> t)||0 <
B(8) for t > 0.

[H2] (Point dissipativity in [C§_ (Q)]*). There exists v such that for any ug =
(u1(-,0), .., u3(-,0)) € [C7, ()]?, there exists a t(ug) such that the solution of
(1.4) with initial condition ug satisfies ||u1(+,t), ., us(-,t)|lo < v for t > t(up).

By the smoothing properties of parabolic equations, it is known from general
theory (cf. [113]) that the following is true.

Theorem 1.2. Suppose the solutions of (1.4) satisfy [H1], [H2], then the
solutions of (1.4) generates a semigroup on [087+(Q)]3, and its restriction to
[Co.4 (V)] is also a semigroup. Point dissipativity in [Cj  (Q)]* will also hold.
Moreover, the solution operator T(t) is compact on [C§  (Q)]* for every t > 0.
There is a bounded set Uy in [C2(Q)]* such that if U C [Cj_(Q)]* is bounded,
then T'(t)U C Uy fort > 1.

In view of Theorem A4-13 and Theorem 1.2, we will take X° to be functions
in [C& +(Q)]3 with each component non-negative and not identically zero in (2.
The functions in 9X° are those with at least one component identically zero.
We will show that under further conditions of the coefficients in (1.4), we can
study the uniform persistence of the semigroup of solutions 7'(¢) by means of
Theorem 1.1, choosing X = [C§ , (©)]*>. We now consider problem (1.4) under
the following hypotheses:

[C1] p1(0iA+a;) >0, for i =1,2. (From Chapter 1, for each i = 1,2, the scalar
problem wy = 0;Aw; + (a; — w;)w; has a corresponding equilibrium @; > 0 in
2, which is a stable global attractor of all non-negative nontrivial solutions.)
(C2] p1(01A+a1—ci2tiz) > 0, and problem (1.4) has no non-negative equilibrium
solution of the form (uj,u%,0) with both «} # 0,4 = 1,2 in Q.

[03] ﬁl(UgA + as — Cglﬂl) < 0.

[C4] There are unique globally attracting equilibria Pj (4,0, u3) in the interior
of the uy — ug face and P»(0, Uz, @3) in the interior of the uy — ug face. The

equilibria P, and P, are also stable with respect to solutions in 087 +(Q) on the

u1 —ug and ugs —ug face respectively, if initial conditions are close to the equilibria
. 1 N
in Cp 4 ().

[05] ﬁl(UlA + a1 — ciolg — Clgng) > O, and ﬁl(O'QA + as — CQlle — CngLg) > 0.

(Recall the definition of the first eigenvalue p; for an elliptic operator in Section
1.1.)
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Theorem 1.3 (Persistence Theorem for a Prey-Predator System of 3
Species). Assume hypotheses [C1]-[C5], then the semigroup T(t) of solutions
of (1.4) in X = X°U9X® = [C§ ()] is uniformly persistent.

We will first prove the following Lemmas 1.1 to 1.4 and apply Theorems 1.1
and 1.2 in order to prove Theorem 1.3. The hypotheses [C1] to [C5] impose
properties on solutions of subsystems of (1.4) on the boundary faces and on the
dynamical behavior near the boundary. These properties will lead to the fact
that the corresponding set As in Theorem 1.1 will be isolated and has an acyclic
covering satisfying (1.3).

Lemma 1.1. Under hypothesis [C1], the semigroup of solutions of (1.4) is
point dissipative in [C§ | (Q]. It is also uniformly bounded in [C§  (Q*. As a

consequence of Theorem 1.2, these properties are also valid in [C(}’_i_(fl]?’.

Proof. For each i = 1,2, the i-th component of the solution of (1.4) is a lower
solution of the scalar problem: w; = 0;Aw; + (a; — w;)w; subject to the same
initial and boundary conditions. Thus by comparison, we have u; < w; as long
as they exist. Since w;(+,t) tends to the corresponding steady state solution in
CE(Q), (see e.g. proof of Theorem 5.7 in Chapter 1), and the steady state is
< a; in Q with strictly negative outward normal derivative on 052, we obtain
w;(x,t) < a; in Q for t sufficiently large. Similarly, since us3 is a lower solution
for ws; = o3Aws + (asg + cs1a1 + c32a9 — w3)ws for sufficiently large ¢, eventually
we have us(x,t) < wsz(z,t) < az+ c31a1 + czpao in Q for ¢ sufficiently large. The
last statement follows from semigroup theory, integral representation formula
and Theorem 1.2 above.

Lemma 1.2. Under hypotheses [C1], [C2], any solution of (1.4) of the form
(u1,us,0), with u;(x,0) > 0,i = 1,2 and ui(z,0) #Z 0, must — (u1(x),0,0) as
t — oo in .

Proof. Let (uj,u2,0) be a solution of (1.4) with non-negative initial condition
and u1(2,0) #Z 0 in Q. Then by maximum principle, we have u; > 0 in Q
and Ou;/0v < 0 on 0N for any t > 0. Moreover, ug is a lower solution of
wy = 09Aw + (az — w) with the same initial boundary condition; and for any
€ > 0, we have ug < (1 + €)ug for t sufficiently large. By [C2], we can choose
e > 0 sufficiently small such that the eigenvalue pi(01A 4 aq — c12(1 +€)ug) > 0
with a positive principal eigenfunction ¢1; and let ¢y be sufficiently large such
that ug < (1 + €)ug for t > ty. Next, let § > 0 be sufficiently small so that
up(z,t9) > d¢p1 () in Q; and define wy = ¢, w2 = (1 + €)iip. One can readily
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verify that

o1Aw; + (a1 — wy — ¢c12wW2)w; >0 in €,
(1.5) o9 AWy + (ag — Wy — CQlﬂl)’II)Q <0 in €,
up(x,tg) > wy(z), uz(x,tg) < we(x) in Q.

Finally, let wy = 0 and wy = (14 C)wy for some large C so that uq (z,ty) < wq(z)
in 0. We thus have

o1 Awy + (a1 — Wy — 012ﬂ2)ﬁ}1 <0 in €,
(1.6) 09 AWy + (ag — Wy — C21W01)Wy > 0 in Q,
wi(x) <wup(x,ty) < wi(x), wo(x) < ug(x,ty) < wa(x) in Q.

Let (v1(x,t),ve(x,t)) be a solution of

vt = o1Av; + (CLZ' —V; — cijvj)vi, i 75 i, 1 =1,2in  x (O, OO),
(17) { wi(z,t) =0 (2,£) € 90 x (0,00),
vi(x,0) = wy(x), va(x,0) = wa(x), x €.

By the special monotone property of the reaction term of the competing relation,
we can deduce by comparison, as in [125] or [183] that

vy Kup KWy, V2 > Up > Wy =0, for (x,t)EQXoo;

and further v; T v, vy | v5 as ¢ — oo where (v],v;) is an equilibrium solution
of (1.7) without initial condition. By hypothesis [C2], we must have v = 0 and
UT = Uj.

Lemma 1.3. Assume hypotheses [C1]. Suppose that there exists a global at-
tractor (uj,u3) for solutions (with each component nontrivial and non-negative)

of

8U1/8t = 0‘1AU1 + ul(al — Uy — 613U3),
(1.8) 8U3/8t = o3Aus + U3(a3 +c31up — U3),

ui(x,t) =0, 1=1,3 for (z,t) € 9Q x [0, 00),

where 0;,a;,¢;; satisfy conditions for problem (1.4); and each u} % 0 in Q, for
i = 1,3. Then, the eigenvalue with homogeneous Dirichlet boundary condition
satisfies

(1.9) p1(o3A + (az + c31u1)) > 0.
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If the system (1.8) has a positive equilibrium (0, u3), 4z # 0 in €, then we also
have

(1.10) p1(o1A + (a1 — c13ug)) > 0.

Proof. Observe that @ is a strict upper solution of the scalar homogeneous
boundary value problem for o1Au; + (a1 — ci3uf — ui)u; = 0, which has the
solution u]. By means of scalar upper-lower solution theory, we obtain 41 > u]
in Q and Ju;/0v < OJuj/Ov on 0. Since (uj,uj) is a global attractor for
nontrivial non-negative solutions, we must have u; < % for large enough ¢ for
any solution (u1,us) of (1.8) with each component non-negative and nontrivial.
(Recall that we can consider the semigroup of solutions with components in
Cj.+(Q)). Suppose contrary to (1.9), we have p1(03A + (a3 + c3111)) = 0 <0,
with the corresponding eigenfunction ¢g > 0 in €. Let (uj,us) be any non-
negative nontrivial solution of (1.8), so that u; — u} as t — oo for i = 1,3. We
consider the expression:

% fQ Pouzdr = fQ ¢olosAus + (a3 + c31u1 — uz)us] dx
= fQ [0’3A¢)0 + (a3 + C31ﬂ1)¢0]U3 dx + fQ [031 (ul — le) — U3]¢OU3 dx

= [ o0dous + cz1 (w1 — 1) Pous — pou} du.

We have ogpous < 0 in Q. Moreover, since u; — u; as t — oo and uj < Uy on
Q, Ouj/Ov > O0uy /v on 0f), there must exist large Ty > 0 such that we have
up — a1 <0, and uz > (1/2)uj in Q for t > Ty. Consequently, for ¢t > Ty, we find

(1.11) i/ pouz dr < —1/ do(u3)? dx ==~ < 0.

From (1.11), we readily deduce the fact that |, ¢ousdz < 0 for all large .
However, this fact is impossible because both ¢g and ug are non-negative in 2.
We thus conclude the validity of (1.9) in order to avoid contradiction.

Suppose the system (1.8) has a positive equilibrium (0, 43), 43 # 0 in Q.
Then uj is a strict upper solution for the problem o3Aw + (a3 — w)w = 0 in
Q, w = 0 on 09; and thus w3 > u3 in ). Hence a1 — c13u3 < a1 — c13ug in €,
and the characterization of principal eigenvalues gives p1(01A + (a1 — c13ul)) <
p1(c1A + (a1 — c13u3)). However, the fact that uj is a positive solution of
o1Aw + (a1 — ci3ui — w) = 0 with homogeneous boundary condition implies
that p1(01A 4 (a1 — ci3u3)) > 0. Consequently, (1.10) must hold.

Lemma 1.4. Suppose f € C*(Q,R) and o > 0. Let p = p1(cA + f(x)) be the
principal eigenvalue for the problem:

(1.12) ocAw + f(x)w =pw inQ, ¢=0 on I;
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and assume p1 > 0 with corresponding positive eigenfunction ¢. Suppose that
there exist some constants k > 0 and € € (0,p1), so that u(x,t) satisfies the

following in a neighborhood U of 0 in C&’JF(Q):

113) 9u > gAu+[f(z) —eu  for z€Q,t>0,
' u(w,t) =0 for x €A, u(w,0) > k(x) forz e,

as long as it exist. Then as long as u(x,t) € U, the following inequality is
satisfied

(1.14) u(x,t) > ke~ (x)

for z € Q.
Proof. For (z,t) € Q x [0,00), define v(z,t) = kelP1=)¢(x). We readily verify

%zaAv—l—[f(x)—e]v for € Q, ¢t >0,
(1.15) _
v(z,t) =0 for x € 09, v(x,0) = kp(x) for x € Q.

By comparison of scalar parabolic equations, we obtain (1.14) from (1.13) and
(1.15). (We are considering a neighborhood in C& 4, but the result is still valid
in C§, ().)

Proof of Theorem 1.3. Since point dissipativity in C& +(Q) follows from
Lemma 1.1, we can prove this theorem by applying Theorem 1.1 accordingly, by
choosing X = X% U 8X°? = [Cj, (©)]°. The hypotheses of this theorem imply
that the w-limit set of the boundary consists exactly of the equilibria: () =
(0,0,0),A; = (41,0,0), A2 = (0,u2,0), P, = (41,0,u3),P» = (0,72, Us) and
Q@ = (0,0, us) (if this exists). We thus proceed to take the isolated covering UM;
(as described above) to be these points themselves. In order to apply Theorem
1.1, we need to show that: (i) this covering is isolated, (ii) W*(M;) N X = &,
and (iii) the covering is acyclic. We now consider properties (i) and (ii) for each
equilibrium. The proof for each equilibrium is the same, and we illustrate the
detail arguments for the point A;. In order to show that A; is isolated, we must
show that there is a neighborhood of A; which does not contain a full orbit
(other than Ay) itself. Suppose the contrary; that is, every neighborhood of Ay
contains a full orbit.

First, assume such an orbit lies in the u; axis in a small neighborhood of
Ay. The first half of hypothesis [C1] implies that A; is a stable equilibrium
which is a global attractor for nontrivial positive orbits on the axis. The a-limit
set of this orbit is nonempty by compactness; and the set is either A; itself or
contains a point other than A;. Since all points are attracted to A;, the a-limit
set must then include a forward orbit tending to A;. Let ¢ # A; be a point
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on the full orbit first considered, the stability of the solution A; implies that
there is a small neighborhood N of Ay such that any orbit starting inside N can
never reach as far as ¢ from A; in forward time. Choose a large enough negative
time so that the orbit first considered is inside NV, then the forward orbit cannot
contain the point q. This shows that the full orbit on the u; axis cannot contain
a point other than A;. Next, by [C1],[C3] and p1(c1A + (a1 — 2u1)) < 0, we
can deduce by the linearized system at A; and Theorem A4-11 in Chapter 6
that the equilibrium A; is stable in Cj  (Q) on the uy — ug face. Thus, [C1],
[C2],[C3] and Lemma 1.2 together imply that on the uy —us face, Ay is a Cj , (Q)
stable equilibrium which is a global attractor for non-negative solutions not on
the us axis. We can therefore use the same argument above to assert that the
full orbit in a neighborhood of A; on the u; — us face cannot contain a point
other than A;. Consequently, if the full orbit in the neighborhood contains
a point other the A;, we must have us > 0 for x € . We now show that
such an orbit must leave every sufficiently small neighborhood U of A;. By
maximum principle, any orbit with ug > 0 and ug Z 0 must satisfy us(z,tg) >
ko(x) for some tg > 0 and k > 0. (Here, ¢ is the positive eigenfunction for
the operator and principal eigenvalue described in (1.9). Note that hypothesis
[C4] and Lemma 1.3 imply that pj(o3A + a3z + c3141) > 0). From the third
equation in (1.4), we see that for any € > 0, there is a neighborhood U of
A1 = (u1,0,0) so that in U, Qug/0t — o3Ausg — ug(ag + c31u1 — €) > 0. Choose
e € (0,p1(03A + (a3 + c3111)), and U to be such a corresponding neighborhood.
From Lemma 1.4, the component ug must increase until (uq,us,us) leaves U,
so that U cannot contain a full orbit. We thus conclude that A; is isolated.
A similar argument shows that W*%(A4;) N X = @, since at any point of X°
sufficiently close to A;, the component ug must increase so that (u,us,us)
cannot approach A; along W*(A;). (Note that in order to show that P;,i = 1,2
is isolated and W*(P;) N X = ®, we will need to use hypotheses [C5]).

It remains to show that there does not exist any cycle in the boundary as
defined above. We first consider the case when the equilibrium ) exists. Since
P, and P» are attracting and stable as described in [C4], they cannot form part
of any cycle on the boundary faces. Also, by [C1]-[C4]and Lemma 1.2, the
solutions starting near the origin on the faces are all attracted away to other
equilibria, thus the origin cannot form part of a cycle too. Therefore we only
need to consider the equilibria A;, Ay and Q. On the u; —us face (apart from the
axes), all solutions are attracted to P;, thus A; cannot be chained to itself, @ to
itself, nor can A; and @) be chained by an orbit on the u; — ug face. Similarly,
on the uy — ug face, we find As, Q) cannot be chained to themselves or each
other. The only other possibilities are that A, As are cyclic or A; is chained
to itself on the uq — uo face. However, by Lemma 1.2, all solutions on this face
are attracted to A;. Moreover, by [C3] and pi(01A + (a1 — 241)) < 0, we can
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deduce by the linearized system at A; and Theorem A4-11 in Chapter 6 that the
equilibrium A; is stable on this face. Thus, both possibilities cannot happen.
We thus conclude that there cannot be any cycle on the boundary faces. Finally,
in the situation when () does not exist, there are even fewer possible cycles to
consider. They can all be shown to be impossible by exactly the same arguments
just given. This completes the proof of Theorem 1.3.

In order to see how Theorem 1.3 can be readily applied, we consider various
situations when condition [C4] concerning dynamics for the reduced problem on
the boundary faces can be satisfied. This will be studied in Theorems 1.4 and
1.5 below. Recall that in Theorem 5.4 of Chapter 1, we consider

Au+u(a —bu—cv) =0
in €,
(1.16) Av+v(e+ fu—gv) =0

u=v=0 on 0Q.
We found that the boundary value problem (1.16) under hypotheses:

a> A, e> A,
(1.17) cf < gb, and

a > gb(gb — cf) L[\ + ce/g]

has a unique coexistence solution with each component strictly positive in €2,
and in C2T%(Q), provided that

(1.18) cf < k(bg),

for some sufficiently small constant k& € (0,1). Note that by reducing c¢f while
holding all other parameters fixed, all the inequalities in hypotheses (1.17) re-
main valid.

Let a,b,C,e, F,g be positive constants such that (1.17) holds with ¢, f re-
spectively replaced by C, F. Define U,U,V,V € C?T(Q) be strictly positive
functions in €2 satisfying the following scalar problems:

AU +U(a—bU)=01inQ, U =0 on 9,

AV—I—V(e—I—%—g‘A/):O inQ, V=0 on o9,
(1.19) )
AU +U(a—b0 —CV)=0inQ, U=0 on Q,

AV +V(e—gV)=0inQ, V=0 on dQ.
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Note that l)’, V, V exist because a,e,e+Fa/bare > \i; and U, V, V are > 6¢p >0
in Q for sufficiently small § > 0. Here ¢ is a positive eigenfunction for the
principal eigenvalue A; of the Laplacian with zero Dirichlet boundary data. One
can readily deduce by upper lower solutions method that V(z) < %(e + Loy,

hence a — CV > a — %(e + £a) > )\ for all 2 € Q. Consequently, we obtain
0<dp<U<U, 0<dp<V<V

for x € 2,9 > 0 sufficiently small. It is shown in the proof of Theorem 5.4 of
Section 5.5 that if ¢ € (0,C) and f € (0,F) and cf satisfies (1.18), then the
unique positive solution (u,v) = (u*,v*) for (1.16) described above must have
the property:

(1.20) Ulz) < u(z) < Ulz), V(z) < v*(x) < V(z),

for all z € ). Note that since the outward normal derivatives of ¢ are negative
on the boundary, there must exist a constant K > 0 such that

(1.21) U<KU, V<KV, U<KV, V<KU
for all x € Q. The proof of Theorem 5.4 uses contraction argument, and is
accomplished by choosing

(1.22) k= (=)~
We now consider the corresponding parabolic problem for (1.16)
us = Au + u(a — bu — cv)
in Qx[0,00),
(1.23) v =Av+v(e+ fu— gv)
u(z,t) =v(x,t) =0 on 99 x [0,00).
Theorem 1.4 (Attractor for Reduced Problem). Leta,b,C,e, F, g satisfy

the conditions in (1.17) described above with c, f replaced respectively by C, F';
and let U(z),U(x),V (x),V(x) be functions defined by (1.19). Suppose that

(1.24) ce (0,C), fe(0,F), and cf < k(bg),

where k described in (1.24) satisfies (1.22), ensuring (1.16) has a unique positive
equilibrium solution as described above. Let (u(x,t),v(x,t)) be a solution of
(1.23) with u(z,0) > 0,% 0 and v(x,0) > 0,% 0 in Q. Then for any € > 0, there
exists a te > 0 such that for t > t., we have:

(1.25) (1—e)U(z) < ulz,t) < A+e)U(z), (1—e)V(z) <v(x,t) < (1+6)V (),
for all x € Q.
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Proof. The first component of the solution of (1.23) is a lower solution of
wy = Aw + w(a — bw) in Q, with w(z,0) = u(z,0) on Q and zero homogeneous
boundary condition. Thus by the C*(€) convergence of w(-,t) to U(z) and
comparison, we find that for any ¢ > 0, we have

A

u(z,t) < (14 €)U(x)

in Q for t sufficiently large. Hence for ¢ large, z = v is a lower solution of
2 = Az+z[e+ f(1+€)U(z) — gz] in , with homogeneous boundary conditions.
Moreover for small enough € > 0, we have f(1+4 ¢)U(z) < Fa/b in Q. Thus by
comparison again, we obtain

A~

v(z,t) < (1+€e)V(z)

in Q for ¢ sufficiently large. For small enough € > 0 and for ¢ large, w = u is an
upper solution of wy = Aw+wl[a—bw—CV]in €. Since U is a global attractor,
we obtain by comparison that

u(z,t) > (1 —e)U(x)

in Q for ¢ sufficiently large. Finally, 2 = v is an upper solution of z = Az +
z(e — gz in Q for any € > 0, we obtain by comparison that

v(z,t) > (1 —e)V(x)
in Q for a large t.

Theorem 1.5 (Globally Asymptotically Stable Equilibrium for
Reduced Problem). Let a,b,C,e, F,g be as described in Theorem 1.4. Then
there exist 01 € (0,C) and d2 € (0, F') such that if ¢, f satisfies hypotheses (1.24)
wn Theorem 1.4, and furthermore

(1.26) Cc E (0,(51), f S (0,(52),

then the unique coezistence positive equilibrium (u*,v*) of (1.16) is a global at-
tractor for all nontrivial non-negative solutions of (1.23). Here, (u(x,t),v(z,t)) —
(u*,v*) in [CH(Q))?; and (u*,v*) is a stable equilibrium in [CJ(Q)]?, if initial
conditions are close to the equilibrium in [C§(Q)]?.

Proof. Recall that under conditions (1.24), the system (1.16) has a unique
coexistence positive solution (u*,v*) which always satisfy (1.20) for any such
small ¢ and f. Moreover, for any solution (u(z,t),v(z,t)) of (1.23) with each
component nontrivial non-negative in C°(Q) at ¢t = 0, and any € > 0, it must
satisfy (1.25) for large enough t. Let

p(x,t) == u(z, t) —u*(z) q(z,t) :=v(z,t) — 0" ().
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We have

pr = Ap + (a — bu* — cv™)p — bup — cuq
(1.27)
@ = Agq+ (e + fu* — gv*)qg + fup — gvg

in Q x (0,00),p = ¢ = 0 on 90 x (0,00). Since u* > 0 is a solution of the
eigenvalue problem: Ay + (a — bu* — cv*)yp = pyp with p = 0, we must have
p = 0 as the principal eigenvalue. Thus by characterization of eigenvalues, we
have

(1.28) /[|V1/1\2 + (a — bu* — cv*)p?)dx < 0
Q

for any ¢ € VVO1 ’Q(Q), and similarly,

(1.29) JIT0P + e+ fu — g0 )uldz <0,
Q

Multiplying the first and second equation in (1.27) respectively by p and ¢,
adding and using (1.28) and (1.30) we deduce

(1.30) %(% /Q (0* + )dz) < — /Q [bup® + (cu — fo)pg + gua’lda.

The quadratic expression inside the integral on the right above is positive definite
if (cu — fv)? — 4bugv < 0, or equivalently

(1.31) 02(%)2 — (2¢f + 4bg)(%) +f2<o.
Thus at any ¢ > 0, if
(1.32)
(2¢f + 4bg) — /16bg(bg + cf) - u(x,t) - (2¢f + 4bg) + /16bg(bg + cf)

2¢? v(x,t) 2¢?

for all z € €, then the expression in (1.30) is negative, unless p(z,t) = q(x,t) = 0
for x € Q. For fixed b > 0,¢ > 0, denote

Ki(e, f) = (2¢f+4bg) —+/16bg(bg+cf) _ 22

2c? o (2cf+4bg)+\/16bg(bg+cf) ’

2cf+4b, 16bg(bg+c
KQ(C, f) — (2¢f+ 9)+2\C/2 g(bg+cf)

We see Ki(c, f) — 0as f — 0, and Ks(c, f) — +00 as ¢ — 0. Consequently,
from (1.25) and (1.21), we must have (1.32) holds for all large enough ¢, provided
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(1.26) is valid for some small enough d1,d2. By (1.30), we deduce that (p,q) —
(0,0) in [L%(Q)]? as t — oo. By W?P estimates for parabolic equations, we
obtain (p,q) — (0,0) in [C3(Q)]?. The last assertion concerning stability in
[C§(2)]? follows from (1.30) again.

In order to find a simple example so that condition [C2] of Theorem 1.3
applies, we consider:
Aul + ul(a — Uy — 012u2) =0
in €,
(1.33) Aug +uz(a — ca1ur —ug) =0

u=v=20 on 0f2
where a, c12, co1 are constants satisfying

a > A,
(1.34)
0<ecia<1<ey.

Lemma 1.5 (Non-Coexistence for Another Reduced Problem). The
problem (1.33) under hypotheses (1.34) does not have any coexistence positive
solution such that both components are non-negative and % 0 in Q. Moreover,
let u denote the solution of Au+ tu(a—u) =0 in Q with homogeneous Dirichlet
boundary condition, then the principal eigenvalue for the operator A + a — ci12U
satisfies

(1.35) N1 (A +a— Clgﬂ) > 0.

Proof. We have p;(A+a—u) = 0, because « is a positive solution of Au+u(a—
@) = 0 in Q with homogeneous Dirichlet boundary condition. By comparison
of principal eigenvalues with Rayleigh’s quotient and (1.34), we have pi(A +
a — c1ou) > 0 and p1(A + a — ca1u) < 0. By Theorem 3.5 of Chapter 1, this
difference in sign implies that problem (1.33) does not have any coexistence
positive solution such that both components are non-negative and # 0 in Q.

Example 1.1 (Application of Persistence Theorem 1.3 to Full System).
Consider the problem for (z,t) € Q x (0, 00):

8u1/8t = Aul + ul(a — U1 — C12U2 — 61U3),
Oug /Ot = Aug + uz(a — ca1u; — ug — €gus),

(1.36)
Ougz /0t = Auz + uz(e + d1uy + daug — u3),

ui(x,t) =0, i=1,2,3 for (x,t) € 9Q x [0, 00)
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where a, 12, co1, €1, €2,01 and J9 are positive constants satisfying

(1.37) e>N, O0<cia<l<ey

(1.38) . A+ VAT + ey
: 5 :

From Theorem 1.3, we can readily deduce that the non-negative solutions of this
problem are uniformly persistent provided that ¢; and §; are sufficiently small,
for i = 1,2. We simply verify all the conditions [C1] to [C5] for Theorem 1.3.
The assumptions here on a,e imply [C1]. The hypotheses in [C2] are valid due
to the second part of (1.37) and Lemma 1.5. [C3] is true due to the assumption
1 < ¢91. Theorem 1.5 implies [C4] is valid for sufficiently small ¢;,d;,7 = 1, 2.
(Note that the last inequality in (1.17) will be satisfied if a > A\; and ¢; are
small enough). From (1.36), we readily obtain the components 3 (x) and ug ()
defined in [C4], [C5] satisfy 41(z) < 1 and @g(z) < I for all z € Q. Thus
assumption (1.38) and the roots of quadratic equations imply that [C5] is valid
for sufficiently small €;,7 = 1,2 by comparing principal eigenvalues.

Part B: Average Liapunov Functions.

We now introduce another useful tool for analyzing persistence or perma-
nence for reaction-diffusion systems. Recall we assume the metric space X
satisfies X = X% U 0X° where X© is open in X, which is the closure of X0,
0XY (assumed to be nonempty) is the boundary of X°. We suppose that the
Co-semigroup T'(t) on X satisfies

(1.39) T(t): X° — X9 T(t): 0X° — 0x°

and let To(t) = T'(t)|x0,To(t) = T'(t)|gxo. Let U,V be subsets of X, we denote
the distances

d(U, V) = supyey d(u, V), d(U,V) = infucr d(u,V).

The following terminology is commonly used for 7'(¢) with the above properties:

Definition 1.2. The semigroup 7'(t) is said to be permanent if there exists a
bounded set U with d(U,0X") > 0 such that limy_ ., d(T(t)v,U) = 0 for all
ve X0

Note that if the boundedness condition on U above is removed, then T'(¢)
is uniformly persistent as defined earlier. Consequently, uniform persistence is
less stringent than permanent. However, we have actually proved the following
stronger result in the proof of Theorem 1.3.
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Remark 1.1. Assume hypotheses [C1]-[C5], then the semigroup T'(t) of solu-
tions of (1.4) in X = X°U9X? = [C§ ()] is permanent.

We next introduce another abstract permanence theorem which is based on
the constructive use of a so called ’average’ Liapunov function P. The method
can be applied to systems for which we cannot rule out the possibility of a cycle,
and thus unable to find an acyclic cover of w(9X") for application of Theorem
1.3. We construct a function P whose value depends on the size of the solution
u;(x,t) of the system, and study its variations as ¢ changes. We analyze the
behavior of the function starting at different initial states, in particular near the
attractor of the semigroup and the boundary of the positive cone of functions.
The system will tend to be permanent if the boundary of the positive cone acts
as a repeller for the system.

More precisely, let X = X° U 9X? be a complete metric space, and a semi-
group T'(t) is point dissipative in X with properties (1.39) as described. Assume
there is a 9 > 0 such that T'(¢) is compact for ¢t > ¢y, then by Theorem A4-
13 in Chapter 6, there is a nonempty global attractor A in X. Let B(A,¢)
be an € neighborhood of A, and define the closure Y := Cl T(B(A,¢),[1,00)),
S:=YnNnoxv.

Theorem 1.6 (Abstract Permanence Theorem). Let X, T'(t), Y and S be
as described in the last paragraph. (Note the point dissipative and compactness
condition on T(t)). Suppose that Y,S are compact and for u € S,t > 0, we
define

P(T(t)v)

a(t,u) = lim infu—m, veY\SWa

where P : Y\S — R is a continuous, strictly positive and bounded function. If
the function a(t,u) has the property:

suppso oty u) > 1 if uew(Y),
(1.40)
supyso ot,u) >0 if ue s,

then the semigroup T'(t) is permanent.

We will apply this theorem in the context of parabolic systems with X =
[C&’ +(Q]” Note that the theorem assumes that the semigroup is dissipative.
This can be established by showing the solutions satisfy uniform bound of the
form 0 < w; < K; for large t. The smoothing properties of the semigroup
imply dissipativity in C1(2). That is, we will have Y and S are compact. The
theorem do not require any special assumptions concerning monotonicity of the
interaction terms, uniqueness of coexistence states or a globally defined Liapunov
function. However to construct the average Liapunov function, we must have a
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detailed knowledge of the semigroup generated on the boundary of the positive
cone of functions.

Example 1.2. Consider the following system for (z,t) € Q x (0, 00),

Ouy /Ot = o Auy + u1(1 — ug — aug — Bug),

Oug /Ot = 0 Aug + ug(1 — Puy — ug — aug),
(1.41)
Ouz /0t = o Aug + uz(1l — auy — fug — ug),

( ui(z,t) =0, i=1,2,3 for (z,t) € 9Q x [0, 0),

where o, a, § are all positive constants, satisfying the following

(1.42) O<a<)\i1,0<a<1<ﬂ,

where A; is the principal eigenvalue for the operator —A on 2. The domain
Q c RY is bounded and open, with 9Q uniformly C3*” for some v > 0. Here,
we have three competing species. Each species is more competitive to one and
less competitive to another in a cyclic fashion, as indicated by the sizes of o and
(. By the assumption on o, there exists a unique positive function « > 0 in
satisfying:

(1.43) cAu+u(l—u)=01inQ, =0 on 0.

Let p = p1 and ¢ > 0 be the principal eigenvalue and a corresponding positive
eigenfunction to the eigenvalue problem

(1.44) ocA¢p+ (1 —au)p =po in Q, ¢ =0 on .

From the assumption that 0 < a < 1 and comparison with problem (1.43),
we must have p; = p1(cA +1— au) > 0. We will proceed to construct an
average Liapunov function for the problem (1.41) and apply Theorem 1.6 to
analyze the relative sizes of p1,a, and # which can ensure permanence for the
system. As in the analysis of problem (1.4), the problem (1.41) is considered
in the first quadrant of functions [C& +(Q)]3 . By comparison, we can show that
the solutions are bounded as described above. We may choose Y so that the
set S for Theorem 1.6 consists essentially of part of the three ’faces’ obtained
by setting successively u; = 0,u3 = 0 and uz = 0. For the average Liapunov
function, we define for v = (vy, vy, v3):

3 3
(1.45) Pw) = Zl;[l /ngvi dr = exp{; log/ﬂgbvi dz},
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where ¢ is the eigenfunction defined in (1.44). Direct computation shows

d —(logP(v - s) Z fQ
i=1

ds

;3
(1.46) % — eap| /O ds ;[ /Q (Gvidar) /( /Q Gvida)]}

In order to apply Theorem 1.6, we have to take limits as v tends to points in w(.5).
We will only perform the formal calculations here. In view of the smoothness
of solutions of the parabolic systems, the rigorous analytic justification can be
done readily. More details can be found in [21]. Since p;(6A+1—«au) > 0, and
p1(cA+1—pa) < 0 are of different sign, we see from Theorem 3.5 in Chapter 1
that on the u; — uy face there is no coexistence solution with both components
positive. Similarly we have the same situation on the us —ug and ug — uq faces.
That is the set w(S) consists only of the equilibrium at the origin, and the three
other equilibria (1,0, 0), (0,4,0), (0,0,%) on the axes (cf. Lemma 1.2).

For (u,0,0), we calculate the first limit in sum on the right of (1.46) by using
the first equation in (1.41) and (1.43):

lim inf(vl,vz,vg)ﬁ(ﬂ,oﬂo*') {fQ ¢U1tdx/fg Puy d.ﬂ?}

Pv;s dx
q Pvi dx’

= M1 f (1, o ,09)—(a,0+,00) Lo PloAVL +v1(1 — vy — avy — Bus)]dz/ [, pvidr}

=0.

For the second term in the sum on the right of (1.46), we obtain by means of
(1.44):

(1.47)
WM in fo, vy 05)— (a0t 00 g dv2tdz/ [ dvada}

= M1 f (1 o ,09)—(a,0+,00) L PlOAV2 + v2(1 — vo — avs — Bur)]dz/ [, pvadr}
= lim inf(vl,vz,vg)ﬁ(ﬂ,oﬁ‘,o*'){fQ V2 [O'A¢ + ¢(1 — V2 — QU3 — ﬂvl)]dx/fﬂ QZ)Ude}
= liminf,, o+{[q v2[0A¢ + ¢(1 — Ba)]dz/ [, pvada}

= p1+liminf,, o {(a—B) [ voudz/ [, pvoda}.

Here, we denote p; = p1(0A + 1 — au). The second term on the last line above
is the same as

(a — ) lim 8upv2_)0+{/Q qbvgﬂdx//ﬂ ¢vadx}.
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The lim sup term cannot be larger than ||@||o. Moreover, the maximum value can
be attained by choosing vs to tend to 0™ through a sequence of smooth functions
with successively smaller supports in a neighborhood of a point where @ achieves
its maximum. Thus the expression in (1.47) is exactly p1 — (6 — «)||a||o. As in
(1.47), we deduce

B0 00 00| vnde | duade} = .

Consequently, we have

(1.48)
3

B 910 f (4, 19 08)— (3,0+,01) Z[/Q(@fitdﬂﬂ)/(/ﬂ pvidz)] = 2p1 — (B — )l|ullo-
i=1

From the symmetry of the system (1.41), we readily see that the calculations
for the limits at the equilibria on the other two axes are the same. The origin
(0,0,0) also lies on the set w(.5), and direct calculations as above show that the
limit there is positive. As mentioned above, we can show by means of comparison
as in the analysis of system (1.4), that hypotheses [H1] and [H2] (for uniform
boundedness and dissipativity) also hold for problem (1.41). Theorem 1.2 also
apply with system (1.41) as well as (1.4). We can thus apply Theorem 1.6, using
(1.46) and (1.48), to obtain permanence in the following.

Theorem 1.7 (Permanence for 3 Competing Species). The semigroup
T(t) of solutions of problem (1.41) under hypothesis (1.42) is permanent in
X =X"0U0X° = [C§ , (Q)]* provided that

(1.49) 2p1 — (B —allullo > 0,
where 4 and py are defined in (1.48) and (1.44) respectively.

Finally, using some more topological results, we can obtain sharper descrip-
tion of the permanent semigroups for reaction diffusion systems (1.4) and (1.41)
as described in Remark 1.2 below. The following definition and Theorem 1.8 can
be found in [81]. A set U C XV is said to be strongly bounded if it is bounded
and d(U,0X°) > 0. Ap is said to be a global attractor relative to strongly
bounded sets if it is a compact invariant subset of X° and d(T(t)U, Ag) = 0 for
all strongly bounded sets.

Theorem 1.8. Let X be complete and T(t) be point dissipative in X. Assume
that there is a to > 0 such that T(t) is compact for t > to. Let X°,0X° be as
described above. Suppose T(t) is permanent, then there are global attractors A,
Ay for Ty(t), and a global attractor Ay relative to strongly bounded sets.

The above Theorem is an extension of Theorerg A4-13 in Chapter 6. If we
apply Theorem 1.8 and the permanence in [C& +(Q)]3, for the semigroup T'(t)



4.2. ATTRACTOR SET, BLOWUP 309

in Theorem 1.3 or Theorem 1.7, we can readily show that the solutions of (1.4)
under hypotheses [C1]-[C5] or solutions of (1.41) under hypotheses (1.42) have
the properties in the following remark.

Remark 1.2. There exists an € > 0 and functions v,w € C?(Q, R}) with
vi,w; in C1(),> 0 on Q and outward normal derivatives dv;/Ov < —e on 95,
and a corresponding region Z = {z € CYQ,R3) : v; < 2 < w;,i = 1,2,3}
such that all solutions u = (uj(x,t),us(x,t),us(z,t)) with each component
initially non-negative and nontrivial are attracted to Z in C'(Q). That is
limy oo d(u(:,t), Z) = 0 where d is the metric in [C1(Q2)]3.

In order to prove the remark, we first note that the set Ay defined in Theorem
1.8 is invariant. Thus for each @ € Ag, there is a 4 such that T'(t)a = 4. Using
the maximum principle for parabolic equations and the boundedness of Aj in
[C(Q)]3, we then show that there exist positive constants ¢, ¢,y and a function
e € C%(Q) with e(x) > 0in Q and de/dv < —v on I, such that for each @ € Ay,
we must have

cre(r) < d;(z) < coe(x), forall z€Q, i=1,2,3.

Then we use convergence in C'*()) to show that there exists a 3 > 0 such that for
all solutions u(x,t) with each component non-negative and nontrivial initially,
there is ¢(u) with the property

ui(z,t) > Be(x) for t >t(u), r €Q, and i = 1,2,3.

For more description of the history of the development of persistence theory
and its relation with dynamical system method, the readers should refer to
Hofbauer and Sigmund [88] and Hutson and Schmitt [94]. Further explanations
concerning the application of such spatial theory to ecology can be found in
Cantrell and Cosner [20].

4.2 Upper-Lower Estimates, Attractor Set, Blowup

Throughout many sections in this book, solutions of elliptic and parabolic sys-
tems are estimated by comparison method, using coupled upper and lower so-
lutions. Such techniques are explained in various books, e.g. Leung [125] and
Pao [183]. Moreover, they have been developed to very general forms including
coupled nonlinear boundary conditions. We review some of these results here in
Part A, since they can be applied to many related problems. In Part B, we will
use comparison method as in the first part to enhance the persistence theory of
the last section. We will further construct the set which attracts all non-negative
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solutions by comparison scheme. This set can be calculated numerically in prac-
tice. In Part C, we discuss a case when there is no upper estimate. We study
the problem when the solution of the parabolic system blow up due to exces-
sive nonlinear boundary inflow. Note that the theories in this section are not
restricted to Dirichlet type of boundary condition

Part A: General Monotone Schemes.

We consider the elliptic problem:

—Liui = fi(x,ul, ,un) in Q,
(2.1)
Biui = gi(a:,ul, ,un) on OQ, (2 = 1, ...,n);

and the corresponding parabolic problem:
(ui)e — Liug = fi(z, t,ug, ..., up) in Q x (0,7,

(2.2) Biu; = gi(z,t,ug, ..., up) on 90 x (0,7], (i=1,..,n)
ui(z,0) = uio(x) in .

Here, L; and B; are linear operators of the form:

23) Liu; := Zé\[’l:l agzl) (2)0%u; /00 + Eﬁvzl by) (x)0u/0z;,

Bu; := «;(x)0u/0v + Bi(z)u.

Q is a bounded domain in R" with smooth boundary 9. For each i = 1,...,n, L;
is a uniformly elliptic operator in Q with coefficients in C*(2) for some p € (0,1).
The functions «; and §; are respectively in C* and C'*#, and are non-negative
functions satisfying a; + 3; > 0 on Q. The functions u; o(z) are in C#(Q). The
functions f; and g; are assumed to be in C*(€) or C*#/2(Q x [0, T]) as functions
of x or (z,t), and are continuously differentiable in u = (uq, ..., u,). In order to

construct a monotone iteration process, we express u in the form
u = (us [ule,, [uls,) or w= (ug, [ule,, [ulg).
where a;, b;, ¢; and d; are non-negative integers satisfying
a; +bj=c;+di=n—1, foreach i =1,...,n.

A vector function f = (f1, ..., f,) is said to have a quasimonotone property with
respect to u = (uy,...,uy), if for each i = 1,...,n, there exist non-negative
integers a;,b;, with a; + b; = n — 1, such that f;(u;, [uls,, [u]p,) is monotone
nondecreasing in the [u],, components, and monotone nonincreasing in the [ulp,



4.2. ATTRACTOR SET, BLOWUP 311

components. When a; = 0 or b; = 0, f is quasimonotone nonincreasing or
nondecreasing respectively. Similar definitions are made for the vector function
g with respect to the components [u]., and [u]s,. When f and g have such
quasimonotone properties, we write problems (2.1) and (2.2) respectively in the

form:
_Llul = fl($7 Uq, [u]am [u]bl) in Q7
(2.4)
Biu; = gi(x,u;, [u]e,, [u]a,) on 09, (i=1,..,n),
and
(2.5)
(ui)t — Liui = fz(.l‘, t, U; , [u]al., [u]bi) in Q x (0, T],
Bju; = gi(x,t,u;, [ul,, [u]g,) on 00 x (0,7], (i=1,..,n)
ui(z,0) = uio(x) in Q.

We will construct monotone convergent sequences to find approximate solutions
for system (2.4) and (2.5).

Definition 2.1. Let f = (f1,..., fn), & = (¢1,-.-,9n) be quasimonotone func-
tions with respect to u = (uq,...,up) as described above. A pair of functions

0 = (41,0 Up), 0 = (U1, ..., Up) In [C%(Q)]" are called (coupled) upper-lower
solutions of (2.4) if 4; > @; in Q, for i = 1,...,n, and

_Llal 2 fl(xa /ﬁ’h [ﬁ]aia [ﬁ]bl) in Qa
_Llal < fz(xv aia [ﬁ]aia [ﬁ]bl) in Qv
(2.6)
Biﬂi Z gi(a:,zli, [ﬁ]ci, [ﬁ]di) on 89, (’L = 1, ,n)
. BZ'QNLZ' < gi(a:, ﬂi, [ﬁ]ci, [ﬁ]di) on 0f).

Let 0,01 be a pair of coupled upper-lower solutions for (2.4). Define

<w,a>={ue[CO)™u <u; <d;i=1,..,n},

(2.7) Gi(x) = max{maac{—gi (z,u);u e<ua,a>}0},

bi(z) = ma;r{maa:{—gui (r,u);ue<a,a>}0},

where [C(€]" denotes the set of continuous functions u in Q. Letting

Fi(z,ui, [u]a,, [ule,) = Giui + fi(w, ui, [u]a,, [uls, ),
(2.8) )
Gi(xa Us , [U]Ci, [u]dl) - bzuz + gz(xa Us, [u]cia [u]di)a
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we may write (2.4) in the form

_Llul + E’Lul - E($7 Uyg, [u]am [u]bl) in Q7
(2.9) )

Bju; + b; = Gi(az,ui, [u]ci, [U_]di) on 0f) (Z =1, ,Tl)

A monotone approximating sequence to the solution of (2.9) can be constructed
by the following scheme:

(2.10)
~Lia®™ + eal®) = Fi(a, a7V [k, [wk1),,)  inQ
Ba® + bl = Gy, a" ), @k D), wE D)) on 9Q, (i=1,..,n);
~Lag” + e = Fia, ™ p® Vo, [81,) g,
B¢u§k) + Eﬁk)uﬁk) = Gi(a:,ugk’”, &Y. @k b)) on dQ, (i=1,..,n)
for £k = 1,2,..., where we choose ago) = u; and ggo) = u;,t = 1,..,n. The

following existence-comparison theorem is well-known.

Theorem 2.1. Let f = (f1,..., fn), & = (91, -, gn) be quasimonotone functions
with respect to u = (uy, ..., u,) with smoothness properties as described above,
and 0 = (Uy, ..., Up), 0 = (U1, ..., Uy) are (coupled) upper-lower solutions of (2.4).
Then the sequences constructed by the recursive relation (2.10) satisfies the fol-
lowing monotonic properties for each i =1,....,n:

(2.11) u; < ?_LZ(-k) < yikﬂ) ﬁgkﬂ) < ﬂgk) <a; inQ, for k=1,2,....

IN

Moreover, any solution u* = (uj,...,u}) of (2.4) which satisfies 4; < uf < 4; in
Q fori=1,...,n must also satisfy

i <ol <o <y <wr <o <al <a® <a; in Q, fork=1,2,...
where for eachi=1,...,n,x €
(2.13) @) = lim " (z) and w(z) == lim ul? ().

From (2.10), it can be shown that @ = (uy,...,4y,), and u = (uy,...,1,)
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satisfy:
—Liu; = fi(x, 4, [Ula,, u]p,) in 2,
_Liﬂi = fi(xvgiv [E]am [ﬁ]bz) in Qv
(2.14)
B;u; = gi(a:,ﬂi, [l_l]ci, [E]di) on 0f), (’L =1, ,n)
BZEZ - gi(xaui7 [H]Cm [ﬁ]dz) on 89

Thus, the limiting functions @ and u are in general not always a solution of
problem (2.4). However, if f and g are both quasimonotone nondecreasing C'!-
functions in < @,0 >, then the @ and u are indeed solutions. In fact, they
are respectively maximal and minimal solutions of (2.4) in the sense that any
solution u* = (uf,..,u}) in < @, @ >, must satisfy u; < u} < 4; in Q for each
component. (For more details, see e.g. Chapter 8 and 9 in [183] or Chapter 5 in
[125] where the notations are slightly different).

In the general case when f or g is not quasimonotone, there is also a more

general definition of upper-lower solutions for system (2.4).

Definition 2.2. A pair of functions & = (i, ..., 0y, ), @ = (41, ..., Uy ) in [C2(Q)]"
are called (coupled) upper-lower solutions of the system (2.4) if 4; > @; in €,
fori=1,...,n, and

—Lju; > fi(z,v) in Q,
for all v e< u, G >, with v; = 45
Bi’lli Z gi(x,v) on 89,
(2.15) (i=1,..,n)
—Liu; < fi(z,v) in Q,
for all v e< u, G >, with v; = 4

B;u; < gi(x,v) on 0.

In case when f and g are quasimonotone, Definition 2.2 becomes Definition 2.1.
The following theorem by Tsai [221] is well-known (see e.g. Chapter 1 in [125]
or Chapter 9 in [183].

Theorem 2.2. Suppose there exists a pair of (coupled) upper-lower solutions
Q, @ for problem (2.4) as described in Definition 2.2, where f and g are C'-
functions in < @, > and x € ). Then there is at least one solution u* of (2.4)
satisfying u* €< u, 0 >.

For problem (2.4) with f quasimonotone and g = (0, ...,0), there are some
variations to the scheme described in (2.10) found in the literature. For each
component i of the quasimonotone function f = (fy,..., f), we divide those
components in [u],, into two groups [u],, and [u]s,, where the first group
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consists of those components before the i-th and the second consists of those
after the i-th. The scheme can be up-dated as follows:

(2.16)
—La® +u® = B, a™ ), [@®)],,,, [@%V],,, W 1,) i,
Biagk) =0 on 0€,
—Lin” + el = Fi(z, 0", u®),, 00 Do, [@5,) i@
Bzugk) =0 on 09, (i=1,...,n)

for k=1,2,..., where we choose ﬂz(.o) = u; and ggo) =u;,t=1,...,n.

Theorem 2.3. Let £ = (f1,..., fn) be quasimonotone functions with respect
to u = (uy,...,un) as described in Theorem 2.1, and 0 = (uq,...,Uy), 0 =
(U1, ...,0p) are (coupled) upper-lower solutions of (2.4) with g = (0,...,0). Then
the sequences constructed by the recursive relation (2.16) satisfies the following
momnotonic properties for each i =1,...,n:

217 @ <d® <oV <a™V <a® <a; in Q, for k=12, ...
Moreover, any solution u* = (uj,...,uy) of (2.4) which satisfies u; < uj < 1; in
Q fori=1,...,n must also satisfy (2.12) and (2.13).

In the study of population equations, the functions f; in (2.1) and (2.2) are
usually of the form:

(2.18) filug, oy up) = uiﬁ-(-,ul, e ly), 1=1,..n,

where fz are quasimonotone with respect to u for u; > 0,7 = 1, .., n, and has the
same smoothness properties as f; described before. Assume there exist coupled
upper-lower solutions with all components non-negative in (2 and g = 0.. In such
instance, we can replace the linear scheme in (2.10) and (2.14) by the following
nonlinear scheme:

_(k k)7, (k) = —(k— _ .
_Liuz(' ) = UE )fl(xﬂug )7 [u(k)]aﬂ? [u(k 1)]%27 [uk l]bi) in §,
Biﬂl(-k) =0 on 0f,
(2.19)

.
—~
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—Liﬂgk) = ul(-k) i

B =0 ondQ, (i=1,..,n)

\ (2
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for k = 1,2,..., where we choose ﬂgo) = 4,; and QEO) = u;,% = 1,..,n. Here, at

each step k, ﬂf is a uniquely defined positive function or is the trivial function
depending on the principal eigenvalue p for
(2.20)

Liw +w fi(2,0,[0%],,,, [@%V],,, 1) = pw inQ, Biw=0 ondQ,

is > 0 or < 0 respectively. Similarly, u”

; is a uniquely defined positive function
or is the trivial function depending on the principal eigenvalue p for
(2.21)

Liw + wfi(z,0, [u™]a,,, 0* Vg, [@Yy,) =pw inQ, Buw=0 on dQ,

is > 0 or < 0 respectively. These estimates have been used in many situations
in the earlier sections and chapters in analyzing the uniqueness and stability of
positive coexistence states for 2 or 3 species.

Theorem 2.4. Letf = (ulfl, - unfn) be quasimonotone functions as described
above with respect to u = (uq,...,up), and @ = (U1, ..., Uy ), 0 = (Uq, ..., Up) are
coupled upper-lower solutions of (2.4) with u; > 0, g = (0,...,0) in Q. Then

the sequences constructed by the nonlinear recursive relation (2.19) satisfies the
following monotonic properties for each 1 =1,....,n:

222) @ <o <Y <@ <a® < iy in Q, for k=1,2,....

)

Moreover, any solution u* = (ul,...,u}) of (2.4) which satisfies u; < u} < 4; in
Q fori=1,...,n must also satisfy (2.12) and (2.13).

In case the principal eigenvalue of (2.20) or (2.21) is positive, the positive
equilibrium for the related nonlinear scalar problem is a global attractor for the
corresponding scalar parabolic problem. For 2 or 3 species, we have used this
property to study the time asymptotic behavior for the corresponding parabolic
system in Chapter 1 and the last section. We construct a region which attracts
all non-negative orbits of the corresponding system (2.5) by means of the ap-
proximates obtained from (2.19). We will describe another such application for
a system of n equations in Theorem 2.7 below. Before we study this situation,
we first state the Theorems for the parabolic case corresponding to Theorem
2.1.

Definition 2.3. Let f = (f1,..., fn),g = (91, ---, gn) be quasimonotone functions
with respect to u = (uq,...,uy,) as described above. A pair of functions a =
(T ey G ), 0 = (T, ..ny Uy ) in C21(Q x [0, T]) are called (coupled) upper-lower
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solutions of (2.5) if @; > @; in Q x [0,7T], for i = 1,...,n, and
(2.23)
( (ﬂl)t - Lzal 2 fi(.T,t,?jLi, [ﬁ]ai7 [ﬁ]bz) in Q X (OaT]7

(ﬂl)t - LZ&Z S fi(fE,t,fLi, [ﬁ]ai7 [ﬁ]bz) in Q X (OaT]7

Blﬂl > gi(az,t,ﬁi, [ﬁ]ci7 [ﬁ]dl) on 0f) x (O,T], (Z = 1, ,Tl)
BZ"I]Z' S gi(x,t,ﬂi, [ﬁ]ci, [ﬁ]di) on OQ X (O,T],
ﬂi(az,O) Z ui,o(a:) Z ﬂi(az,O) in .

We replace (2.7) and (2.8) with
<, a>={uc[CQx[0,T))™a <u; <d;,i=1,..,n},

(2.24) &i(z,t) = maz{— gL (z,t,u);u € <t u>},

bi(z,t) = maa:{—ggi (z,t,u);u € <u,a>},

Fi(xvtauiv [u]aw [u]bi) = Gu; + fi(xvt?uiv [u]aw [u]bi)7
(2.25) )
Gi(x, t,u;, [ule,;, [ulg,) = biwi + gi(z, t,u;, [ule,, [u]g,)-

(3

We may write (2.5) in the form

Eiui = Fi(a:, t, (7 [u]ai, [u]bi) in Q x (0, T],
(2.26) ¢ Biu; = Gi(x,t,u;, [ule,, [ulg,) on 00 x (0,T], (i=1,...,n)
ui(2,0) = ujo(x) in §,

where

Liu; = (ui)e — Liu; + Gy,
B;u; EBZ'UZ'—I—BZ' (i: 1,...,n).

A monotone approximating sequence to the solution of (2.26) can be constructed
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by the following scheme:
(2.27)

i = Fy(z,t,a* ) [@akv],, k1)) in Q x (0,17,

Bzal(k) = Gi(xataal('k_l)a [ﬁ(k_l)]cz'v [E(k_l)]d') on 00 x (OaT]v (2 =1, 777')

(3

L™ = Fy(z, 6, 0" u&b], [@1),)  inQx (0,7),

1 7 (3 7

w7 D] @k Y),) on 99 x (0,T], (i=1,...,n)

) =1 %

B = Gi(x,t

aM (@,0) = u®(z,0) = u;o(x) in Q
for k = 1,2,..., where we choose ago) = u; and gz(.o) = u;,1 = 1,...,n. The
following existence-comparison result is given in Chapter 9 of [183].

Theorem 2.5. Let £ = (fi,....fn), 8 = (91,-.-,9n) be quasimonotone func-
tions with respect to u = (uqy,...,up), and @ = (U1, ..., Up), A = (U1, ..., Up) are
(coupled) upper-lower solutions of (2.5). Then the sequences {0¥} = {(ak, ...,
af)}, {uky = {(b, ..., uF)}, constructed by the recursive relation (2.27) with
1% = @ and w® = @ converge monotonically to a unique solution u* = (uj, ..., u})
of (2.5). Moreover, for each i =1,...,n:

(2.28)

i; <u™ <™ < < <™ <4 i Qx[0,7), for k=1,2,... .

If f and g are not quasimonotone, we have the following more general defi-
nition of upper-lower solutions.

Definition 2.4. A pair of functions & = (g, ..., @y ), 0 = (1, ..., Uy ) in [CHH(Q) x
[0,T])]" are called (coupled) upper-lower solutions of the system (2.5) if @; > ;
in Q x [0,7], for i =1,...,n, and

(2.29)
()¢ — Liu; > fi(xw,t,v) in Q x (0,77,
for all v e< @, 0 >, with v; = 4;
Bju; > gi(x,t,v) on 0f) x (O,T],
(i=1,..,n)
()¢ — Liu; < fi(x,t,v) in Q x (0,77,
for all v e< u, 1 >, with v; = 4,
Blﬂl < gi(az,t,v) on 0f).

(2, 0) < uio(z) < 4;(x,0)  in Q.

We also have the following general existence Theorem, which is a direct extension
of a theorem in Chapter 9 of [183], where g does not depend on u.
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Theorem 2.6. Suppose there exists a pair of (coupled) upper-lower solutions
Q, @ for problem (2.5) as described in Definition 2.4, where f and g are C'-
functions in < @, 4 >, (z,t) € Q x [0,T]. Then there exists a unique solution u*
of (2.5) satisfying u* €<, >.

Part B: Construction Scheme for Set of Attraction.

We now apply the constructive method described in Part A above to ob-
tain preliminary estimates of the solutions of reaction-diffusion systems. They
can enhance the description of the long-term behavior concerning persistence,
survival and extinction of particular components. Motivated by studies in eco-
logical problems, we consider parabolic systems with time periodic coefficients.
We consider
(2.30)

(ui)e — Liw; = fi(m,tyug, ..y tn)u; in Q x (0,00),

Biu; =0 on 00 x (0,00), (i=1,...,n).

Here, Q is a bounded domain in RY with smooth boundary; L; are uniformly
elliptic linear operators of the form:
(2.31)

Liug = YNy ) (@, 4)0%u; /00 + S0, 0 (@, )0 /0w + & (, t)u,
with Zé\jl:l &gll) §i& > aéi) |€|? for some constant a(()i) > 0, where allithe coefficients
are T-periodic in ¢ and Holder continuous in z, ¢, lying in C*%/2(Q x R) for some
a > 0 with d; ;= &f j and ¢ < 0. (Note that there need not actually be any
t-dependence). The boundary operator B; is of the form

- - 0
Biu=u or Bju= 7y B(x)u,

ov

with 3(z) of class C'*® and 8 > 0. From the theory of second-order periodic
parabolic equations, we know that for given R(z,t) € C%%/2(Q, R), the problem

Li¢ + R(z,t)¢ — ¢y = po in Q xR,
(2.32) Bip=0 on 00 X R,
¢ is T-periodic,

has a principal (largest) eigenvalue p = pq, with positive eigenfunction. (See
Castro and Lazer [25], Lazer [115] and Hess [85] for more details).
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For the purpose of comparison, we shall use the solutions to diffusive logistic
equations of the form

uy = Liu 4+ u(R — Cu) in Q x (0,00),
(2.33)
Biu=0 on 99 x (0,9Q),

where C' = C(x,t) is T-periodic, C(z,t) > Cy > 0, and C € C**?(Q, R).
One can use upper-lower solution method for periodic parabolic equations to
obtain positive periodic solution for (2.33) as explained in [85] and [125]. If
the principal eigenvalue pq for (2.32) is positive, we can use the corresponding
eigenfunction to construct lower solution. On the other hand, since C is strictly
positive, any large enough constant is an upper solution of (2.33). Moreover,
by standard arguments based on maximum principle, any solution with non-
negative nontrivial initial data will be strictly positive in €2 for ¢ > 0, with u > 0
on  in the case for Neumann or mixed boundary data, and du/dv < 0 on 9
in the case of Dirichlet boundary data. The following lemma is presented in
Theorem 28.1 in [85].

Lemma 2.1 The problem (2.33) has a positive T-periodic solution (denoted by
H(ﬁi,R, () if and only if the principal eigenvalue py in (2.32) satisfies p1 > 0.
In this case, the solution 0(L;, R, C) is a global attractor for solutions of (2.33)
with non-negative nontrivial initial data.

Remark 2.1. If p; < 0, then the non-negative solutions of (2.33) tend to 0 as
t — o0. By the smoothing properties of parabolic equations, t}le convergence
to #(L;, R,C) in the above theorem can be taken in C1+%®/2(Q) x (0,00)) (cf.
[85])-

We now assume that the interacting species form a food pyramid structure.
Such problems are studied in William and Chow [231], Alikakos [2], and Leung
[125]. Here, we present some results in Cantrell and Cosner [19]. We relabel the
species so that u; represent the species at the bottom of the food pyramid, while
Uy, is the one at the top. Each species can only be the food supply or competitor
of those species above (with higher index). That is , for each k, uj can only be
the prey or competitor for those species with higher index i.e. u;,j > k; and wuy,
can only be predator or competitor for species with lower index i.e. u;,j < k.
The scheme first estimate the asymptotic upper bound for uq, at the bottom of
the food pyramid. Using this upper bound, we estimate the asymptotic upper
bound for uy. Continuing this way, we reach an asymptotic upper bound for u,,.
Having upper bound for all the possible predators us, ..., u,, we can estimate the
asymptotic lower bound for u;. Then we can use the lower bound for u; and
the upper bounds for us, ..., u, to deduce the lower bound for us. Continuing in
this fashion, we finally obtain an asymptotic lower bound for wu,,.
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More precisely, we make the following assumption for fz(aj, t,uq, ..., up). For
u; > 0,7 =1,...,n, and any positive constants K; > 0,7 = 1,...,n, we assume
that

fl(a:,t,ul, vy tp) < Ry(z,t) — Cp(z,t)uy; and for k=2,...,n,
(2.34)

N

fk(I,t,Ul, 7un) < Rk(fE,t,Kl, "7Kk—1) - Ck(l',t)Uk for u; < Ki7

i=1,...,k—1, forall (z,t) € 2 x[0,T]. Here Ry(x,t,K1,..., Kx_1) and Ci(x,1t)

are some T-periodic functions in ¢ for z € Q in the class C*%/2. Moreover R,

is monotone nondecreasing in Kj, ..., Kx_1, and Cy(x,t) > Cy > 0 in Q x [0,T].
We assume that the principal eigenvalue for the problem:

Li¢+ Rig — ¢ = po,
(2.35)

B’lqb =0, ¢ is T-periodic,

is positive, and by Lemma 2.1 we define §; = G(ﬁl,Rl,Cl) to be the unique
globally attracting positive T-periodic solution of

wy = Lyw + (R — Crw)w,
(2.36)
Blw =0.

For any sufficiently small € > 0, define 0y, (inductively) to be 0 = 0(Ly, Ry,(x, t,
(14+¢€)bq,...,(1 +€)br_1),Ck), where we suppose that for ¢ > 0 the principal
eigenvalue of

i/k(b + Rk(xa t, (1 + E)éh ey (1 + 6)§k—1)¢ - (bt = p¢7
(2.37)
Bro =0, ¢ is T-periodic,

is positive for each k so that ), > 0 inside Q. Here w N 0y, is the unique globally
attracting positive T-periodic solution of (2.36) with L1, Cy, B, Ry respectively
replaced by Ly, Cy, Br and Ri(x,t, (1 + €)1, ..., (1 + €)0k_1).

Theorem 2.7 (Construction of Set of Attraction). Consider problem (2.50)
where f;,i=1,....n satisfy (2.34) to (2.87). Let u = (uq,...,u,) be a solution of
(2.30) with u;(z,0) > 0,u;(z,0) 0 fori=1,...,n. Then the solution to (2.30)
exists globally in time. Moreover, for t sufficiently large, we have

(2.38) ui(z,t) < (14 €)0;(w,t) forzeQ,i=1,.,n.

Suppose further, for each k = 1,...,n, there is an index j(k) € {0,1,....k — 1}
and a function ri(x,t, K1, .., Kp_1, Kgy1, .., K,) with the same periodicity and
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smoothness hypotheses as Ry, in (2.34), such that ry is monotonic nondecreasing
in K for j < j(k) and monotonic nonincreasing in K; for j > j(k),(j # k), and
a T-periodic Holder C*/2 0 < o < 1, continuous function ck(x,t) > co >0 so
that

(2.39) fk(m,t,ul, vy tiy) > rE(x,t, Ky oy K1, K1y ooy Ky) — i, t)uyg

whenever uj > Kj for j < j(k) and u; < Kj for j > j(k), j # k. We assume
that the principal eigenvalue for

j;lqb + 7“1(-1', L, (1 + 6)927 ) (1 + €)§H)¢ - th = p¢>
(2.40)

Bi¢p =0, ¢ is T-periodic,

is positive for € > 0 sufficiently small and define 0, = H(Ll,rl (z,t, (1 + €)fa, ...,
(1 + €)8,),¢1); then define 0, = 0Ly, rp(z,t,(1 — €)0y,...,(1 — 6)9 (k) (1 +
)0(k)15 - (1 + €)0p—1, (L + €)0pt1, ..., (1 + €)0),¢k), where we suppose that
for € > 0 sufficiently small, the principal eigenvalue of
(2.41)
Lo + re(x,t, (1 — €)bq, ..., (1 — 6)9](k) (1+ G)Hj(k)—i—lv ey

(1 + E)ék—la (1 + E)ék—I—l? S (1 + E)én)Qb — ¢t = po,

B’kqb =0, ¢ isT-periodic,

is positive. Here, w = Hk 1s the unique globally attracting positive T- pemodzc
solution of (2 36) with Ll,Cl,Bl,Rl respectively replaced by Lk,ck,Bk and
T (z,t, (1 - €)0y,...,(1— 6)9 ) (L6050 415 (L+€)0k—1, (14 €)0p11, ..., (1 +
€)0n),cx). Then, for any sufficiently small € > 0, we have

(2.42) wi(z,t) > (1 —e)fi(z,t) z€Q,i=1,...,n
for t sufficiently large.

Proof. We first prove that any solution must be bounded in its interval of
existence. This would imply by the general theory for parabolic systems (cf.
e.g. Amann [3]) that the solution must exist globally for ¢ > 0. Since the i-th
component in (2.30) is zero when u; = 0, it follows from maximum principles
that the set {u € R" : u; > 0,5 = 1,...,n} is positively invariant (see e.g.
Smoller [209]). More precisely, if u; > 0,u; £ 0 at t = 0, then u; > 0 for all
t > 0. Moreover, under Dirichlet boundary conditions, we have du;/dv < 0 on
09, and under Neumann and mixed case, we have u; > 0 on 2. Assume that a
solution of (2.30) exists on [0, 7). From (2.34), we have

(u1)e = Loug 4 fi(@,t,ug, ooy tn)ug

< Lyuy + (Ry(z,t) — Cy (=, t)ur)uy in Q x (0,7);
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so that by comparison we find u; < w1, where v is the solution of

(v1)e = Livi 4+ (Ry(z,t) — Cy(z, t)vy vy in Q x (0,7),
(243) Blvl = 0 on aQ X (077—)7
vi(z,0) = ui(x,0) in Q.

Since C1(x,t) is larger than a positive constant, any sufficiently large constant is
an upper solution for problem (2.43). Thus v; exists globally and vy (z,t) < Vj
on [0,7) for some constant V; which is dependent on wu;(x,0). We thus have
0<wu; <Vionl0,7). From (2.34) again, we have

(ug)r = Lous + fg(az,t,ul, ceey U U2
< Loug + (Ra(x,t, V1) — Ca(, t)ug)us

in Q x [0,7). By comparison, we find uy < vy on [0, 7), where vs is the solution
of
(v2); = Lovy + (Ra(z,t, V1) — Cao(x, t)ve) v in Q x (0,7),

Bovs =0 on 09 x (0,7),

va(x,0) = ug(x,0) in Q.

As in the case for v;, we deduce that vo < V5 where V5 is a constant which
depends on Vj and ug(x,0). We thus obtain 0 < ug < V5 on [0, 7). Continuing
with this argument, we deduce that 0 < uy < Vi on [0,7) for k = 1,...,n. Since
sup |u| does not tend to infinity as ¢ — 7, the interval (0,7) cannot be the
maximal interval of existence. Since 7 > 0 is arbitrary, we can conclude that
the solution exists globally for all ¢ > 0.

We next refine our estimate for the upper bound to deduce (2.38). Again,
we observe that u; is a lower solution for (2.43); and by Lemma 2.1, vy — 0] =
(L, Ry,Cy) as t — oo, with convergence in C1t2/2(Q (0, 00)). Thus for any
e >0, we have u; <wv; < (1+ e)@(ﬁl, Ry, Cy) for sufficiently large t. It follows
that for sufficiently large ¢, we have

(u2)t < Lous + [Ra(,t, (1 + €)01) — CousJus,
under boundary condition B, Hence, us is a lower solution of

(@2),5 = .f/2/l>2 + [Rg(x,t, (1 + 6)@1) - 02’{)2]’{)27
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with the same initial-boundary conditions. By assumption (2.37) with k£ = 2
and Lemma 2.1, we have 0y — 0y = 0(La, Ry(x,t, (1 + €)01),Cs) as t — oo.
Consequently, we have uy < 0o < (1 4 €)f for t sufficiently large. Continuing
with this argument, we conclude that the we have uy < (1+¢€)f for k = 1,...,n.
Here 6, is the unique positive globally attracting periodic solution for

v = Lyv + [Ri(2,t, (1 + €)01, ..., (1 + €)0_1) — Cy]v,

Ekv = 0.

This proves inequalities (2.38).
We next proceed to prove the lower bounds (2.42). We define w; to be the
solution of

(1) = Liwy + [r1(x,t, (1 + €)0a, ..., (1 + €)0,) — c1 (, t)w;Jwy,
(2.44) Bywy =0,

wl(z, to) = ’U,l(di, to),

with ¢g to be determined. From (2.38) and hypothesis (2.39), we find that
for ty sufficiently large, u; is an upper solution for problem (2.44) for t > t.
Also, uy is positive on € under Neumann and mixed boundary conditions, and
positive on €2 with Ju/0v < 0 on 9 under Dirichlet boundary condition. From
the hypothesis that the principal eigenvalue of (2.40) is positive, we have 6, =
O(Ly,71(x,t, (1 + €)fa, ..., (1 + €)8y), ¢1) as a global attractor for nontrivial non-
negative solutions. Hence, w; — 0, as t — oo; and for ¢t > t; sufficiently large,
we have u; > (1 — e)él. Next, define wo to be the solution of the problem:
(2.45)

(w2); = Lows + [ra(w,t, (1 — €)01, (1 + €)3, ..., (1 + €)8,) — ca(, t)wa]ws,
Bl’wg = 0,

wa(x,t1) = ua(x, t1),
if j(2) =1; or
(2.46) A ) ) )
(w2)r = Loawa + [ra(z,t, (1 + €)01, (1 + €)0s, ..., (1 + €)0n) — ca(z,t)w2]wz,

Biws = 0,

w2($7t1) = UQ(Z‘,tl),

if 7(2) = 0. In either case, the assumption on the sign of the principal eigenvalue
of (2.41) and Lemma 2.1 imply that ws is positive inside €2 for t > ¢; and wy — 65
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as t — oo. Again, by (2.38), (2.39) and comparison, we obtain us > wy >
(1-— e)ég for t sufficiently large. We can continue with this argument to obtain
the lower bounds (2.42) for us, ..., u,. The different choices of wy, for comparison,
analogous to (2.45) or (2.46), depend on the value of j(k), k = 3, ...,n. They are
taken into consideration in the definition of 6.

Note that in Theorem 2.7, the upper bounds are used to construct the lower
bounds. It is therefore more convenient and simpler to replace the upper bounds
with constant bounds, although the estimate may not be as sharp. This is the
object of the following corollary.

Corollary 2.8. (i) Consider problem (2.30). Suppose f; satisfies (2.34) and
(2.85), and define 01 = 0(Ly, Ry, C1) to be the unique globally attracting positive
T-periodic solution of (2.36) as in Theorem 2.7. Let My be a constant such that
My > 0 (By mazimum principle, we may choose any My > sup(R1/C1)). Define
My, inductively to be a constant such that M > H(fjk, Ry (x,t, My, ..., M_1),Ck),
where we assume that the principal eigenvalue of

Lix¢ + Ry(z,t, My, ..., Miy_1)p — ¢y = po,
(2.47)
Bro =0, ¢ is T-periodic,

1s positive for each k =1,...,n. Then, for t sufficiently large, we have
(2.48) ui(z,t) < M; forzeQ,i=1,...,n

(i) Assume all the above hypotheses in this Corollary and further fr b =
1,...,n satisfy (2.89). Suppose the principal eigenvalue in (2.40) remain positive
wzth (14€)8; replaced with My, i = 2,...,n. Let0F = 0(Ly,r1(z,t, Mo, ..., My,), ¢1);
and define inductively:

O = 0(Li, (b, (1= )07, s (1= )07, Mjy1 00 Mi—1, Mig1, ooy M), ),

where we assume that for € > 0 sufficiently small the principal eigenvalue of
Ly + (., (1= €07, oo, (1= €034, Mgy 41, -+

(249) Mk—laMk-i-lw"aMn)(b_ ¢t = P¢7

Bkgb =0, ¢ isT-periodic,

s positive, for € > 0 sufficiently small. Then for any sufficiently small € > 0
and t sufficiently large, we have

(2.50) wi(z,t) > (1 —€)0} (x,t) for € Q, i=1,...n
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Example 2.1. We consider the case when ug represents a predator preying on
two competing preys u; and ug in © x (0,00). More precisely, consider

(u1)e = 01Aug + (a1 — briug — biaug — bizus)uy,

(u2)t = 02Aug + (a2 — baruy — bagug — bagug)ua,
(2.51)
(uz)e = 03Aus + (az + bg1ug + bzgug — bazus)us,

up =ug =uz =0 on 9IN x (0,00).

The coefficients ai, bij may depend on z,¢ and u. We assume that there are
constants a; az,bm,bw with a; < a; < a; and b < bi; < bw, where a;,a, and
b, = 1,2,3 are strictly positive, and b;; > 0 for all i,5. In order to apply
Corollary 2.8 to problem (2.51), we may choose the following constant functions
for the estimates (2.34):

Ry =a1, Ry =as, R3 =as+ BglKl + 632K2, and C; = bm
The conditions for k = 1,2 in (2.47) are satisfied if
(2.52) a1 > 011, G > 091,

where A = A1 is the principal eigenvalue for the eigenvalue problem —A¢ = A\¢
on 2, with ¢ = 0 on 0f2. Under conditions (2.52), we have u; < M; :=
a1/byy,u2 < My 1= ag/by, for sufficiently large t. Hypothesis (2.47) with k = 3
is satisfied if

(2.53) as + b31 + b32 > 03\,
bu b22

Then, we may choose the upper bound for ug as

=].

M3 = b-. [ag + 1)31— + 1)32
=3 bll b22

To obtain lower bounds, we choose for (2.39),
r1=a; — b1oKy — bi13K3, 12 = ay — bo1 K1 — bas K3, 13 = a3 + bsy K1 + by Ko.

Here, we have j(1) = j(2) = 0, and j(3) = 2. The hypotheses corresponding to
(2.40) and (2.49) become

a; — biaMsy — bisM3z > o),
(2.54) ) )
ag — bar My — bas M3 > o2
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From Corollary 2.8, we find that for any € > 0 and t sufficiently large we have

(75} Z (1 — 6)0(0’1A,§1 — l_)lgMg — 513M3, 511) = (1 — E)éf,
(2.55) i i i )
(5 > (1 — E)Q(O'QA,QQ — bglMl - b23M3, bgg) = (1 — 6)95

From (2.55) we obtain the lower estimate
(2.56) uz > (1 — €)0(03A, ag + byy (1 — €)0; + bsy (1 — €)03, b3)
for any € > 0 and t sufficiently large, provided the principal eigenvalue for

03A¢ + (ag + bs; (1 — E)éf + b3a(1 — E)‘%)QZ) = po in Q,
(2.57)
=0 on 0f)

is positive. Note that conditions (2.54) imply conditions (2.52), which can thus
be removed.

Example 2.2. Consider the case of n competing species.

(Ui)t = 0;Au + (ai — Z?:l bijuj)uj in © x (O, OO),
(2.58)
uw; =0 on 90 x (0,00),

i =1,...,n, where a; < a;(x,t,u) < a; and b; < b;(x,t,u) < b;, with all the

constants a;,a;,b;, b; positive. We can again apply Corollary 2.8 and choose
R, =a;,C; =b;,ri =2a;— Z#i bi;Kj,c; = bi;. As before, we find that, for large
t, the upper estimates u; < M; = a;/b;;. From (2.49) and (2.50), we find that if

(2.59) a; — Z(Eijdj/bjj) > oA, 1=1,...,n.
J#i

then, we have the following lower estimates for = € Q as t — oo:
ui(x,t) > (1= €)8(0i, a; — 3254 (bija; /by;), bii)

> (1= €)[(a; — Xj2i(bijaj/by;) — oidi) /biilgn (),

(2.60)

for i = 1,...,n, € > 0 small enough. Here, A\; is the principal eigenvalue for the
operator —A on {2 with homogeneous Dirichlet boundary data; and ¢;(z) is the
corresponding positive eigenfunction with sup,qé(x) = 1.

Since A1 and ¢; can be explicitly computed for simple geometries and there
are well-known methods for computing them in general situations, formula (2.60)
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provides very convenient lower estimate for practical purposes. More examples
can be found in [19].

Part C: Finite-Time Blowup caused by Boundary Inflow.

We next consider reaction-diffusion systems when there does not exist a
any simultaneous upper and lower estimates for the solution of the system.
Moreover, when the interior reaction are dominated by boundary feedback in an
appropriate way, one can construct lower solution of the problem blowing up in
finite time. This implies that the solution of the problem blow up in finite time.
We first consider a simple scalar problem:

up — Au = f(u) in Qx (0,7),
(2.61) 9u = g(u) on 9Q x (0,T),

u(z,0) = up(z) in ,
where f(u), g(u) are continuously differentiable functions for v > 0, and
(2.62) g(u) >0 for all u > 0.

Here the interior reaction may be negative, i.e. f(u) < 0 for u > 0, suppressing
the growth of the species. The species is flowing into the region, as indicated
by the sign of g(u), and 9/dv is the outward normal derivative. The next
theorem indicates that if the boundary inflow dominates in appropriate amount,
the species will blowup in the interior in finite time, even the species may be
decaying inside. In this part, we assume that € is a bounded domain in RY with
smooth boundary. Substantial amount of early work appeared in the literature
for such kind of problem when f(u) = 0. Levine and Payne [145] showed that
if g(u) = |u|**¢h(u) with € > 0 and h(u) increasing, then there cannot be any
global solution. Later, Walter [225] generalized to the case when g(u) and ¢'(u)
are continuous, positive and increasing, then the solution will blow up in finite
time when [ *ds/gg’ < co. Moreover, the solution exists globally provided that
[ ds/gg’ = co. Hu and Yin [91] studied the blow up properties for g(u) = u?
with p > 1. They obtained many estimates concerning the blow-up rate of the
solution. Many other related work can be found in e.g. Filo [61], Sperb [210]
and Wang and Wu [227]. When f(u) # 0, Chipot, Fila and Quittner [27] and
Quittner [189] studied some properties of global solutions when f(u) = au? and
g(u) = ul. Theorem 2.9 is a modification of a theorem in Leung and Zhang
[143], which extends some of the results just mentioned above.

Theorem 2.9 (Scalar Case). Let u(z,t) € C*(Q x (0,T)) N CHO(Q x [0,T])
be a positive solution of (2.61), under assumptions (2.62).
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(i) Suppose there exists a continuously differentiable function m(u) for 0 < u <
oo such that m(0) = 0,m'(u) > 0 and

(2:63) L < m) < (22 gtw)

(1+e)

for some positive constant €. Then the solution will blow up in finite time if
ug(z) > 0 is large enough for all x € Q, and

(2.64) /oo m}s)ds < 00, /01 %ds = 00.

(Here, |09 and |Q| are respectively the measures of 02 and §2. Note that if
f(u) >0, then the first part of inequalities (2.63) is always satisfied. ).

(7i) Suppose f(u) > 0 for v > 0; g(u) is continuously differentiable for 0 < u <
oo such that g(0) = 0,¢'(u) >0 and

* 1
/ —ds < 0.
9(s)
Then the solution will blow up in finite time if up(z) > 0 is large enough for all
z €.
Proof. We seek lower solution for problem (2.61) of the form u(x,t) = v(t +
h(z)) where v = v(s),s > 0 satisfies:

dv
I m(v) and v(0) = cp.

Here, ¢y is some positive constant and h(x) is an unknown positive function to
be determined. Denoting ¢ + h(x) by s, we find

2
d’l}:m/(v)@zo

dv
— >0 d
> an s

ds ds?

when v is > 0. We then compute the derivatives of u(x,t) as follows:

Hence, we have

dv d*v 9
7 (1 —-Ah)— @\VM — f(v).

S

(2.65) u, — Au— f(u)
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Choose h to be the solution of the Neumann problem
Ooh
Ah=1+¢€ for x € Q, anda—:ﬁ for z € 092,
v

where 3 = (1+4¢€)|92|/|092| and min,cqh(z) = 0. Note that such h(z) is uniquely
determined. Since m(0) = 0, it follows from the second condition in (2.64) that
we can define ¢y small enough such that v(max,cqh(x)) < co. By choosing h(x)
in this manner, we find from (2.65) that

(266) 1w Au— f(0) € D() — () = —em(v) ~ f(v) <0.

The last inequality is due to (2.63). On the boundary, we compute

(2.67) 3 g(u) = —— == —g(v) =m(v)B — g(v) <0.

Combining (2.66) and (2.67), we find that u is a lower solution for problem
(2.61) under the assumptions in part (i) provided ug(x) > v(h(z)). Thus for
large enough wug(x) (it suffices to have ug(z) > v(maz coh(x)) for all z € Q),
then u = v(t + h(z)) is a lower solution. Since v(s) blow up in finite time (due
to the first condition in (2.64)), we conclude from standard comparison theory
(see e.g. [125] or [183]) that u(x,t) blows up in finite time. This proves part (i).

For part (ii), we define m(u) = (1/(1+¢€))(]09|/|€?])g(u) for any € > 0. The
inequalities in (2.63) are trivially satisfied with m(u) replaced by pm(u) with any
p € (0,1]. Note that since f(u) > 0, the first part of (2.63) must be valid. We
can then apply nearly the same proof as part (i) to obtain a lower solution and
conclude with the finite time blowup property as before. The only change needed
is to replace all m(v) that appear in the proof by pm(v) where p is to be chosen
n (0,1). We finally choose p > 0 sufficiently small so that v(maz,qh(x)) < cc.
This is possible because it would take longer for the solution of

d

— = pm(v), v(0) = co,

to blow up by reducing p. Thus there is no need to assume fol(l/m(s))ds =0
as in part (i).

We next study a system of reaction-diffusion equations with nonlinear bound-
ary inflow. We obtain sufficient conditions for finite-time blowup when the inflow
is sufficiently strong, even the species are depleted in the interior. Consider the
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problem:
up — o1Au = f1(u,v) for (z,t) € Q x (0,7),
vy — ooAv = fo(u,v) for (z,t) € Q x (0,7),
% = g1(u,v) for (z,t) € 0Q x [0,T),
(2.68)
% = go(u,v) for (z,t) € 0Q x [0,T),
u(z,0) = up(z) >0 for z € Q,
v(z,0) =vo(x) >0 for z € Q.

Here 01, 09 are positive constants, and f;(u,v), g;(u,v) are smooth functions for
u,v > 0,7 =1,2. We assume the following for any u,v > 0:

(1) fi(u,v) <0, gi(u,v) >0 fori=1,2 and u,v > 0,

(1) f1(0,v) = fa(u,0) =0,
(2.69)
(133) f1p(u,v) >0 and fo,(u,v) >0,

(1) giw(u,v) >0 and g;,(u,v) >0 fori=1,2.

We say a solution of (2.68) blows up in finite time in the sense that there exists
a finite positive time T such that the solution is classical for 0 < ¢ < T and
limy 7 maz,cq(ju(@, t)] + [o(z, 1)) = oo.

Theorem 2.10 (Finite-time Blowup for Systems with Nonlinear Bound-
ary Conditions). Let (u,v) be a positive solution of (2.68) under assumptions
(2.69i-iv) with u,v € CHL(Q x (0,T)) N CLO(Q x [0,T)). Further, suppose there
exists a positive number A > 1 such that

2. —_ < S e <
(2.70) )\01|8(2| |f1(u,v)| < g1(u,v) and )\02|8(2| | fa(u,v)| < go(u,v)

for all u,v > 0. Let (A(s), B(s)) be the solution of the following system of
ordinary differential equations:

% = co191(A, B) for s >0,
(2.71) B — c5095(A, B) fors >0,

A(O) =Ay >0 and B(O) =By >0,
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where ¢ = (A —1)/X) - |09]/1|, and Ay, By are some positive constants. Then
if (A(s), B(s)) blows up in finite time, the solution (u,v) of (2.68) blows up in
finite time for large initial data.

Proof. We construct a pair of lower solutions for the system, with finite time
blow up property, and then use a comparison theorem. Let (A(s), B(s)) be the
solution of (2.71) above. Define u(x,t) = A(t+ ¥(z)) and v = B(t + ®(z)) with
U(z) and ®(x) to be determined later. They will be chosen so that u and v
form a pair of lower solutions for problem (2.68). As in Theorem 2.9, we first
calculate

u — oA~ fi(u,v) = ¥ (1 - 01A0) — 01 ZAVE[? — f1(A, B),

ou _ dA 4V

v — ds v

where s =t + U(x). We choose ¥(z) to be a solution of the following problem:

owv
01AVY =« for x € 2, and a—:ﬂ for z € 092,
v
with « to be determined later and § = «|Q|/(01]|09|). From linear theory we
know such ¥ exists and it can be chosen such that ¥ > 0 in Q. With such choice
of U, we have

u, —o1Au— fi(u,v) <0 in Q2 x (0,7,
(2.72)
g—% < g1 (u,v) in 0Q x (0,7),

provided the following holds:

dA

A
(2.73) y (e —1) > —fi(A,B), and (fl_sﬂ < q1(A,B) for s > 0.

S

Let A > 1, such that

A (o) < (o),
for any u, v > 0 as described in (2.70), and choose @« = A/(A—1). We see that the
two inequalities in (2.73) are true from the definitions of A(s), B(s). Therefore
(2.72) is valid. Similarly, we can choose ® such that v satisfies corresponding
inequalities so that (u,v) forms a lower solution pair for problem (2.68). Note
that if (2.70) holds for certain A > 1, then it still holds by reducing A to be closer
to 1, with A > 1. Then the parameter ¢ in (2.71) can be reduced to as small
as possible, and the blow up time for the solution of (2.71) will be expanded.
This insures that A(V(z)) = u(x,0) and B(®(z)) = v(x,0) are defined for all
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x € Q. Since the solution (A(s), B(s)) blow up in finite time, we conclude by
using comparison theorem (see e.g. [125]) that the solution of problem (2.68)
blows up in finite time for large initial data. This completes the proof of the
theorem.

For more specific systems of the form (2.68), we can readily verify that
Theorem 2.10 can be applied to the following two examples.

Example 2.3.

k l
fl(uuv) = _Uu__i_ca fQ(’U,,U) = _uv__i_ca

91(u,v) = u™ +uvP, go(u,v) =v" +wvuf,

where k, [, c,m,n, p,q are positive constants with m,n > 1 and further m > k >
0,n>1>0.

Example 2.4.
fl(uav) = —u, f2(u7v) = -,
g1(u,v) = ku(v+1), g2(u,v) =kv(u+1)

for some large positive constant k.

It is interesting to note that in Example 2.4, any single equation does not
blow-up in finite time if we set the other variable to be a constant. However, the
coupled system does have a finite time blow-up solution for large initial data.
To apply Theorem 2.10, it may take some effort to verify that the corresponding
ordinary differential equations (2.71) have finite time blow-up solutions. In some
situations, the following theorem is more readily applicable because it is easier
to verify the hypotheses.

Theorem 2.11. Consider problem (2.68) under hypotheses (2.69i-iv), with o1 =
o9. Let (u,v) be a solution with u,v € C3(Q x [0,7T]). Further, suppose that
there exists a continuously differentiable function m(s) for 0 < s < oo such that
m(0) =0,m/(s) >0, [*ds/m(s) < oo, fol ds/m(s) = oo; and for any u,v >0,
there exists a constant A > 1 such that

€]

2.74) 91w, v) + g2(u,0) 2 m(u+v) = Am(lfl(u,v)\ + [ fa(u, v)]).

Then the solution (u,v) of (2.68) blows up in finite time for large initial condi-
tions.
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Corollary 2.12. Assume 01,09 > 0 and all the other hypotheses of Theorem
2.11, except that oy in (2.74) is replaced by min{oy,02}. Furthermore, we as-
sume the initial data satisfy

—o1Aug(x) < fi(uo(x),vo(z)),
(2.75)

—ooAvg(x) < fo(ug(x),vo(x)),
for x € Q. Then if ug(z) and vo(z) are large enough, the positive solution of
(2.68) as described in Theorem 2.11 blows up in finite time.

We can readily verify that Theorem 2.11 can be applied to the following
example.

Example 2.5.

up — Au = —(uf + c(u,v)) in Q x (0,7),
v — Av = —(v? + d(u,v)) in Q x (0,7),
%:vm, %:ul in 09 x (0,7),
with initial data ug(x) and vo(x) where 0 < ¢(u,v),d(u,v) < M for some con-

stant M, and ¢, (u,v),dy(u,v) < 0. f0<p<[,0<g<mandm>1,1>1,
then the solution blows up in finite time for large initial data.

Proof of Theorem 2.11 and Corollary 2.12. Let w = u + v, we find from
(2.68) and assumption (2.74) that w satisfies

wt_alAw:fl(uvv)"i'fQ(uv’U) Z_Wg(w) in 2 x (OaT)a

‘?9_1;’ = g1(u,v) + g2(u,v) > g(w) in 002 x (0,7).

Applying a slight modification of Theorem 2.9 for o1 # 1 we obtain the blow-up
result for Theorem 2.11.

For the proof of Corollary 2.12, we will first use assumptions (2.69) and
the conditions on the initial data to show that w;,v; > 0 for all 0 < ¢t < T.
Differentiating the equations in (2.68), we find that w := u; and z := v; satisfy
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the following:

wy — o1Aw = fr,(u, v)w + f1p(u,v)z in Qx (0,7),
2t — 09Az = fou(u,v)w + for(u,v)z in Qx (0,7),
%—i‘j = gru(u, V)W + g1y (u,v)z on 09 x (0,7),
% = gou(u, v)w + gy (u,v)z on 9Q x (0,T),
w(z,0) = ug(x,0) = o1 Aug + f1(ug,vo) > 0 for x € Q,
z(x,0) = v(z,0) = 02Aug + fa(ug,v9) >0 for z € Q.

From the signs of the off diagonal terms in the parabolic system above, we can
use comparison or maximum principle (see e.g. Protter and Weinberger [188])
to obtain the positivity of w = u; and 2z = v;. This leads to the fact that
o1Au = uy — fi(u,v) > 0 and o9Av = v, — fa(u,v) > 0. Consequently, we
obtain the following inequalities:

ug — opAu > fi(u,v) in Qx (0,7),
vy — opAv > fa(u,v) in Q x (0,7),

where 0y = min{oy,02}. By means of comparison theorem as before and the
result of Theorem 2.11, we obtain the conclusion of Corollary 2.12.

4.3 Diffusion, Self and Cross-Diffusion with No-Flux
Boundary Condition

In this section we study reaction-diffusion models when the diffusion rate of
a particular species at a point may depend on the concentration and gradient
of another species at the point. Such property is called cross-diffusion. For
example, we expect a species tends to diffuse in the direction of lower concen-
tration of its predator or competitor. Kerner [103] and Jorné [96] examined
such prey-predator models when they have spatially constant solutions, and for-
mally studied their linearized stability. Gurtin [76] developed some models that
include cross-diffusion and self-diffusion, and showed that the effect of cross-
diffusion may give rise to segregation of two species. For more explanation of
such theories, the reader is referred to Okubo and Levin [179] for further read-
ing. We will consider special cases of such models involving competing species
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proposed by Shigesada, Kawasaki and Teramoto [206]. Here, we will carefully
describe some rigorous results developed in Lou and Ni [164]. We will only dis-
cuss the corresponding steady-state equation under no-flux boundary condition,
and investigate the possibility of non-constant steady states. More precisely, we
consider the following system:

Al(dr + arrur + angug)ur] + ur(ar — biug — cruz) =0 in €,
(3.1) A[(dQ + ao1ul + a22u2)u2] + UQ((IQ — byuy — CQUQ) =0 in €,
Gu = %2 -0 ondQ, uy >0, ug>0 in Q.

Here Q is a bounded domain in RV, N > 1, with smooth boundary; v is the
outward unit normal vector on the boundary 0€2. The parameters a;, b;, ¢; and d;,
© = 1,2 are all positive constants; and «;;,%,j = 1,2 are non-negative constants.
For convenience, we denote

u = (ul,u2), f(u) = (fl(u1;u2)7f2(ul7u2))7
(3.2)

fi(ur,ug) = a1 — byur — crug, fa(ui,ug) = az — bauy — cous.

The system (3.1) is the steady-state diffusive competing species system with
no-flux boundary condition. The constants a; are the intrinsic growth rates,
b1, co are the crowding effect (intra-species competition) coefficients, and by, ¢;
are the (inter-species) competition coefficients. The constants d; are the usual
diffusion rates. The parameters aq1, agy are referred as self-diffusion pressures,
and «qo, 91 are cross-diffusion pressures. The objective of this section is to
indicate and prove how these self-diffusion and cross-diffusion pressures may
give rise to spatial segregation of the species, while usual diffusion alone will not
have such effect under Neumann boundary condition.

It is convenient to consider the relative configuration of the two straight lines
filui,ue) = 0,7 = 1,2 in the first quadrant by classifying into four cases:

(
(I) b1/ba > ai/az > c1/ca, (Weak Competition),
(IT) b1/be < ai/as < c1/ca, (Strong Competition),
(III) CL1/CL2 > maa:{bl/bg,cl/CQ},

(IV) al/ag < min{bl/bg,cl/CQ}.

In cases (I) and (II) the two straight lines intersect at a point in the interior
of the first quadrant; and in cases (III) and (IV), there is no intersection in the
first quadrant. If one considers the system of ordinary differential equations:

% - Ulfl(ul,UQ),

Q2 — gy fy(us, ug).
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In case (I), the point of intersection in the first quadrant is a stable equilibrium;
while in case (II) it is unstable. Consider the corresponding parabolic problem
with the usual diffusion assumptions:

% = dlAul + ul(al — biug — 01UQ) in Q x (0,00),

% = dQAUQ + UQ(CLQ — boug — CQUQ) in Q x (0, OO),
(3.3)

%:%:O on 09 x (0,00),

ur(z,0) =uro(z) >0, ug(z,0) =wugp(z) >0 in Q.

In case (I), the solution of (3.3) (ui(x,t),ua(z,t)) — (uj,us) which is the spa-
tially constant positive steady-state, as t — oo. In case (II), (uj,ud) is un-
stable, and (a1/b1,0) and (0,a2/c2) are both locally stable. However, Matano
and Mimura [167], Mimura, Ei and Fang [171], and Kan-on and Yanagida [100]
showed that for certain dumb-bell shaped domain, it is possible to have a sta-
ble non-constant positive steady-state. If the domain €2 is convex, Kishimoto
and Weinberger [105] found that there cannot be any stable positive steady
state. In cases (III) and (IV), the solutions respectively tends to (a1/b1,0) or
(0,a2/ce). More general studies concerning constant steady-state solutions and
their stabilities for the Neumann problem with larger systems and more elabo-
rate interactions were investigated by Redheffer and Zhou [192], using Lyapunov
method and graph theory. The results are explained in Chapter 7 in Leung [125].

The theories in the above paragraph provide directions for investigating
problem (3.1) under the various cases. Recall that we are presently concerned
with the possibility of non-constant steady-state under various self-diffusion and
cross-diffusion pressures. For case (I), early results are found by Mimura and
Kawasaki [172] for N = 1,a11 = a1 = ag = 0. They showed that there
exist small amplitude solutions of (3.1) bifurcating from the constant positive
coexistence steady-state. Under similar assumptions as in [172], Mimura [170]
established the existence of large amplitude solutions of (3.1) when ay2 is large.
Other early results concerning the existence of non-constant steady-states when
N = 1l,aq1 = @91 = a9 = 0 for cases (II), (IIT) and (IV) are obtained by
Mimura, Nishiura, Tesei and Tsujikawa [173]. The stability of some of these
solutions are obtained in Kan-on [97]. For Dirichlet boundary condition, (3.1)
was investigated by Wu [236] for N = 1.

Part A: Non-existence of Spatially Inhomogeneous Solutions.

We first show that all solutions of (3.1) must be spatially constant when one
of the self-diffusion pressures a1, aigo is large or one of the diffusion rates dy, ds
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is large (while the self-diffusion pressures are both positive), under all cases (I),
(11, (III) or (IV).

Theorem 3.1 (Conditions Prohibiting Non-constant Solutions).
Consider problem (3.1) under the assumptions

b c
(3.4) a #+ L and “ # L
az * by az ' o
(i) There exists a positive constant C; = Cy(d;, a;, b, ¢y 12, 001),1 = 1,2,
such that if

(3.5) maz{ai, a}t > C1,

then problem (3.1) does not have any non-constant solution.
(ii) There exists a positive constant Co = Ca(ai, by, ¢i, i), i, j = 1,2, such
that if

(36) ma${d1,d2} Z 02,
and both cq1 and asg are positive, then problem (8.1) does not have any non-

constant solution.

Proof. We will use the abbreviations given in (3.2) for the proof of this theorem.
Assumption (3.4) implies that the two lines fi(u1,u2) = 0 and fa(uq,uz) = 0
do not intersect at any point on the two axes u; = 0 or ug = 0. We will now
proceed to prove part (i).

First, consider the case when the two lines intercept at a point (uq,us)
in the first open quadrant. We will show that for every small € > 0, there
exists a constant K (e) such that if maxz{ai1, a2} > K(€), then for any solution
u = (u1,u2) of (3.1), we must have

3.7) [lur = oo + [Juz = Gafleo <€

Suppose not, then there exists a constant €y > 0 and a sequence {7, 22 1 } 72 4
with say oy — 00, such that

(3.8) |[ure — d1l[oo + [|uge — G2l = €0,
where (u i, u2 ) is a solution of

Al(dy + aqy pur g + aroug g)ut k] + ug g fi(ug g, uzk) =0 in Q,

(3.9) Al(dy + agiug i + g pug k) ua k] + ug i fo(urk, ug k) =0 in €,

8’[1, k 8u k .
811/ = ai =0 on 9, urr >0, ugp >0 in €
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We now show that there exists a subsequence of {u; ;}7° ;, denoted again by
{u11}72, for convenience, which converges uniformly to a constant as k — oo.
For this purpose, let
di 12

_|_
11,k 11,k

(3.10) Y1 = up p(ur ke + U k),

which satisfies

OV i,
ov

(3.11) a1 kA% +ur g fi(ug) =0 in Q, =0 on J0.

Let
Y1 k(T0,k) = mazg Py k.

Suppose that x € 082, and fi(u1 k(zok), u2k(z0k)) < 0. We can deduce from
Hopf boundary lemma that this contradicts <91§_11/,k =0 on 0f). Thus, we have

(3.12) fi(ur k(o) uz,k(zok)) > 0.
Suppose zg i, € €2, then equation (3.11) also leads to (3.12). By (3.12), we have

a1 = f1(0,0) > f1(0,0) — fi(u (o), uok(Tok)) = brut k(xok) + crug x(xok)-

Thus

a a
(3.13) uy k(zo k) < b—l and  ug(zor) < —.

1 1
From (3.10) and (3.13), we obtain
(3.14)
al al al

(dy + a11 gmazquy p)mazrquy g < a1 pmargy g < E(O‘””“E +di + alQa)~

By considering each case when oy < dj or ajy > di, we deduce from (3.14)
that
12

(3.15) mazguy < C(1+ d—)
1

for each k, where C' = C(aq, b1, c1). Similarly, letting

do a1
_|_
Q22 k Q22 k

Yo ) = ug i (ug k + Ul k),

and using the equation satisfied by 1, we deduce by means of (3.13) that

(3.16) mazgug < C(1+ 0;—221)
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for each k, where C' = C(asg, by, c2). By (3.10), (3.15), (3.16) and the fact that
ajp — 00, we see that || x||cc < K for some constant K. Again, by (3.10),
(3.11), standard LP estimates and Sobolov embedding, we obtain a uniform
bound for |[¢h1 k||c1.e(q) for some o € (0,1). Thus there exists a subsequence,
denoted again by {1 1}32,, which converges to some non-negative function
in C1(Q), and ¢y satisfy the following equation weakly

4!

(3.17) AYy =0 in Q, — =0 on 09,
v

since a1 ; — oo. From standard elliptic regularity theory, we find ¢, € C%(1),
and (3.17) implies that ¢; = ¢ is a non-negative constant. Setting @; = \/1/;1,
we obtain

N 5 dy Q12
ufy = 0f = (Y1 — ) — g ok T

)

uy gz — 0
11,k

)

as k — oo. Consequently, we have u;j — w1 uniformly, where %; is a non-
negative constant.

We next show that there exists a subsequence of {ug 1 }72 ;, denoted again by
{ug 1 }72, for convenience, such that ugj — @2 uniformly as k — oo, where @y is
also a non-negative constant. Suppose {921}, is unbounded. We can choose
a subsequence denoted again by {agg 1 }72 ; tending to oo, and prove in the same
manner as before to show that usj — o for some non-negative constant s.
On the other hand, if {agzk}%’:l is bounded, we may assume without loss of
generality that agg — a2 € [0,00). Set

Yo g = (do + 21Uy + Q22 U2 | )U2 k-

Since {aggx}72; is bounded, from (3.15) and (3.16), we see that 21|00 < K.
Furthermore, v ) satisfies

Ok
ov

By means of L? estimate and Sobolev embedding, we obtain ||1ﬁ2,k||01,a(9) <K
for some a € (0,1). Then by selecting to a subsequence if necessary, we may
assume that g, — 12 > 0 in C'(Q). From the definition of 9y} and the fact
that uy  — w1, we find

(3.18) Al/;zk +ug  fo(ur g, uz k) =0 in Q, =0 on 0N.

(3.19) (do + 21ty + g gug k) ug i — 12 — 0
in C*(Q).

We first consider the case vyhen oo > 0. We readily see from the quadratic
formula that ug j, — us in C1(Q), where

Ug = [—(dg + aglle) + \/(dQ + a21ﬂ1)2 + 40&221/}2]/2(122 > 0.
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Thus, by letting & — oo in (3.18), we find )9 satisfies the following equation
weakly
o

(320) AwQ + ’liQfQ(?le,’liQ) =0 in Q, E =0 on 09.

From regularity theory, we have 1) € C?(£2) and is a classical solution of (3.20).
Note that 19 > 0. If 13 = 0, then we have ugj — 0 in C(Q). From (3.9), we
deduce f(u1,0) = 0 and @1 > 0. This contradicts assumption (3.4), as explained
in the beginning of the proof of this theorem. Therefore ¢» > 0 and is not

identically zero in €. Since 19 = (d2 + q2111 + (o2l ) Uz, we may write (3.20) as

I . _ : 0
(3.21) At + [fo(tn, U2)/(d2 + g1l + az2liz)]h2 = 0 in Q, % =0 on 0.
From the maximum principle, (see e.g. [125]) we find 12 > 0 and thus s > 0

in Q. Since @y is a solution of
(3.22)
_ _ . ou
A[dg + ao1uy + a22a2($))a2($)] + agfg(ul,UQ) =0 in , % =0 on 01,
we can deduce as before at the point of maximum, that we have fo(41, maxgus) >
0. Thus from the formula of f5, we find

fQ(ﬂl,Q_LQ(.Z‘)) > fQ(ﬂl,mCLa?Qﬂg) >0, forall z €.
Integrating (3.22), we obtain

0= Joa2(x)foltn, tz(x))de > [, ua(x)fo(tr, mazgls)de
(3.23)
= fa(liz, mazxgqly) [, to(x)dz > 0.

From (3.23), we deduce us(x) = mazxgus := Uz must be a positive constant, and
fa(@1,12) = 0. That is, if cggr — ag2 > 0, then there exists a subsequence of
{ug,1}72, which converges to some positive constant as.

In case agy = 0, then by (3.19) we have

Y2

U — Up =
’ dy + a1y

in C1(Q) as k — oo. The argument that a subsequence of {ug}7° | converges to
some positive constant denoted again by s is the same as the case for age > 0
above with obvious modifications.

We have now obtained a subsequence {(uy x, u2 1) } 3>, such that (uj , ug ) —
(11, U2) uniformly as k — oo, where @; and 19 are non-negative constants.
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Integrating the system (3.9) in Q, we find

(3.24) /Ul,kfl(m,k,uz,k)dl’ = / ug k fa(u1 i, ug k)dr = 0.
Q Q

From this, we will obtain f;(a1,u2) = 0,7 = 1,2 and 4; = u;,¢ = 1,2. For,
suppose f1(u1,Us) # 0. Without loss of generality assume fi (a1, u2) > 0. Since
Uik — Ui, 4 = 1,2, uniformly as k — oo, we must have fq(uj,,u2) > 0 for k
large, and therefore

/ uy g f1(ur g, ug p)de >0
0

for large k since w; y is always positive. This contradicts (3.24). Similarly we
deduce that fo(t1, 1) # 0 leads to a contradiction. Thus from the assumption
on f(u), we obtain (u1,%2) = (U1, U2) and 4; > 0,7 = 1,2. This contradicts the
existence of €y > 0 as described in (3.8). This leads to the validity of assertion
(3.7) for every small € > 0, under conditions described.

We next use (3.7) to show that if max{aii, a9} is large enough, then
equations (3.1) imply that Vu; = 0 for ¢ = 1,2, in Q. For convenience, let
d = min{ay,u2}. By (3.7), there exists positive constant K (0/2) such that if
max{ail, a} > K(0/2), then any solution (u1,usg) of (3.1) satisfies

(3.25) 6/2 < uy(x), ug(z) < K, for all z € Q,
for some positive constant K. Without loss of generality, we may assume a; is
sufficiently large. Let u) be the average of u; in Q, and u® = (u¥,u9). Multiplying
the first equation of (3.1) by u; — uY and integrating over €2, we find
Jo(di + 2a11u1 + aroug)|Vur |2 de + ans [our Vg - Vug do

= fQ(ul — u(l))ulfl(u) dzx
(3.26) = Jo(ur —ud)[us fi(u) — ud fi(u”)] dz

= Jolwr —u)[(wr — u?) fr(w) +uf(fi(u) — f1(u?))] dz

< % Jo lur — ufPdx + € [ Jug — ud|*da

for some positive constant K7, and € can be chosen arbitrarily small. Moreover,
we have

K
(3.27) \Ozlg/ u1Vuy - Vug dz| < ?/ \Vu1|2d1‘—|—6/ |Vug|? da.
Q Q Q



342 CHAPTER 4. PERSISTENCE, CROSS-DIFFUSION

for some positive constant K. From (3.26), (3.27) and Poincare’s inequality, we
deduce

(3.28) (a11(5—— /|Vu1|2d33<eK3/ Vus|? dz,

for some positive constants Ko, K3. Here, € is arbitrarily small, provided a;; is
sufficiently large. (Note that u; and us depend on «q1).

We next multiply the second equation of (3.1) by uy —uy and integrate over
(2 to obtain as in (3.26)

@91 fQ usVuiVus dx + fQ(dQ + as1ur + 2a22u2)|Vu2\2 dx

(3.29) = Jo(ug — ud)uz fo(u) dx

< % Jo lur —udPdx + € [ |ug — uy|*dz,

for some positive constant Kg. Moreover, we have
K 2 2
(3.30) laor [ uaVuy - Vugdz| < — | |Vur|*dx 4+ € | |Vuo|®dx,
Q € Jo Q

for some positive constant K. From (3.29), (3.30) and Poincare’s inequality, we
find

do fQ \Vu2|2da:
(3.31) < agy Jo u2|Vur||Vug| de + % Jo lur — uf2 dx + € [ |ug — ul|?dx
< K o [Veaf? de + 5 [, [Vanf?da,

for some positive constants K, and K. Summing (3.28) and (3.31) we obtain

K2+K5

(3.32) (0116 — /|Vu1| do + (do — e(Ks + KJ)) /|qu| dz < 0.

Choosing € < do (K3 + K4)_1, and then «q; sufficiently large, we conclude from
(3.32) that Vu; = 0, that is u; = constant for i = 1,2. This completes the proof
of part (i) when f(u) = 0 has a root in the first open quadrant.

In the case when f(u) = 0 does not has a root in the first quadrant. Suppose
there exists a sequence {uj ,us 1 }72 , of solutions of (3.1) with say a1 — o0,
we follow the first part of the proof up to (3.24) to find a constant root (1, @2) of
f(u) =0, with both @; > 0,7 = 1,2. This is thus a contradiction, and completes
the proof of part (i).
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For the proof of part (ii), first assume that the equation f(u) = 0 has a
root (up,usz) in the first open quadrant. We then show that for every small
€ > 0, there exists a constant K (¢) such that if maz{dy,ds} > K(e), then for
any solution u = (uy,u2) of (3.1), we must have

(3.33) [lur = dafloo + [Juz = G2llee <'é,

as in (3.7) for the proof of part (i). The rest of the proof follows the same
arguments as in the proof of part (i) above, with the natural modifications. The
details can be found in [164], and will be omitted here.

In the last theorem we see that if only one diffusion rate or self-diffusion
pressure is large, there cannot any non-constant solution in all cases (I) to (IV).
In the next theorem involving only the weak competition case (I), we see that
if self-diffusion and cross-diffusion pressures are relatively small in relation to
diffusion rate, there still cannot be any non-constant solution.

Theorem 3.2 (Other Conditions Prohibiting Non-Constant Solutions
for Weak Competition Case). Suppose that

aq C1
3.34 i N I
( ) b2 a9 (6]

Then there exists a positive constant C3 = Cs(a;, b;,¢;),i = 1,2 such that the
constant u* = ((alcg — agcl)/(blcg — bgcl), (b1a2 — b2d1)/(b162 — bgcl)) s the
only solution of problem (3.1), provided

(3.35) maz{ag;/di|i,5 =1,2} < Cs.
Proof. For convenience, we rewrite (3.1) as

di A[(1 4+ r11un + rigug)ur] 4+ ug fi(u) =0 in Q,
(3.36) doA[(1 + ro1us + rogug)us] + ug fo(u) =0 in 0,

Qu — %2 —0 ondQ, up >0, ug >0 in ,

where f1(u) and fa(u) are defined in (3.2), and
Qi

—, 1<4,5 <2
d; =hJ

Tij =

We now transform problem (3.36) into a semilinear elliptic system. Define a
mapping G by

(337) G(u) = (u1(1 + riiuy + 7‘12UQ), U2(]. + ro1uy + 7“22’[1,2)),
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where u = (u1,uz), and denote R2 := {(u1,uz)|u1 > 0,uz > 0}. The mapping
G € C(R%,R%), and G™(K) is compact in R? for any compact subset K in
R2. The Fréchet derivative of G is given by

(3.38) DG(U) _ 1+ 27”1111,1 + rioU2 r12Uq
T21U2 1+ roqug + 2rooug
Thus for any non-negative constants ri;,4,j = 1,2, the determinant of DG(u)
is positive for all u € R_QF. It follows from the implicit function theorem that
G is locally invertible in Ri. Since Ri is also arcwise and simply connected,
by Theorem Ab5-4 in Chapter 6 we assert that G is a homeomorphism from Ri
onto itself. From the smoothness of G and the implicit function theorem again,
we see that the inverse G~! of G is also smooth in Ri. That is G is a smooth
diffeomorphism from Ri onto itself.

Define ¥ = (¢1,12) = G(u) and

H(y) = (ha(¥), ha(¥)) = G (4),

system (3.36) can be written as
dlAwl + hl(w)fl (H(l/})) =0 in €,
(3.39) daDtpy + ha(P) f2(H(¢)) =0 in €,

O — %2 on 9, 11 >0, ¥y >0 in Q.

Since G is a diffeomorphism, we see that (3.36) has a non-constant solution if
and only if (3.39) has a non-constant solution.

We next show that there exist positive constants K; and Kj such that any
solution ¢ = (¢1,2) of (3.39), must satisfy

(3.40) maxg; < Ko, i =1,2, provided that r := max{r;|i,j = 1,2} < K;.

Let ¥1(zg) = mazgq1, then from the first equation in (3.39), we have
fi(ui(zo),u2(xo)) > 0. Hence

a1 = f1(0,0) > [f1(0,0) — fi(u1(zo),0)] + [f1(u1(x0),0) — fi(u1(wo), u2(x0))]
> byuy (o).

Consequently, we have uq(z¢) < a1/b1, and

a

(3.41) mazg P < b—l(l + 7”11% + r12 mazg a).
1 1
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Similarly, we deduce

a a
(3.42) mazxg P < c_j(l + 191 mazxg Y1 + rggc—z).

From (3.41) and (3.42), we obtain

2

as a9
maxg Y1 < —(1 + 7“11 Ly 7“12— +rigra—5 2 + 0—7“127”21 mazg 1),
C2 2

b1 b1

which then implies

(a1/b1)(1 4 r11(a1/b1) + r12(ag/c2) + riaraa(ad/c3))
1 — (araz/bica)riar21

maxq P <

provided that riare; < (bic2)/(ajaz). Thus there exist constants Ki, Ky such
that the inequality in (3.40) is valid for ¢« = 1. Similarly, we can deduce that
(3.40) is also true for i = 2.

The remaining part of the proof uses a Lyapunov function for the parabolic
problem corresponding to (3.39):

%1 = dy Ay + ha () f1(H (D)) in Q x (0, 00),
O — dy Ny + ho(8) fo(H () im0 % (0,00).
(3.43) A
%—%—0 on 0% x (0,00),
\%(J?,O) = Pr1o(x), P2(x,0) = thog(z) in Q.

We use the same Lyapunov function as the usual one for the Volterra-Lotka
model (see e.g. [125]). That is, for any positive continuous functions 1, 1g,
define

) +er(n — 95 — %logw
2

(3.44)  E() = /Q (ol — 7 — 7 tog 1 )}z,

¥i

where ¢ = (¢1,12) and ¢* = (¥},95) = G(u*). If b = (Y1 (z,t),a(2,1)) is

positive solution of (3.43), we obtain

i Johy =07 = ¥ log Bt) do

= —dyt fg |vw1\ dz + [o)(thr — ¢T)%f)fl(ﬂ(1/;))dx.
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Since f1(H (y*)) = 0, we have
FH ) = [AHE)) = fului, ha@))] + [fi(uf, ha($) = fo(H (47))]

= S0 (hy (D) — ha(¥*)) + S - (ha() — ha(y*)),

and
2

of1 8h
=2, —45),
e ou; 8%

where g—% is evaluated at (11, ¥s), with 9y (2, ) between 1y (z, ) and Yy, and 2—3);
is evaluated at (¢, n2), with na(z, t) between 1&2(;1:, t) and v3. Similar convention
is used for giwj.

Thus we have

4 [, — ¥} — ¥ log %)dw
(3.45)

v h(¥) o 7 #\ (o)) *
i fo TR do+ 37, fy MOLBL B () — ) (4 — v)) da,
and similarly

& Jo(s = v — U3 log #)da

= —dot)} fQ \vwzl dx + E” . fQ hz(w g{i 33] (thy — %) (h; — Pr) da.

From the above formula and (3.45), we obtain

)0 *
@ <byl, fQ aﬁ gﬁl (1 —¥7)? da

) Of2 O *
+oa Y, fQ ajucf 832 (2 — 93)? da

9f1 Oh; hai (¥ Of2 Oh; ha (¥
+ 37 @ ) (e — 13) (b ail 2 ;[,(1 Lo 85 1 ip(g))dx'

From (3.38), we find

DH(’(ﬁ) = (DG(u))_l 1 |: 14+ ro1u1 + 2r9ous —riouy

= det DG (u) —T21U2 1+ 2rpug + rigug

If there is some K > 0 such that maxgq 1[1@ < K for all t > 0,7 = 1,2, then for
small r we have

ohy  Ohy
oY1 OYa _ |:1+O(1)7“ 0(1)7“

dhy  Ohy o()r 1+ 0(r)
oY1 02
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and h;/v; = 14 O(1)r. Moreover, we find that for such solution
F (W) < Jo {(=bibz + O()r)(dhy —w7)?
(3.46) + (2bacr + O(V)r)[dr — ¥ Iz — 3|

+ (—c1e0 + O(1)r) (g — 32} dex.

From the assumption by /by > c1/ca, we see that there exists a positive constant
7 = 7(K) such that if < 7, then dE(¢(t))/dt < 0 for all ¢ > 0. Furthermore,
dE(p(to))/dt = 0 if and only if ¢(x,t) = ¢* for all t > to. Consequently,
inequality (3.46) and property (3.40) for all equilibrium solutions imply that u*

is the only solution of problem (3.1) for small enough r as described in (3.35).

The following corollary is a slight modification of Theorem 3.2. It shows that
if cross-diffusion is weak relative to diffusion, there is no non-constant solution
for problem (3.1) in case (I).

Corollary 3.3. Suppose that

b1 al C1
3.47 — > — > —.
(3.47) by az
Then there exists a positive constant Cy = Cy(a;, b;,c;),i = 1,2 such that the
constant u* = ((alcg — agcl)/(blcg — bgcl), (b1a2 — b2d1)/(b162 — bgcl)) s the
only solution of problem (3.1), provided

(3.48) max{(a21/d1)(1 4+ ci12/dr), (a12/d2)(1 + ag1/da)} < Cu,

or

(349) max{(agl/\/ d1d2)(1 + Oélg/dl), (alg/\/ dldg)(l + Oégl/dg)} < C4.

Corollary 3.3 is proved by the same method as Theorem 3.2, with slight
modifications. Note that it is known that Theorem 3.2 and Corollary 3.3 can
fail if the weak competition condition by /by > ai/as > ¢1/co is dropped (cf.
[100], [167] and [171]).

Remark 3.1. Roughly speaking, Theorems 3.1, 3.2 and Corollary 3.3 assert
that problem (3.1) has no non-constant solution if diffusion or self-diffusion is
strong, or if cross-diffusion is weak.

The above theorems and methods lead to consequences concerning steady-
state solutions of (3.3) as follows.

Theorem 3.4. Consider problem (3.1) with o;; = 0,4,5 = 1,2. The constant
function u = u* = ((a1c2 — azc1)/(bica — bacy), (brag — baay /(brco — bacy)) is the
only solution if



348 CHAPTER 4. PERSISTENCE, CROSS-DIFFUSION

(Z) bl/bQ > (Il/CLQ > Cl/CQ, or
(ii) bi/ba < ai/az < ci/ca and max{dy,d2} > C* for some constant C*.

Note that part (i) follows directly from Theorem 3.2. Part (ii) is proved in the
same way as part (ii) in Theorem 3.1. The details can be found in [164], and
will be omitted here. Also, note that in (ii) we only assume one diffusion rate
to be large in order to insure there is no non-constant equilibrium; while earlier
well-known results (cf. e.g. [80]) assume both diffusion rates are large.

Part B: Spatial Inhomogeneity caused by Cross-Diffusion.

We will next study the existence of positive non-constant solution of (3.1)
when cross-diffusion is strong. For f(u) as described in (3.2), we will assume
f(u) = 0 has a solution in the first open quadrant. Thus both components of
u=u"= (uj,u3) = ((arca — azc1)/(bica — bacy), (brag — baay/(bica — bacy)) are
positive. We will then assume

al 1 b1 C1

(3.50) (

a9 5 E (6] ’
which is equivalent to
—CQ’I,L; + bgui< > 0.

For the purpose of the next theorem, we define

(1) _ —Caus +boui
(1 + 2rou3)

for! > 1, where 0 = pg < pp < --- < pg < --- are the eigenvalues of the negative
Laplace operator in €2 under homogeneous Neumann boundary condition on 9f).
Under assumption (3.50), we thus have

(3.51) dD 5 d®@ s s g ot

as [ — oo. Let m; denote the algebraic multiplicity of p;, then the following
result gives the existence of non-constant solution for problem (3.36) for large
T12.

Theorem 3.5 (Non-Constant Solution under Weak or Strong Compe-
tition). Consider problem (3.36), with the assumption that equation f(u) =0
having a unique root in the first open quadrant, and hypothesis (3.50). Let
711,721 and roo be arbitrarily given non-negative constants, do € (d(k+1),d(k))
for some k > 1 with Ele my being odd. Then there exists a positive constant
A = A(dy,da, 11,721,792, f) such that if rio2 > A, problem (3.36) has at least
one mon-constant solution provided that one of the following conditions hold:
(Z) bl/bg > al/ag > 61/62, or
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(ii) b1/by < ai/as < c1/cy and dy > C where C is some constant larger
than C* in part (ii) of Theorem 3.4.

Remark 3.2. Note that d),1 = 1,2, .. are independent of d;, ds and r12. If we
adjust dy so that dy € (d*+1), d*)) as described above, then Theorem 3.5 (i) and
(ii) claim that there must be non-constant solution provided 7o is sufficiently
large.

Theorem 3.5 will be proved by using the following Lemmas 3.1 to 3.3. In
order to present these lemmas, we recall that the system (3.36) is transformed
in (3.39) by the mapping G(u) of (3.37) and its inverse H(v)). Here, we write
G = G(u;ri;) and H = H(u;r;;) in order to indicate their dependence on 7;.
To study the solutions of (3.39), we will deform the problem by homotopy to
the situation when r;; = 0. For each s € [0, 1], we consider the following system:

diAvpy + by (Y5 s735) fr(H (5 sm35)) =0 in O,
(352) dQAIpQ + hg(l/}; STij)fg(H(lp; S’I“Z‘j)) =0 in Q,

%%:%%:O<maﬁﬂh>0,w>%)inﬂ

Note that for s = 1, (3.52) is the same as (3.39); and for s = 0, it reduces to the
steady-state of (3.3) with s; ; = 0,4, = 1,2. For convenience, define

E=C(Q) xC(Q), P={u=(u1,u2) € E|u,uz > 0}.
For each s € [0,1], let T5 : P — E be the operator defined by
(=di A+ 1) 7 oy + ha (¥ s145) f1(H (45 57745)]
(—daA + 1) i + hao(4; s145) f2(H (45 57745)]
where (—d; A +1)71,i = 1,2, is the inverse of —d; A + I subject to homogeneous

Neumann boundary condition, and I is the identity map on C(2). By LP esti-
mates and Sobolev embedding, we know that T is a continuous and compact
operator for each s € [0,1]. Moreover, v is a fixed point of Ty if and only if ¥ is
a solution of (3.52). In particular, u* is a fixed point of Tp.

In order to use homotopy invariance, we need uniform bound for solutions

of (3.52) for all s € [0, 1]. For this purpose, we will use the following lemma.

(3.53) Ts(v) =

Lemma 3.1. Assume the hypotheses of Theorem 3.5 for problem (3.36). For

any n >0, if
1
min{dy,ds} >, and max{riz,ro1} < —,
n

then there exist two positive constants C(n) < C(n), which are independent of
d; and rij, (i,j = 1,2), such that any solution of (3.36) must satisfy

Cn) < wix) < C(n)
forallz € Q and i =1,2.
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In order not to distract the main idea of the proof of Theorem 3.5, we
postpone the proof of the above lemma, and first consider the next two lemmas
concerning the indices of the maps Ty and T at the fixed points v* and ¢* =
G(u*;ri;) respectively. They are denoted as index(Tp,u*) and index (T4, ¢*).

Lemma 3.2. Let f(u) as described in (3.2), and suppose that the equation
f(u) = 0 has a solution in the first open quadrant. Let the mapping Ty be
as defined in (3.53) with fized point u*.

(i) If bi/ba > ai/ag > c1/ca, then index(Tp,u*) = 1.

(i) If by/by < ay/as < c1/co then there exists a positive constant C' inde-
pendent of di,ds such that for max{dy,ds} > C, index(Tp,u*) = —1.

Proof. Since H(v,0) = 1, from (3.53) we have

To(y) =

(—di A+ 1)1 + 1 f1 ()]
(—=doA + 1) iho + thafo()] |

Direct calculations gives

DTo(u™)(¥) =

(—di A+ I)7H(1 = byui)r — cruleys]
(—doA + I) " [=baubthy + (1 — coub)ibo] |

If u* is an isolated fixed point of Ty, by Leray-Schauder degree theory (cf. The-
orem A2-3) in Chapter 6, we have

(3.54) index(Ty,u") = (—1)7,

where o is the number of negative eigenvalues of I — DTy(u*) (counting algebraic
multiplicity). If —p < 0 is an eigenvalue of I — DTp(u*), then there exists a
nontrivial ¢ = (11, 12) such that

—di(1+ p)Atp1 + pth1 = —brujyr — crujys in Q,

(3.55) —da(1 + p)Aths + ptp1 = —bauzih1 — couziho in Q,
G=%2=0 on 9.

For each eigenvalue —pu; of the Laplacian as described above, we define the
matrix

M( ) dl(l +p)m -i-p—i-blu’{ Clui<
1\p)=
bous da(1 + p)p + p + coul
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Problem (3.55) has a non-trivial solution if and only if the determinant satisfies
det M;(p) = 0 for some p > 0 and [ > 0. We readily obtain the determinant

det My(p) = [di(1 + p)p + pllda(1 + p)py + p] + bruilda(1 + p)p + p)
(3.56)
+ cous[di (14 p)pu + p] + ujus(bicy — baca).

Thus, for all p > 0 and [ > 0, we must have det M;(p) > 0 if by /ba > ¢1/co. This
implies that I — DTy(u*) has no non-positive eigenvalues. By Theorem A2-3 in
Chapter 6, we find that v* is an isolated fixed point, 0 = 0 and index(Tp, u*) = 1
for case (i).

For case (ii), b1/ba < c1/ca2, we readily see that det Mp(0) # 0 and the
equation det My(p) = 0 has a unique positive root. If [ > 1 and p > 0, we obtain
from (3.56)

det Ml(p) > blufuldg + cZ“;Hldl + Uf{u;(blcg — bgcl).
Thus, we find det M;(p) > 0 for all p > 0 and [ > 1 provided that:

u§(b201 — blc2) uT(bgCl — blc2)

maz {d1,dz} > C := maz{ by ’ Ca41

}>0.

Consequently, u* is isolated and I — DTy(u*) has a unique negative eigenvalue
which is simple, i.e. ¢ = 1. We then conclude from (3.54) that index(Tp,u*) =
—1.

The following lemma concerning the indices of the mapping 7} in (3.53) will
also be needed.

Lemma 3.3. Assume f(u) satisfies the condition described in Lemma 3.2 and
hypothesis (3.50). Let di > 0,711 > 0,791 > 0,790 > 0 be arbitrary given
constants and dy € (d(’”l),d(k’)) for some k > 1. Then there exists a positive
constant A = A(dy,da,r11,721,722) Such that if 112 > A,

index(T1,¢") (cayz s = e =0
LY") =

(~)Z L if biey — baer <0,
where Ty is defined in (5.53).

We first prove Theorem 3.5 before we complete the proof of Lemma 3.1 and
Lemma 3.3 below.

Proof (of Theorem 3.5). Let d; > 0,717 > 0,791 > 0,799 > 0 and dy €
(d(kH),d(k)). Assume 719 > A, where A is described in Lemma 3.3. Choose
n > 0 small enough so that

min{di,d2} >1n, maz{ria,ra1} < 1/n.
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By Lemma 3.1 there exist two positive constants P(n) < P(n) such that
(3.57) P(n) < i(x) < P(n), forall x € Q,i=1,2,
for any positive solution 9 = (11,12) of (3.52). Let

S ={¢Y = (Y1,¢2) € E| # < i(x) < 2P(n),i = 1,2, for all x € Q}.
Since Ty has no fixed point on the boundary of S for all s € [0, 1], by homotopy
invariance, we have
(3.58) deg(I —T1,S,0) = deg(I — Tp, S, 0).

Suppose that (3.39) has no non-constant solution, i.e. 77 has a unique fixed
point 9* in S. Then by Lemma 3.3 and the assumption that Zle my is odd,
we obtain

deg(I —T1,S,0) = index(Ty,¢*)
(3.59) (—1)256:1 "= _1 if bico — bacy > 0;
(_1)Ef:1 m+l g if bico — bocy < 0.

Under the assumptions of this theorem, Theorem 3.4 implies Ty has a unique
fixed point in S. From Lemma 3.2, we obtain

deg(I — Ty, S,0) = index(Ty, u*)
1 if bicg — bacy > 0,
-1 if bico — bocy < 0 and d; is large enough.

This contradicts (3.58) and (3.59), and completes the proof of Theorem 3.5.

Proof (of Lemma 3.3). To calculate index(T1,1*), we need to consider the
Fréchet derivative

N (=di A+ )7L+ uf (=bi G (%) — 1 G52 (¥%)))o1]
DT1(y") [zp } |/ —1 ohy  Oha
2 (—d2 A+ 1) (1 + uz(=bagyh (V) — caf2 (¥7))) 2]
(=i A+ )7 ug (=br G (0%) — 1 G2 (4%)) o] ]
(—do A + 1) M uz(—ba G (%) — o552 (47))¢h1]

As in the proof of Lemma 3.2, —p < 0 is an eigenvalue of I — DT (v¢*) if and
only if the matrix

di(1+p)u+p 0
0 do(1+p)u+p

Oh1 Ohy
N uiby  uicq ov1 O
’U,ng U2Co i Oha  Oho e

01 O

Ni(p) =
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is singular for some p > 0 and some [ > 0. We are thus led to the quadratic
equations in p for each [ > 0:

(3.60) det Ni(p) = 0.

To analyze this equation, we note that for large r12, we have

Oh Oh —uj
o o o) ZaFargmay T o)
(3.61) Ohy  Ohs - 1 ’
a0 00 |y LO0)  Trmma toll)
and
O Oh
o1 OY2 .
(3.62) det [% %] =o(1).
01 O d g
Thus for [ = 0 and large ri2, (3.60) can be simplified into
(3.63)
2 Uy 02 2C2 )k 1 2 _
P+ p[w + 0(1)] + u1u2(blcg — bgcl) : (det [% %] ) =0.
01 Oy d g

If (byca — bacy) > 0, then from hypothesis (3.50) and the fact that

Ohy  Oha
oY1 O .

0 < det [% %] =o(1),
01 O d gy

we can readily obtain from the quadratic formula that equation (3.63) has ex-
actly two positive roots, denoted by pg 1, p0.2. If (bica —baci) < 0, then equation
(3.63) has exactly one positive root.

For | > 1, solving (3.60) is equivalent to solving the equation

where we define

(3.65)

91(p) == —m

—b, Gh2 gﬂ %
[d1(1+p)p+plub-det o % —ujub(bica—baci)-det |: 8_;2 8_;[:2]
+ 02 Jy=y~ D1 s Ly
—by % )
wi(1+p) | di(14+p)p+p— uj-det a;fi

U Ly

From (3.61), (3.62) and (3.65), we obtain for large 712

—p [di (1 + p)pu + pl[pd® + o(1)] + o(1)

(3.66) 9(p) = w(+p) (T p)di(1+ )i+ p+ o(1)]

)
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where the o(1) terms are independent of p. From (3.66) we find

d —1—md® +o(1

90,y = 0 +20( ) _ o,

dp w1+ p)

From (3.66) and (3.67), we readily obtain the following properties for the func-
tions g;(p) for all | > 1: There exists Ay = Ai(di,711,721,722) such that if
r12 > A1, then

(3.67)

lg1(0) —dW| < %, Cé—if(p) < 0 for all p > 0; and
(3.68)

limp oo 1(p) = —1

where C' is a positive constant independent of do and rq9.

As in the proof of Lemma 3.2, we see that if 0 is an eigenvalue of I — DT ("),
then det N;(0) = 0 for some | > 0. For the case [ = 0, we note that (3.63) is not
valid for p = 0, implying det Ny(0) # 0. For the case [ > 1, we see from (3.60)
and (3.64) that 0 is an eigenvalue of I — DT} (¢*) if and only if g;(0) = da for
some [. Thus from the first property of (3.68), we must have for r15 > Ay, the
inequality

dp —d| < =,
T12
for some | > 1, where C' is some positive constant independent of dy and ris.
Since dy € (d**1 d*)) by assumption, we must have
. C
min {|dy — d®)|, |dy — d*FV ]} < —
T12
in order that ¢;(0) = dy for some [ > 1. However, the above inequality is
impossible if we choose r19 > Ay, where

Ay = ¢
27 min{|ds — d®)|, |dy — D]}

+ Ay

Thus we conclude that if r19 > A, 9™ is an isolated fixed point of 77 and
index(Ty,v*) is well-defined.
We next proceed to show that

(3.69) o=

Zle my + 2 if bico — bocy > 0,
Z?:l my+1 if bico — bocy < 0,

where o is the number negative eigenvalues of I — DTj(¢*) (counting algebraic
multiplicity).

First consider the case byico —bacy > 0. Recall that from (3.63), the equation
det Ny = 0 has exactly two positive roots pg 1, po,2. That is, —po1 and —pg2
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account for two negative eigenvalues of I — DT (¢*). We now claim that for each
1 €{1,2,...,k}, the equation g;(p) = do has at least one positive root, which we
shall denote by p;. To see this, we note that by the first property in (3.68), the
monotonicity of {d;}7°,, and the choice of Ay described above, we have

C C

g(0) >dV) — — >4q® - — > ¢,

T12 T12
if 1 <1<k andri2 > Ag. On the other hand, from the third property in (3.68),
we find

g1(p) <0< dy

for large p and each [ > 1. By the Intermediate Value Theorem, there exists
at least one positive root, p; to the equation g;(p) = dg for each I € {1,2,...,k}
as claimed above. Since the multiplicity of p; is m; for each [ € {1,2..,k}, the
multiplicity of —p; as an eigenvalue of I — DT} (v¢*) is at least m;. Consequently,
we have

k
(3.70) oc>2+ Zml if bieg — bacy > 0.
=1

We next show that the inequality for ¢ in (3.70) is also valid in reverse. We will
see that if —p < 0 is an eigenvalue of I — DT} (1)*), then p must be equal to
one of po 1,002, 1, .-, Pk- We know that the equation det Ny(p) = 0 has exactly
two positive roots po.1, po2. We next claim that if g;(p) = do for some | > 1,
then we must have | € {1,2,...,k}. Since g;(p) is strictly decreasing for positive
p, from the second property of (3.68), it suffices to show that if r19 > Ag, then
dy > ¢;(0) for all [ > k + 1. From (3.68) and the definition of A, we have

C C
dy > d*D 4 — > g(0) + (d - g,(0) + —) > gi(0)
r12 712
provided that [ > k + 1. This shows that the claim is valid.

Again, since g; is strictly decreasing for [ > 1, the equation g;(p) = dy can
have at most one positive root p = p; for some [ € {1,2,...,k}. Moreover, from
the equation for N; and (3.65), we find

d dg

i@t N0 o= =

dp (P (X + pu)[di (1 + ) + pr + o(1)] # 0.

Thus p; is a simple eigenvalue of the matrix N;(p). From the discussion above,
we see that the multiplicity for —p; as an eigenvalue of I — DTy (v),) is exactly
m;. Therefore, we obtain

k
(3.71) oc<2+ Zml if bieg — bacyp > 0.
=1
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We thus obtain the first half of the formula (3.69) from (3.70) and (3.71), and
we find from Leray-Schauder degree theory that

index(T1, ) = (—1)7 = (=1)Z=1™0 i biey — baey > 0,

under the assumptions of the lemma, for r1o > As.

In case bico — bac; < 0, we can calculate o in a similar manner. The only
difference is that we have now exactly one positive root rather than two for the
equation det No(p) = 0. We thus show that there exists a positive constant
As = A(dl, 11,721, 7‘22) such that if r19 > Ag, then

k
U:Zml—l—l, if bicg — bocy < 0.
=1

Finally, the proof of the Lemma 3.3 is complete by choosing A = maz {A2, As}.

Proof (of Lemma 3.1). From (3.15) and (3.16) in the proof of Theorem 3.1,
we have

1 1
maxg ui §0(1+%)§C(1+F)7 maxg ug 30(1—1—%) SC(l%—F),
1 2

for any solution (uq,us) of (3.36), where C' = C(a;, b;,¢;),i = 1,2. Choosing

- 1
C(n) :=C(1+ =),
n
we obtain the upper bound in the statement of Lemma 3.1.
To deduce a positive lower bound, we let ¥y = wui(1 + r11u; + r12u2), and
note that 1 satisfies

Ay +c(z)p; =0 in Q, O =0 on 09,
ov
where
fi(u(z))

olw) = di(1+ ripu (@) + rigug(e))

Using the upper bound for u and the assumption on d;, we have

1
llelloo < 2 MaZ0us wozcn | f1 ()]

Thus by the Harnack type inequality in Theorem A5-5 of Chapter 6, there exists
a positive constant C}(n) such that

(3.72) ming 1 > Ci(n)maxg 1.
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From the definition of 1, we have
mazg Y > (14 rip mazg u)mazrg uy, and
ming Y1 < (1 + 711 ming u1 + ri2 mazxg u) ming uj.
Thus from the (3.72) and the upper bound of uy, we obtain
(3.73) (1 + 711 mazg up)mazguy < Ca(n)(1 + r11 ming up)ming u;
for some positive constant Cq(n). If r1; <1, then
(3.74) mazguy < Co(n)(1+ C(n))ming us.
In case r11 > 1, then by (3.73) again we have

(mawgu)? < 02(77)(% + ming uy)ming up
(3.75) )
< Co(n)(1 + C(n))ming ur.

From (3.74) and (3.75), we find

(3.76) ming uy > C(n) min {mazg u1,1} mazrg uy
for some positive constant C (n). Similarly, we show

(3.77) ming us > C(n) min {mazxg ua, 1} mazg us.

In view of (3.76) and (3.77), in order to establish Lemma 3.1, it suffices to
show

(3.78) mazxgu; > Cs(n), 1=1,2

for some positive constant C3(n). Suppose (3.78) is not true for some constant
no. Then there exist sequences {d; 1} 321, {ij.k } ooy and {w; k}32, withi,j = 1,2
and

1 1
dit > n0, T2k < —, Tok < —
o o
such that either mazguir — 0 or maxguay — 0, where up = (uy g, u2 )
satisfies
dy g A[(1 4 1y pur g + T2 gtk v k] + vk fi(ug) =0 in Q,
(3.79) do k A[(L 4 71 pur g + T2 kU2 k) U2 k] + Uz g fo(ug) =0 in Q,

8ul_’k 8u2}k _

ov —  Ov

0 on 99, uig >0, ugp >0 in Q.
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Integrating the first equation of (3.79) in Q, we find

/ uy kfi(ug) de = 0.
Q

Since f1(0,0) > 0, the above equation implies that we cannot have both
marguyr — 0 and marg usp — 0 simultaneously. We may thus without loss
of generality assume that maxgui — 0 and maxg ug ) — Uz, where 4y is a
positive constant. Thus, we obtain from (3.77),

(3.80) ming ug x> é(no)mm{%, 1}“—22 >0

for sufficiently large k.
We now consider the following two cases:

Case 1. {rog,}32, is bounded. Define

(3.81) Yo = ug k(1 + ro1 put g + T22 kUL E)-

From the uniform upper bound for uy, we have |12 ;|| < C for all £ > 1. Since
)9 1, satisfies

fo(ug)

da (1 + 721 U1k + T22 kU2 k)

O i
ov

Ao j + Yo =0 in Q, =0 on 09,

we obtain by LP estimates and Sobolev embedding that

[V2,kllcre@) < Cllvokllwze@) < C

for some « € (0,1). Choosing a subsequence if necessary, we may thus assume
that 19 — 1&2 in C1(Q),ro9x — o2 € [0, +00) and dg y — dy € (Mo, +00].
We next show that usp ) converges uniformly to a positive constant. For this
purpose, we consider the following two situations:(a) 792 € (0, 00), or (b) 792 = 0.
Consider situation (a), when 793 € (0,00). From definition (3.81), we obtain
by means of the quadratic formula and the fact that u; ; — 0 that

—1 4 \/1 + 4fg91s n C@)

Ug f — Ug i= o7 in
22

Thus 1), satisfies the following equation weakly

_p(0,0) s

Azﬁg—k Yo =0 in Q, —= =0 on 0f.
dg(l +f22@2) v

By standard elliptic regularity theory, we conc}ude that 1&2 € C%(Q), and is
a classical solution of the above problem. If do = +o00, we readily see that
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1&2 = constant, and consequently we have 1o = constant. On the other hand, if
dy € [no,o0), then 4y is a non-negative solution of

diy
E =0on 89

CigA[(l + 7322’112)’112] + fg(o, ﬁQ)’llg =0 in Q,
We can next use the arguments following equation (3.22) in the proof of Theorem
3.1 to show that Uo = w9, where u9 is a non-negative constant, which must be
positive by (3.80).
For situation (b) 22 = 0, observe that

Uk — Py = —ug k(ro1 KU1k + T2 kU2 k) + (Vo1 — Pn) — 0.

We can thus follow the same arguments as in situation (a) above to show that
ug j, converges to a positive constant us.

Consequently, in Case 1 when {rgg;}32, is bounded, we have shown that
(u1,k,u2,k) — (0,u2) uniformly as k — co. We can then use the same arguments
as in the proof of Theorem 3.1 to show that f(0,u3) = 0. However, we have
tg > 0, which contradicts the assumption on the functions f(uy,usg).

Case 2. {ros}32, is unbounded. Define

1 L T2Lk

(3.82) P g = uz k(
T2k T2k

Uk + u27k).

By choosing subsequence if necessary, we may assume 793} — 00 as k — oo.
Using arguments similar to that in Case 1, we deduce that by passing to a
subsequence, g — 1 in C1(), where 1o satisfies
- N
Aty =0 in Q, %:o on 9Q,
v

which implies that 12 = ¢, a non-negative constant. From (3.82), we have

1 91,k
+ 9
ro2k T2k

U3 — Vo = (Yo — P2) — uz i uy ) — 0.
It follows that ugj — 2 := /12, and we then obtain a contradiction as in
Case 1.

We have thus established inequality (3.78), and the proof of Lemma 3.1 is
complete. This also finish the proof of Theorem 3.5.

Recall that 0 = pg < pp < -+ < ug < --- are the eigenvalues of the negative
Laplace operator in €2 under homogeneous Neumann boundary condition on 9f).
Note that any of the two conditions by /by > aq/as > ¢1/ca or by /b < a1/as <
c1/co implies that the equation f(u) = 0 has a unique root in the first open
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quadrant as described in the hypothesis in Theorem 3.5. Theorem 3.5 can be
rephrased more conveniently from a different viewpoint for application in the
following two corollaries. We note that there will be non-constant solution in
case (i) when the cross-diffusion pressure a9 is large, and in case (ii) when the
cross diffusion pressure ao; is large.

Corollary 3.6 (Non-Constant Solution in Weak Competition Case).
Consider problem (3.1) with by/by > ay/as > c¢1/ca. Suppose that for some
k> 1, the eigenvalue py, of the operator —A on 2 has odd multiplicity.

(i) If a1/az > £[(b1/b2) + (c1/c2)], then there emist positive constants Ky =
K1 (ai, bi, CZ') < K2 = Kg(ai, bi, CZ') and A1 = A1 (di, a;, bi, Ciy(X11, (21, 0122) such
that for any di > 0, aq1 > 0, ag; > 0, the problem (3.1) has at least one non-
constant solution provided that cvia > A1 and da + 2udaeg € (K1, K3).

(ii) If as/ar > 1[(ba/b1)+ (ca/c1)], then there exist positive constants K| =
Kl (CLZ', bi, Ci) < K2 = KQ(CLZ‘, bi, CZ') and A1 = Al (d“ Qg , bi, C;, 11,19, a22) such
that for any dy > 0, aqe > 0, agy > 0, the problem (3.1) has at least one non-
constant solution provided that as; > Ay and dy + 2uiag € (Kl, Kg)

Proof. As noted above, the hypothesis concerning the location of the root of
f(u) = 0 for Theorem 3.5 is satisfied. We now consider case (i). Observe that
here we are also assuming (3.50) stated for Theorem 3.5. Furthermore, the
assumption that p; has odd multiplicity for some k>1 implies that there exists
some k > 1 such that Zle my is odd. Hence in order to apply Theorem 3.5(i),
it suffices to have dy satisfying dy € (d*+1), d*)). This condition is satisfied if

* * * *
boui — cous baui — coul

< dy + 2u§a22 <
Hk+1 Mk
Thus we obtain the conclusion in part (i) by applying Theorem 3.5(i), and
choosing K1 = (bouj — cou3)/pr41 and Ka = (bouj — coul)/pu.
Part (ii) can be proved in the same way as part (i) by applying an analog of
Theorem 3.5(i), interchanging the role of the first and second equation of (3.1).

Corollary 3.7 (Non-Constant Solution in Strong Competition Case).
Consider problem (3.1) with by/by < ay/as < c¢1/ca. Suppose that for some
k> 1, the eigenvalue pig. of the operator —A on Q has odd multiplicity.

(i) If ar/as < 3[(b1/b2) + (c1/c2)], then there ewist positive constants K3 =
Kg(ai, bi, Ci) < K4 = K4(CLZ', bi, Ci),Kg, = Kg,(ai, bi, Ci) and A2 = Ag(di,ai, bi,ci,
011, @21, Qi9) such that for any di > Ks, a1 > 0, agg > 0, the problem (3.1)
has at least one non-constant solution provided that cvia > Ag and dy +2us0i9 €
(K3, Kyq). )

(ii) If as/ar < 3[(ba/b1)+ (ca/c1)], then there exist positive constants K3 =
Kg(ai, bi, Ci) < K4 = K4(CLZ', bi, Ci),Kg, = Kg,(ai, bi, Ci) and A2 = Ag(di,ai, bi,ci,
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011, 12, (iog) such that for any dy > K5, a1g > 0, age > 0, the problem (3.1)
has at least one non-constant solution provided that cvgy > Ag and di +2ujoy; €
(K3, Ky).

Proof. Part (i) is proved by applying Theorem 3.5(ii). Part (ii) is proved by
using an analog of Theorem 3.5(ii), interchanging the role of the first and second
equation in (3.1).

The study of cross-diffusion has been made rigorously for larger systems. For
example, Wang [226] considers the following 3-species problem of two preys with
one predator. The cross-diffusions are included in such a way that the predator
chases the prey and the prey runs away from the predator.

[ — (K11 (w)ute + K13(w)usg)e = w1 (1 — ug — cug — ug),

—(Kaa(u)ugy + Kaz(w)usz )z = ug(a — bup —ug — kug), 0<z <l
(3.83)
—(= 02| Kai(w)uin + Kaz(u)uze)s = qus(uy + pkug —7),

Uly = Ue = U3z = 0, =0,

(3.84)
Kzz(u) = dz + bzuz + u; Z?:l QjjUyj, 1= 1> 27 3>

Ki3(u) = Bisurua, Koz(u) = Pagusur, Kszi(u) = Barusua, Ksa(u) = fauguq,

where d;, b;, o;; and (345,14, = 1,2, 3 are positive constants, u = (u1, ug,uz). The
parameters a, b, c, k, q, p and r are also positive constants. Here, u;,7 = 1,2 are
the concentrations of the two preys, and ug is the concentration of the predator.
(We can interpret Kio(u) = Ko1(u) = 0). In this model, J; = —Ki1(u)u1, —
K13(w)usg, Jo = —Kog(u)ug, — Koz(u)uge and J3 = 37| Ka(u)uiy — Kz (u)uz,
indicate the population fluxes of ui,us and ug respectively. The terms K11 (u),
Koy (u) and K33(u) represent the self-diffusion, and they are positive for u > 0.
The terms Kjj(u),i # j represent cross-diffusion. The fact that —Kj3(u) <
0,7 = 1,2 in J; means that the prey u;,7 = 1,2 is directed toward decreasing
population of predator ug. On the other hand, Ks;(u) > 0,7 = 1,2 in J3 means
that the predator ug is directed toward increasing population of prey u;. That
is, we have the prey running away from the predator, and the predator chasing
the prey.

We assume that problem (3.83) has a unique positive constant solution u* =
(uf,u3,u3), and define constants k;; = K;j(u*),i,7 = 1,2,3. (Note that this
assumption is valid if we assume, for example, the parameters in the right hand
side of the system (3.83) satisfy:

1 k
k<a<-<b ck + bpk < 1+ pk?, g <T<3%
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as in biological studies by Kan-on [98] and Kan-on and Mimura [99], without
cross-diffusion.) From (3.84), we have k;; > 0. Assume bpk —1 > 0, and set

big := q(bpk — 1)u§u§ >0, a3 := (k‘31 — bk‘32)u§,

v/ a?;+4kaoksibiz—ais
/,L(kQQ) = 13 > 0.

2k22b31

It is shown in Wang [226], by means of above methods in this section and
bifurcation techniques as in earlier chapters, that non-constant equilibrium can
exist under large enough cross-diffusion effect. More precisely, the following
theorem is proved.

Theorem 3.8. Assume that ju(koz) € ((nm/1)?, ((n+1)mw/1)?) for some kag > 0,
and n > 1. If n is odd, then there exists a positive constant C such that problem
(3.83) has at least one positive non-constant solution provided that ki3 > C.

Note the similarity between Theorem 3.8 and Theorem 3.5. Many more
general results are found in [226]. The details are too lengthy to be presented
here. More developments on the problem (3.1) when cross-diffusion pressures
are extremely large can be found in Lou and Ni [165]. Other recent study on
cross-diffusion with more general coupling terms and boundary conditions using
index theory are found in Ryu and Ahn [196].

4.4 Degenerate and Density-Dependent Diffusions,
Non-Extinction in Highly Spatially Heterogenous
Environments

Part A: Weak Upper and Lower Solutions for Degenerate or Non-
Degenerate Elliptic Systems.

We first consider positive solutions for the following degenerate elliptic sys-
tems with homogeneous Dirichlet boundary conditions.

(4.1) AY(w;) + fi(z,wi,we) =0 in Q, w; =0 on 9N, i =1,2.

Here, the function v(s) satisfies the conditions ¢ € C'[0,00),%(0) = 0 and
Y'(s) > 0 for s > 0. The equations become degenerate in the sense that we may
also allow ¢'(0) = 0. Problems of this nature are of interest in reaction-diffusion
processes in biology and chemistry. For example, the case for ¢(u) = u™,m > 1
or m € (0,1) for single parabolic equations (i.e. uz = Au™ + f(x,u)) has been
studied for porous medium analysis and population dynamics (cf. Peletier [185]
and Pozio and Tesei [186]). As t — oo these solutions may tend to a solution
of the corresponding elliptic scalar equation. They can also lead to the study
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of free boundary as in Diaz and Hernandez [47]. In various other problems (see
e.g. early works in Aronson, Crandall and Peletier [5], DeMottoni, Schiaffino
and Tesei [46], Schatzman [204] and Pozio and Tesei [187]), the function u™
is replaced with ¥ (u) satisfying conditions described above. For more general
applications, we will allow the functions f; in (4.1) to be discontinuous in x, and
not necessarily Lipschitz in w;.

We first discuss some existence and uniqueness theorems for the scalar equa-
tion:

(4.2) AY(w) + f(z,w) =0 in Q, w=0 on ON.

Monotone iteration is used to obtain a sequence which converges in W2?(Q) N
VVO1 P(Q) to a maximal solution. We then deduce an existence theorem for sys-
tems of the form (4.1). We use Schauder’s fixed point theorem to find a positive
solution in W2P(Q) N VVO1 P(Q) for the system between appropriate weak upper
and lower solutions. We will apply the results to simple ecological prey-predator
models. Comparing the results here with those for nondegenerate case (m=1)
in earlier chapters, we find here a much less stringent sufficient condition for
coexistence. For example, we do not assume that the intrinsic growth rates of
the species are larger than the principal eigenvalue of the domain. We allow
the intrinsic growth rate a(z) to be discontinuous and to have negative values
somewhere. Again, note that when ¢ (u) = u, the results in this section include
the case of nondegenerate diffusion. In part A of this section, we essentially
follow the results in Leung and Fan [135].

More precisely, in this section € is a bounded domain in RV (N > 2) with
boundary 92 € C2. The functions 1 : [0,00) — [0,00), f : © x [0,00) — R! are
assumed to satisfy some of the following hypotheses:

[H1] v € C1[0,0),%(0) = 0 and ¥/(s) > 0 for s > 0.
[H2] There is a bounded interval [0, b] such that

() fe L x[0.5):

(ii) for any fixed z € € a.e. the function f(z,y) is continuous in y for all
y € [0,0];

(iii) there is a constant M > 0 such that f(x,y2) — f(x,y1) > —M (Y(y2) —
Y(yp)) for x € Q a.e.,0 <y <yo < b.

[H3] For each fixed = € 2 a.e, the function f(x,y)/1¥(y) is a strictly monotonic
increasing or decreasing function in y for y € [0, b].

Definition 4.1. A function w € C(2) is called a non-negative solution of (4.2)
if w(z) >0in Q and u = ¢(w) € WP(Q) N W, P(Q), (p > N), satisfies

(4.3) Au+ f(x, Hu)) =0 ae. inQ, u=0 on 9N,
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where the derivatives of u are taken in the weak sense. A function w is called a
positive solution of (4.2) if, in addition w(x) > 0 in .

We first prove an existence result for a non-negative solution as defined above
between the “upper” and “lower” solutions in the sense of (4.4) below.

Lemma 4.1. Suppose that [H1], [H2,i] to [H2,iii] are satisfied. Assume that
there are functions w,w in C(Q) with 0 < w < w < b in Q and that (w), Y (w)
are in WLP(Q), (p > N), satisfying the inequalities

—fng V(bda:—i—fQ z,w)pdr >0, w=0 on 01,
(4.4)

—fQV¢ ngda:—l—fQ (x,w)pdr <0

for all ¢ € C{(Q),¢ > 0. Then there exists at least one non-negative solution w
of (4.2) satisfying w < w < w in Q.

Proof. For any given u € C(Q) with 0 < u < (b), by hypothesis [H1], we
have 0 < =1 (u) < b, (u) € C(Q); and f(x,9 1 (u)) € L°°(Q) by hypothesis
[H2.i]. Since 2 is a bounded domain, we obtain L>°(2) C LP(f2) for all 1 <p <
oo, and Mu + f(z,%~(u)) € LP()). Here M is given in hypothesis [H2,iii]. It
follows from linear elliptic LP-theory that the problem

(4.5) Av— Mv+ Mu+ f(z,9  (u)) =0 ae. in Q, v=0 on IN
has a unique solution v, say S(u), in W2P(2) N Wol’p(Q) C C(Q) satisfying

(4.6) 15 (w)ll2p < ClIMu+ f(2, v~ ()],

where C' is a positive constant which depends only on € and p.

Letting u = ¢(w),u = ¥ (w), we have by hypothesis [H1] that 0 < u
@ < (b) in Q, and u,u € C(Q). Hence, as above, we obtain S(u), S(u ) in
W2P(Q) N VVO1 P(Q) as the unique solution of (4.5) corresponding to u and
respectively

We now construct a monotone sequence {u;} which will converge in W2?(Q)
to a solution of (4.3). First, define ug = @ in 2. From the arguments above, we
can define u; 1,7 =1,2,... iteratively as the solution of

|

(4.7 Av — Mv + Mu; + f(z,9 " (u)) =0 ae. inQ, v=0 on 9N

provided that each successive u; > 0 in € so that f (x,97 (u;)) is defined. We
then have u; 1 = S(u;) € W*P(Q) N Wy P(Q) € C(Q) for i =1,2,... .
We first show that these u; are properly defined and that

(4.8) 0<u< - <w<uy <y=1u in .
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Since ug > 0, equation (4.7) is meaningful for ¢ = 0. Multiplying (4.7) by
¢ € CL(Q) and integrating on €, we obtain for 7 = 0 that

(4.9) /(Aui+l — Muiy1)¢dz + / [Mu; + f (2,9~ (w;))]pde =0
Q Q

for all ¢ € C}(Q). Since

/ Auj1ddr = — / Vui 1 Vodr for all ¢ € CH(),

Q Q
(4.9) yields
(4.10) —/ Vu;1Vodr + / [~ Muiyy + Mu; + f(z, ¢ (u))]¢pdr =0

Q Q

for all ¢ € C}(Q). From the definition of ug = @ = (@) and the second
hypothesis in (4.4), we have

(4.11) /VUov(bdx-i-/f U() Jodr <0

for all ¢ € C3(Q) with ¢ > 0. Setting i = 0 in (4.10) and subtracting (4.11), we
obtain

(4.12) — /Q V(u; —up)Veodr — M/Q(ul —up)pdr >0

for all ¢ € C}(Q) with ¢ > 0. It follows from the weak maximum principle for
weak solutions (see e.g [71], p. 179) that

supq (u1 — ug) < supgq (u1 —ug)t =0,

hence, u; < wp = @ in Q. Similarly, using (4.10) with ¢ = 0 and the first
hypothesis in (4.4), we deduce that u < u;. We next inductively assume that

(413) u< Uj < Uj—1 <u in

for j > 1. Thus equations (4.7), (4.9) and (4.10) are meaningful for ¢ = j and
j— 1. Letting i = j and j — 1 in (4.7), we subtract to obtain

Alujrr —uj) = M(ujyr — ug) + M(uj —uj_1) + (2,97 (uy)))
(4.14) —f(z, v (uj—1)) =0  ae. in Q,

Uj+1 - Uj =0 on 0f).
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Since 0 < ¢~ (uj) <9~ (u;j_1) < b, we obtain from [H2,iii] that
M (wj—y —uz) + f(z, 9~ (uj1)) — flz,9 7 (u;)) > 0 ae. in Q,
and (4.14) yields
(4.15)  A(uj41 —uj) — M(ujr1 —uj) >0 ae inQ, wujpq —u; =0 on 0.

It follows from maximum principle (see [71], p. 225 or Theorem A3-1 in Chapter
6) that ujy1 < wu; in Q. Analogously, using (4.10) for i = j and the first
hypothesis of (4.4) as before, we obtain by the maximum principle that u < u;4q
in Q. By induction, we have

u<- - <uyg << <ug <ug <wg oin Q.
We can therefore define by pointwise convergence in

u(x) = lim wu;(x) in Q.
1—00
By the Lebesgue Convergence Theorem, { Mu;+ f (z,%~*(u;))} must be a Cauchy
sequence in LP(€2). From the equations satisfied by u;;1 — u;41, we obtain the
estimate as in (4.6) that

(4.16)  [Juirs — ujiallop < ClIM (uj — wi) + fz, 0 (ug)) — f (2,97 (u)|lp-

Consequently, {u;} is a Cauchy sequence in W2P(Q), and u; — u in W?P(Q) as
i — 00. Passing to the limit in (4.7), we have

Au+ f(x, Hu)) =0 ae inQ, u=0 ond,

where the derivatives are taken in the weak sense and v € W?P(€2) (Note that
v = U4 in (4.7)). Furthermore, since the w; are in VVO1 P(Q), which is a closed
subspace of WHP(Q), and u; — v in WHP(Q), we must also have u € Wol’p(Q).
Letting w = 1 ~!(u), we obtain w as a non-negative solution of (4.2) with w <
w < w.

With the addition of hypothesis [H3] and the assumption that the lower
solution w is positive in €2 we now deduce a uniqueness result.

Lemma 4.2. Assume all the hypotheses of Lemma 4.1. In addition, suppose
that [H3] is valid and that w > 0 in Q. Then there exists a unique positive
solution w* of (4.2) with the property:

O<w<w <w in Q.

Proof. Let w be the solution of (4.2) obtained from the monotonic sequence
in Lemma 4.1. Now w > 0 in 2, since w > w > 0 in €. Let z be any positive
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solution of (4.2) with w < z < w in Q. Then u = (w),v = ¥ (z) are two positive
solutions of (4.3) in W2P(Q) N W, P(Q) with 0 < u < u < @,0 <u<wv<ain
Q). By applying the same argument as that used in the proof of Lemma 4.1, we
obtain u < v < wu; < win € for each ¢ =0,... . Hence, we have the inequality

(4.17) 0<u<ov<u<u in Q.

It remains to show that v = u in Q. Since both u, v are in VVO1 P(Q), there are two
sequences {uy }, {v,} in C§°(2) which converge to u, v, respectively, in W12(Q).
Since u, v are solutions of (4.3) in W2P(Q), and {uy, }, {v,} have compact support
in €, we use the definition of weak derivative to obtain

Jo ulvn dz + [o, f(z, ™ u))v, do = 0,

(4.18) JovAundz + [ f(z, 07 (v))uy do =0

for n =1,2,.... Subtracting the two previous equations, we obtain

(4.19) [vAU, — ulv,])de = [ [f(z, " (w)v, — fl@, v (v))uy] de.
Q

Q

It follows from the definition of the weak derivative and u € W1P(Q), uy,, v, €
C§°(§2) that we have

fQ ulAv, dr = — fQ VuVu, dz,

fQ VAU, dx = — fQ VoVu, dzx.
Hence, the left hand side of (4.19) becomes

JolvAu, —uAvy)dz = [[VuVv, — VoVu,]dz
(4.20)
= o Vu(Vu, — Vo) dz — [, Vo(Vu, — Vu) dz.

From the Schwarz inequality, we have
/Q [Vu(Von, = Vo)l dz < [[Vaul| 20|V (vn = 0)][L2(0)-
Since v, — v in WHP(Q),p > N > 2, it follows that
/QVU(an —Vv)dx — 0, as n — oo.
Similarly, one also has

/ Vou(Vu, — Vu)dx — 0, as n — oo.
Q
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Consequently, it follows from (4.20) that

(4.21) /Q[vAun — uAv,)dr — 0, as n — oo.

Equation (4.21) and (4.19) lead to the property that

(4.22) /Q[f(x,l/J_l(u))vn — f(x, v (0))up] dz — 0, as n — oc.

On the other hand, from Sobolev’s Imbedding Theorem, w,, and v,, are uniformly
bounded in 2, so the Dominated Convergence Theorem leads to
(4.23)

/Q[f(%Wl(U))vn—f(wﬂ/fl(v))un] dr — /Q[f(%Wl(U))v—f(wﬂ/fl(v))U] dz,
as n — oo. From (4.22) and (4.23), we deduce that
(424) [ o = f v @)l do =
Q
Suppose that v is not identically equal to u in Q. The set
O ={zx € Qv(r) <u(z)}

then has measure greater than zero. From assumption [H3|, we have

fla, o w)v — fa, = (v))u
(4.25)

= uv[f(z’w;l(u)) — f(z’w;(v))] >0 (or <0) a.e. in

(recall that v(z) > ¥(w(z)) > 0 for all z in Q). This lead to

(4.26) / ™ (w)o — fla, @)l dz > 0 (or <0),
Q
which contradicts (4.24), since

0= Jolf (e, v (w)o — f(a, 6 (v))u] de
(4.27)
= Jo, (@0 () — Fa, v (v)u] d 0.

This completes the proof of the Lemma.

Remark 4.1. As mentioned above, Definition 4.1, Lemmas 4.1 and 4.2 apply
also for the usual non-degenerate case 1(u) = u.
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From the above remark, we can apply Lemmas 4.1 and 4.2 to the problem
(4.28) Aw 4 w(a(z) —bw) =0 a.e. inQ, w=0 on IN.

Here we will not make the strong assumption that the growth rate satisfies
a(x) > A for all € Q, where \; is the principal eigenvalue for the operator
—A on the domain €2 under homogeneous Dirichlet boundary condition. In a
highly spatially heterogeneous habitat in ecological problems, a(x) is relatively
large in part of 2, and may be small or even negative in other parts of Q.
Furthermore, it may be discontinuous. This motivates the following example.

Example 4.1 (Highly Spatially Heterogeneous Environment). Let Q;
be a subdomain of €, with boundary 0Q, € C?; and let A\ be the principal
eigenvalue for (), i.e. the first eigenvalue of Au + Au =0 in Q,,u = 0 on 0€.
Consider (4.28), where b is a positive constant, a(z) € L*°(2) and

aj(z) in Qg,
4.29 =
(4.29) ale) {ag(az) in Q\Qs,
with
(4.30) ay(x) > Xs, a.e. for z € Q.

Then the Dirichlet problem (4.28) has one and only one non-negative nontrivial
solution w (in the sense of Definition 4.1 with ¢(w) = w) satisfying 0 < w < a/b.
Here a := ess supeq a(z). Moreover, w > 0 in Q. (Note that a(z) can possibly
have negative values somewhere in €2.)

(Proof of assertion of Example 4.1.) Let ¢)(s) = s for s > 0 and f(z,w) =
w(a(z) — bw). One readily verifies that [H1],[H2,i — H2,4ii] are satisfied. We
will apply Lemma 4.1 to prove the existence of solution. Let w,w be defined as

{59(3;) xz €,

4.31 D = _
(4.31) v 0 z e O\Qy;

inQ, w:=

S QI

where 6(x) is a positive principal eigenfunction associated with the principal
eigenvalue Ay of the domain Qg, and § > 0 is to be determined. For § > 0
sufficiently small, we clearly have 0 < w < w in 2. The constant function w is
in WlP(Q), and we now verify that w € W12(Q). By the definition of w, we
have, for |a| = 1,¢ € C}(Q),

(4.32) - / wDYdx = — [ 00(x)D*¢dx.
Q Qs
Integrating by parts, we obtain

(4.33) —/ wD%pdx = dD“0(z)¢p dzx,
Q Q.
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since (z) = 0 on 09,. Hence the a-th weak derivative of w is

0D“0(x), x € g,

Since D € LP(Q)), we obtain w € W1P(Q). To see whether the second in-
equality in (4.4) holds, we calculate

(4.35) —/ Vaveds +/ B(a(z) — bi)é dz = / % (@) = bYpdz < 0
Q Q ab b
for all ¢ € C}(Q2),¢ > 0. To verify the first inequality in (4.4), one has
— Jo VwVodr + [ w(a(z) — bw)o dx

=~ [, 0VOVodzr + [, 60(x)(ar — bib(z))¢ dx
(4.36)
= Jo, 000 dz — [, 6L ¢ ds + [, 60(z)(a1 — bSO (x))¢ dz

= Jo, [ As + a1 — b30(2)|60¢ dx — [, 59Leds

which is positive for 6 > 0 sufficiently small, by hypothesis (4.30) and the fact
that 00/0v < 0 on 0. Applying Lemma 4.1, we conclude that (4.28) has a
non-negative solution w in W2P(Q) ﬂWOI’p(Q) with 0 <w < a/bin Q and w > 0
in Q.

To prove that w > 0 in €, let u(t,x) = e“w(z) for (t,x) € [0,+00) x Q,
where ¢ is a positive constant such that ¢ > ess sup,eq(bw(x) — a(x)). Thus,
since w satisfies (4.28) a.e., we also have Au + u(a(r) — bw(z)) = 0 a.e. in
[0, 4+00) x £; hence

up = cu = cu + Au + u(a(z) — bw(z))
(4.37)
= Au+u(c+ a(x) — bw(x)) > Au ae. in (0,400) x Q,

by the choice of ¢. Thus w is an upper solution (in the weak sense as described
in Definition A5-1 for Theorem A5-6 in Chapter 6) to the problem

=Av in (0,+00) x Q,
(4.38) v=20 on (0,400) x 09,

v(0,z) = w(x) in Q.

By means of semigroup and Schauder’s theory, we know that problem (4.38)
has a classical solution. Thus, if v is the classical solution of (4.38), we have
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u(t,z) > v(t,x) > 0in (0,400) x  (the fact that v(z,t) > 0 in (0,+00) x
follows from the strong maximum principle). Thus w(z) > 0 in Q, by the
definition of u. (Here, we have used the comparison Theorem A5-6 for upper
solutions in the weak sense for problem (5.3), with f = 0 and n(u) = v in
Chapter 6.)

Finally, we prove that such a w is unique. Let w* be the solution of (4.28)
obtained from the monotonic convergence sequence as in Lemma 4.1, using wg =
a/b as the first iterate and defining w;i; = S(wj), (recall ¥(s) = s). Using the
fact that w < wp; we can prove that w < w; in Q by using the maximum
principle as in (4.15) with u;41 and u; respectively replaced by w and w;. This
leads to the fact that 0 < w < w* in Q. Let z be any non-negative (nontrivial)
solution of (4.28) with z < a/b in Q. As above, we have z < w* in 2. Let
f(z,w) = w(a(r) —bw). We follow the proof of Lemma 4.2, with the role of u, v
respectively replaced by w*, z until (4.24). Then (4.24) implies that

0= fﬂ[f(33>W*)Z — f(z,z)w*]de = fDl [f(z,w*)z — f(z,2)w*] dz
= ng [f (z,w*)z — f(x, 2)w*]dx,

where D = {z € Q| z(z) < w*(z)} and Dy = {x € Q|0 < z(z) < w*(z)}. The
last equality follows from the fact that f(z,0) =0 for x a.e. in Q. However,

(4.39)

(4.40) flz,2w")z — f(z,z)w* <0 in Ds.

We therefore conclude that w* = z in the set D = {z € Q| 0 < z(x)}. We
observe that the set D is open in ). Moreover, the set D is also closed in {2 for
the following reason: Let x, € D, x, — x € 2. Then

(4.41) z(x) = lim z(z,) = lim w*(x,) = w*(x);
n—oo n—oo

however, w*(x) > 0 in 2, therefore z(x) > 0, and x € D. Consequently, we must
have D = Q). In D, we have concluded that w* = z. Thus every non-negative
nontrivial solution bounded above by a/b must be identically equal to the same
w* in €. This completes the proof for the assertions of the example.

So far in Example 4.1, we have assumed €2 to be connected. However, if €2 is
not connected, we do not have ¢ > 0 in Q) but rather ¢ > 0 and ¢ not identically
zero in 2. Thus we have the following conclusion.

Theorem 4.1. In Example 4.1, suppose that €2 is not connected and that €y is
connected. Assume that a(x) € L*°(Q), and that hypotheses (4.29) and (4.50)
hold. Then the Dirichlet problem (4.28) has at least one non-negative solution
w (in the sense of Definition 4.1 with (w) = w) satisfying 0 < w < a/b in
Q and w > 0 in the component of Q0 which contains Qg. Furthermore, if there
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is a positive solution v of (4.28), with 0 < v < a/b in Q, then it is the unique
non-negative (nontrivial) solution of (4.28) satisfying 0 < w < a/b in .

The proof of the part of the above theorem concerning uniqueness follows
the method of proving Lemma 4.2.

Remark 4.2. If the function a(z) is in C*(Q2),0 < a < 1, and we have
a(x) < A1 in Q, then we know from earlier chapters that the only non-negative
solution of (4.28) is the trivial solution. (Here, \; is the principal eigenvalue
of the operator —A on the domain 2). More general results for the degenerate
case corresponding to (4.28) with Aw replaced by At(w) can be found in e.g.
[187].

With the help of the Lemmas 4.1 and 4.2 above concerning scalar equations,
we are now ready to study the existence of positive solutions for elliptic systems
of the form:

AY(wr) + fr(z, wy,we) =0 a.e. in ),
(4.42) AY(wa) + fa(w,wr, wz) =0 a.e. in €,
wy =wz =0 on 01,

where the derivatives are taken in the weak sense; The functions 1 : [0,00) —
[0,00), fi : © x [0,00) x [0,00) — R! are assumed to satisfy the following hy-
potheses:

[H1] ¢ € C'[0,00),%(0) = 0 and 9/(s) > 0 for s > 0.
[H2] There are two positive constants by, by such that
(1) fi € L®(Q x [0,b1] x [0,bo]) for i =1,2;
(ii) for any fixed z € Q a.e. the functions f;(x,y1,y2) are continuous in

(y1,2) for all (y1,y2) € [0,b1] x [0,b2],4 = 1,2;
(iii) there is a constant M > 0 such that

fl($7§7y2) - fl(xanayQ) > _M(d}(f)) - 1/}(77))
for . € Q a.e., ys € [0,b2],0 <1 <& < by

fa(z,91,8) — fo(m,y1,m) > =M ((E)) —¥(n))
for z € Q a.e., y1 €[0,01],0 <1 <& < by

Definition 4.2. A pair of continuous functions (wy,ws) in C(Q) x C(Q
with w;(z) > 0in Q, ¢ = 1,2, is called a positive solution of (4.42) if (w;)
W2P(Q) N W, P () (p > N), and (4.42) holds.

);
€
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Theorem 4.2 (Main Existence Theorem). Assume hypotheses [H1] and
[H2]. Suppose that there are functions w;(x),w;(z) (i = 1,2) in C(Q) with
(), Y(w;) (i = 1,2) in WHP(Q) (p > N) satisfying the inequalities:
(4.43)

—fQ Vip(w))Vodr + fQ filz,wy, wo)pde >0 for wy, < wy < wWo,

— Jo VY(01)Voda + [ fi(z, 01, w)pdr >0 for wy < wy < Wy,
— Jo V(o) Vo dr + [ fa(z, wi, wy)pdr >0 for wy <wy <y,

— Jo VY(02)Vodz + [, fo(z, w1, W2)pdz >0  for w <w <y

for all € CL(Q),¢ > 0. Here w; = w;(z) are assumed to be continuous in €,
and 0 < w; < w; < w; < b; in Q, w; >0 inQ, and w, = 0 on ON. Then there
exists at least one positive solution (wi,w3) of (4.42) satisfying w; < w; < w;
in Q.

Proof. Let u; = ¥(w;), @ = ¢¥(w;), X; = {u € C(Q),1; <wu; < u;inQ},i=1,2,
and let M be described as in [H2,iii]. The set X; x X, is a bounded closed
convex set in C(Q) x C(Q). We define the map T : X1 x Xy — X7 x X5 as

T(uy,ug) = (v1,v2) for (uj,ug) € X1 x Xo,

where v1,v2 € W2P(Q) N Wol’p(Q) C C(Q) (p > N), and (vy1,v2) is uniquely
determined as the solution of the (decoupled) system

(4.44) Av; — Mv; + fi(z, 9 H(ur), ¥ (ug)) + Mu; =0 in Q, i=1,2.

(Here the derivatives are meant in the weak sense.)

_ We first show that (v1,v2) € X1 x Xo. From equation (4.44), and hypotheses
[H1], [H2,iii] and the second line in (4.43), we have, for any ¢ € C3(Q),¢ > 0,
(4.45)

= Jo V(a1 —v)Vde — M [ (a1 —vi)¢de < — [olfi(e, v~ (@), ¢~ (u2))

—fi(z, v ur), v (ug))]¢ dw — M [o(11 — ui)pda < 0.

Hence the weak maximum principle implies that @y > v1. Analogously, since
(4.46)
— JoV( —v))Vede — M [o(uy —v1)¢dr > — [o[fi(z, ¢ (), ¥ (u2))

—fi(z, o N w), v~ ua))]p dx — M [ (w; —ur)pdz >0

for any ¢ € C}(2), ¢ > 0, we deduce that u; < v;. We apply the same procedure
to prove that vy € Xo.
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We next show that 7" is a continuous operator from X7 x X5 into itself. Let
(ugn),uén)) be a sequence in X7 X X9, which converges to (u1,u2) in X7 x Xj.
Define (vgn),vén)) = T(ugn),ugn)) and (v,v2) = T'(u1,u9) as in (4.44). By the

classical LP-estimate for the linear problem (4.44), we have
(44n) g < Gllfie, v @), 07 @) + M,

with u; < vi(n) < @; for n =1,2,..., where C; are positive constants. By [H2, 1],
there exist constants M; > 0 such that

(4.48) |fi(z,y1,y2)| < M; for almost all (x,y1,y2) € Q2 x [0,b1] x [0, ba].

Since 2 is a bounded domain, (4.48) implies that {fi(m,w_l(ugn)),w_l(ugn))},
i = 1,2, are bounded sequences in LP(Q2). It follows from (4.47) that {vz-(n)}
is a bounded sequence in W?2?(Q) N Wol’p(Q)(Q) (p > N). Applying Sobolev’s
Theorem, we can select a subsequence {v " } from {vgn)} such that {vi(nk)}

converges in C(Q) to say, v}. To see whether {v } actually converges to v in
W2P(Q), we first deduce from [H2,4i] that

(4.49) Filae, v ™), WS™ ) — il ) 0 (ug))

pointwise in €. Since €2 is bounded, the Lebesgue Convergence Theorem implies
that the convergence in (4.49) is true in the LP(Q2) norm (N < p < oo). The
estimate (4.47) hence implies that {v("™)} converges to v} in W2P(£2). By the
definition of {v("™#)}, we have, for k = 1,2,... that

(4.50)

Avl™) — Mol™) 4+ fi(w, ™ W), o @) + Mu™ =0 inQ, i=1,2.

Passing to the limit in (4.50), we obtain
(4.51)  Avi — Mvf + fi(@, 0 N ug), v Hug)) + Mu; =0 in Q, i=1,2.

From (4.44) and (4.51), we see that both (v],v5) and (vi,v2) are positive so-
lutions of the same linear problem. We conclude by uniqueness of the positive
solution of the linear problem (4.44) that (v},v3) = (vi,v2). Hence we have

{vz-(nk)} — v; in C(Q). Finally, we claim that the full sequence {vgn)} — v; in
C(Q) as i — oo. Suppose not; then there exist a subsequence {vgnj )} and a
constant €y > 0 such that

(4.52) 10" — ;]| > e for j=1,2,....

)

Here the norm is taken in C (Q) Using the same argument as that used above,
nj)

by replacing {vz-(n)} with {v }, we can select a subsequence of {v " )} which
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converges to v; in C'(£2). This contradicts the inequality (4.52). Consequently,

{vz-(n)} converges to v; in C'(§2) as ¢ — oo. This leads to the conclusion that 7" is
a continuous operator from X7 x X5 into itself.

We finally show that T is a compact operator. From (4.47), T maps a
bounded set in X; x X5 into a bounded set in Wol’p(Q) X W(}’p(Q). By Sobolev
Compact Imbedding Theorem, the identity map from VVO1 P(Q) to C(Q) is com-
pact. Hence, we can view T as a composition of a bounded map form X7 x Xs to
W, P(€2) x W, P(§2) followed by a compact identity map from Wy (Q) x Wy (Q)
to X7 x X9; and we conclude that T is a compact operator form X; x X5 into
itself. Schauder’s fixed point theorem asserts that T has a fixed point (uj,u3)
in X7 x Xs. It follows from (4.44) that

Aui + fi(z,p(ug), ™ (uh) =0 a.e. in €,
(4.53) Auj + fo(z, ™ (u}), v (u3)) =0 a.e. in Q,
ut=uy =0 on 0f2.

The fact that (uj,u3) is in X3 x Xp implies that (uj,u3) is in W2P(Q) N
Wol’p(Q) and that u; < uj < 4; is in 2 for i = 1,2. Consequently, (w},w3) =
(Y (uy), ™1 (ub)) is a positive solution of (4.42) with w; < w} < @; in Q.

The following corollary is sometimes more readily applicable than Theorem
4.2,

Corollary 4.3. Assume hypothesis [H1] and [H2]. Suppose that there are func-

tions w;(x), w;(x) (i = 1,2) in C(Q) with (w;), Y(w;) (i = 1,2) in W2P(Q) (p >
N) satisfying the inequalities

AY(wy) + filz, wy,we) >0 a.ein Q, for wy, < wy < wo,
Aw(wl) + fi(ﬂl’,lf)l,lUQ) <0 aein Qa fOT Wy < wo < Wwo,

(4.54)
AY(wy) + fo(z,wi, wy) >0 a.ein Q, for wy < wp < wy,

Aw(@@) + fg(l‘,’wl,wg) <0 a.ein, for wy < wyp < wy,

where the derivatives are taken in the weak sense. Here w; = w;(x) are assumed
to be continuous in 2, and 0 < w;, < w; < W < by in Q, w, > 0 in Q and
w; =0 on 0. Then there exists at least one positive solution (wi,w3) of (4.42)

satisfying w; < wi < w; in Q.

Proof. This is an immediate result of Theorem 4.2 since (4.54) implies (4.43).
To see this, we let ¢ € C3(Q),¢ > 0, and multiply the first equation in (4.54)
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by ¢. We integrate over {2 to find

(4.55) /Aw W <bda:—|—/f1xwl,w2)¢dx>0 for w, < wo < Wwo.

It follows from the definition of the weak derivative that

(4.56) —/va(ﬂl)VQde —I—/Qfl(a:,ﬂl,wg)gbda: >0 for wy < wy < ws.

Similarly, we can verify the rest of the inequalities in (4.43). By application of
Theorem 4.2, the proof is completed.

We now apply Corollary 4.3 to the following prey-predator ecological model
with degenerate density-dependent diffusion.

Example 4.2 (Degenerate Prey-Predator Model).
Au™ + u(a(z) — buf — cv) =0 in Q,

(4.57) Av™ +v(e(z) + fu—gvF) =0 in Q,
u=v=0 on 0.

Here € is a bounded domain in RN, N > 2 with boundary 09 € C?, and
m, k,b,c, f,g are positive constants with 1 + k > m > 1. We assume that
a(x),e(x) are two positive functions in L () with

(4.58) a:=essinfreqa(x) >0, and e(z):=essinfreqe(x) > 0.

For convenience, we denote a := ess supzeq a(x) > 0 and é(z) := ess supzecq e(x)
> 0. The following theorem gives sufficient conditions for the coexistence of two
species. If one compares them with the results in Chapter 2 concerning nonde-
generate case, we see that the conditions here are much more readily satisfied.
For example. there is no need for the intrinsic growth rates a(z) and e(z) to be
larger than the principal eigenvalue for the domain €.

Theorem 4.4. Assume 1+ k > m > 1, hypothesis (4.58) and

(4.59) 9oV > e+ fV"

Then there exists a positive solution (u,v) of (4.57) with u,v € C(Q) and u,v €
W22(Q) N W, P(Q) (p > N). Moreover, the solution satisfies

(4.60) 0<u<(b)1/k, 0<v<[g e+ f(= ))”’f]l/’f in €.
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Proof. We will apply Corollary 4.3. Let b = (a/b)/*, by =[g (e +
f(@/b))\/k11/% . Define
P(s) =s" for s >0

and
Ji(@,y1,y2) = yi(ax) — byt — cya),
fo(@,y1,92) = yale(x) + fyr — gy5) for (z,y1,92) € Q x [0,00) x [0, 00).

Then one can immediately verify that [H1] and [H2,i — H2,ii] are satisfied.
Since

filz, & y2) = filz.m,y2) = E(ala) — bEF — eyz) — n(al(z) — bn* — cys)
= (a(x) — cy2)(€ —m) — b(EFT — )
> (a—cho)(§ —m) = bEM! — )
for 2 € Qae., ys€[0,by), 0<n<E< by,

we can verify the first part of [I;T 2,14i] by showing that there is a constant M > 0
such that

(4.61) (a—cho)(€—n) —b(E T =Ty > —M(E™ —n™), 0<n<E< by
From hypothesis (4.59), we have a — cby > 0; thus (4.61) is satisfied if

(4.62) M(E™ —n™) 2 b — gt for 0<n <€ < b

However, (4.62) can be readily verified if we note that the function h(§) =

ME™ — beF1 s increasing in [0, by] by choosing M > (b/m)(k + Hpiti=m,
Similarly, we verify the second part of [H2,1ii],

fo(w,y1.€) = fola,y1,m) = &e(x) + fy1 — g€F) —nle(z) + fy1 — gn®)
> e(§ —n) — g(¢MF! — Mt
> =M((&) — (),
for z € Q a.e., y; € [0,b1],0 <7 < € < by if M > (g/m)(k + 1)pE+H=™,
To construct upper and lower solutions (u,v) and (a,7), we let A; > 0 be

the principal eigenvalue for the problem: Aw + Aw = 0 in 2, w = 0 on 9%, and
¢(x) be a positive principal eigenfunction. We define u = v = (6¢)"/™ in Q for
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a small § > 0 to be determined. Thus they satisfy u=v=00on 02, u=v >
0 in 2. Also, we define @ = by, v = by. We verify that

AT™ + ia(x) — bu* — cv) < a(a(x) — bu)
= (a/b)"/*(a(x) — b(@/b)) <0 a.e. in Q, forall v<w<7,

AT 4 (e(x) + fu— go*) < v(E+ fu—gv*) =0 for all u<u < a.
Moreover, we have

Au™ + u(a(z) — buF — cv) = —A1(86) + (60)Y/ ™ (a(z) — b(5)F/™ — cv)

> (8¢) ™ (=M1 (60)1 1™ + a — b(6p)*/™ — cv) > 0

for all z a.e. in © and all v < v < v, when 0 is sufficiently small, since a — cv >
0 by assumption (4.59). Finally

AV 4 v(e(x) + fu— gv*) = =Ai(69) + (69)1/™ (e(x) + fu— g(d6)F/™)

> (0¢)™ (=M (58) 7Y™ + e+ fu— g(60)*/™) >0

for  a.e. in Q all u < u < 4, when ¢ is sufficiently small, since e+ fu > 0. From
Corollary 4.3, the four inequalities above imply that there is a positive solution
(u,v) of (4.57) with u,v in C(Q);u™,v™ € W2P(Q) N Wol’p(Q); and (4.60) is
satisfied.

Many other results are found recently for systems with degenerate diffusion.
Suppose that there are smoother density-dependence on diffusion, and smoother
dependence on reaction. More specifically, assume

[P1] For i = 1,2, p;(s) is C? in [0,00), with ¢;(0) = 0, and ¢.(s) > 0 for all
s> 0.

[P2] f(u,v),§(u,v) are in C*([0,00) x [0, 00)), and f, < 0,3, < 0 for all (u,v) €
[0,00) x [0, 00).

In Ryu and Ahn [196], classical positive solutions are found for the following
degenerate system with homogeneous Dirichlet boundary condition.

Al (u)u] + uf(u,v) =0 in €,
(4.63) Alpa(v)v] +vg(u,v) =0 in Q,
u=v=0 on 052,

where  is a bounded domain in R with smooth boundary.
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Theorem 4.5. Consider problem (4.63) under hypotheses [P1] and [P2].

(I) (Prey-Predator case) Suppose: (a) f, < 0 and G, > 0 for all (u,v) €
[0,00) x [0,00); (b) there exist positive constants C1,Cy such that f(C1,0) <
0,9(C1,C2) < 0; and (c)if min{f(0,C2),3(0,0)} > 0, then problem (4.63) has

a positive coexistence solution.

(II) (Competing case) Suppose: (a) fo,Gu < 0 for all (u,v) € [0,00) x [0, 00);
(b) there exist positive constants C3, Cy such that f(Cs,0) <0,§(0,Cy) <0; and
(c) if min{f(0,C4),3(Cs,0)} > 0, then problem (4.63) has a positive coexistence
solution.

(ITI) (Cooperating case) Suppose: (a) fy,Gu > 0 for all (u,v) € [0,00) X
[0,00); (b) there exist positive constants Cs, Cg such that f(Cs, Cs) = §(Cs, Cs) =
0; and (c)if min{f(0,0),g(0,0)} > 0, then problem (4.63) has a positive coex-
istence solution.

Here, the solutions (u,v) are in C?(Q) x C%(Q), and u,v > 0 in Q.

The proof of the above theorem is based on a combination of bifurcation
and index method, as explained in Chapter 1. We obtain classical solutions
because the system is smoother by assumption. The details of the proof are too
lengthy to be presented in this section. Note that, as in Theorem 4.4, we need
much smaller intrinsic growth rates for coexistence compared with problems
with nondegenerate diffusion.

Part B: Lower Bounds for Density-Dependent Diffusive Systems with
Regionally Large Growth Rates.

For the remaining part of this section, we consider some time dependent be-
havior of reaction-diffusive systems involving nonlinear density-dependent diffu-
sion. We only restrict discussion to the non-degenerate case. Moreover, in order
to avoid excessive technicalities, we assume more smoothness in the system than
the beginning part of this section. More precisely, we assume for each i = 1,...;n

[C1] 0;(0) > 0,0%(s) > 0in [0,00), 0 (s) is continuous in (—o0, 00).

[C2] The functions h; : R™ — R have Holder continuous partial derivatives up
to second order in compact sets.

[C3] a;(x) € C1T¥(Q) for some « € (0,1), and @;(z) > 0 in Q.

We consider the following initial Dirichlet boundary value problem for ¢ =
1,.,n, (z,t) = (21, ..., zN, t):
(4.64)

% = div(oi (i) Vug) + i@ () + hi(un, ooy )], (2,8) € Q% (0,T], T > 0;

ui(z,0) = ¢i(z), x € Q; wi(z,t) = Di(x), (z,t) € 002 x [0,T].
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Here,  is a bounded domain in RY with boundary 99 belonging to C?+ for the
remaining part of this section. For simplicity, we limit ourselves to application
of system (4.64) to competing interacting species. That is, we assume for each
,j=1,...,n

O <0 in {(u,un) [0 2 0,6 = 1,0}, hi(0,,,,0) =0, and
(4.65)
SUPs>0 g—fZ(O, ..0,5,0,..0) :=1r; <0,

where s > 0 above occurs at the i-th component. The last assumption is the
usual one concerning the crowding effect of each species on its own growth rate.
In the earlier chapters, conditions for existence of positive coexistence steady-
states were usually of the nature that growth rates of the species are uniformly
larger than certain positive constants related to the first eigenvalue. Here, we
will assume that the intrinsic growth rate, ai(z), of a particular k-th species
is locally high in a subdomain €, of 2. We will obtain a criteria on a; which
ensures that the population ug(x,t) will be bounded below by a positive constant
in compact subsets of €2, for all £. Such criteria can thus be interpreted as a non-
extinction condition for the k-th species. Such condition is much more realistic,
because the growth rate does not have to be large on the entire domain. One
only needs regionally large growth rates to sustain survival. Before we formulate
such conditions, we first consider the existence problem of non-negative classical
solution in arbitrary finite interval [0, 7] for the initial-boundary value problem.
For convenience, we let Qp = Q x (0,7).

Theorem 4.6 (Existence of Solution for Initial-Boundary Value
Problem). Consider problem (4.64) under smoothness conditions [C1]-[C3],
and reaction assumptions (4.65). Let the initial boundary functions ¢;, ®; sat-
isfy: ¢i(x) = ®;(x) for x € 00, ¢;(x) > 0 in Q, ¢; has all third derivatives
continuous in Q, and

(4.66) {div(o;(¢i) Vi) + pilai(z) + hi(d1(x), ..., dn(x)]}Hrcon =0
fori=1,...,n. Then for any T > 0, in the class of functions in C*+1+/2(Qp),
there exists a unique solution for the initial-boundary value problem (4.64).

Proof. Let d; be positive numbers satisfying
di > |ril 'maz{a(z) |2 € Q}, and 0 < ¢;(z) < d;, € Q
for i = 1,...,n. Define ¢;(x,u1,....un),i = 1,...,n, (z,u1, ..., u) € Q x R® by
ci(xyug, ooy un) = ki(ug)[a;(z) + hi (k1 (ur), ..., kn(un)],

s if |s] < d;

here ki(s) =
where ki(s) {pi(s) i [s| > d;
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with p;(s) a twice continuously differentiable function for |s| > d;, and |p;(s)| <
2d;, pi(£d;) = +d;, pi(£d;) = 1 and p’(£d;) = 0. Extend &;(s) positively to
(—00,0) by letting &;(s) = o(s) for s € [0,00), with ;(s) twice continuously
differentiable for s € (—o0,00), and &;(s) > (0;(0)/2) > 0 for s € (—00,0),i =
1,...,n.

We consider the initial boundary value problem:
(4.67)

Gi(w,t) = Gilki(zi + ¢i(2) Az + (ki (zi + 61)) X1 [(20)a; + 2(Bi)a] - (20)a,

+ 7' (ki(zi + ¢1)) Z?Zl(ﬁf)i)?cj + 0 (ki(z 4 00))Ads + ci(x, 21 + 1, o 20 + Pn)

for (z,t) € Q@ x (0,T),i =1,...,n;

(4.68) 2i(2,0) =0 in Q and z/(z,t) =0 for (z,t) € 90 x [0,T].

(Note that if we let w;(z,t) = zi(z,t) + ¢i(z) and if 0 < w;(z,t) < d;,i=1,..,n
then u;(z,t) satisfies:

alél = UZ(UZ)AUZ + U;(UZ)|VUZ|2 + Ui[(NIZ' + hi(ul, ,un)]

(4.69)

Moreover, u; satisfies the initial boundary conditions of (4.64)). Apply Theorem
7.1 on p. 596 of [113]. The positivity of 6; and the boundedness of the last three
terms of (4.67) imply that the condition (a) in Theorem 7.1 is satisfied. (6.3)
of (b) in [113] is satisfied by letting P(|p|, |u]) = C(1 + |p|)~2 for some large
constant C' and €(|u|) = 0. The smoothness of ¢;,5; and k; ensure that (c) is
satisfied. Compatibility condition (4.66) gives (d). Consequently, Theorem 7.1
on p. 586 of [113] gives a unique solution z = (z1(z,t),...,2n(2,t)) to (4.67),
(4.68) for (z,t) € Q x [0,T] in the class C*t1+2/2(Qy).

We next show that 0 < z;(z,t) + ¢i(z) < d;,i =1,...,n. Let &;(z,t) =0 and
Bi(z,t) = d;,i =1,...,n. We clearly have in Q x (0,7],

aai >0

(470) dZU(Uz(dZ)Vé&Z)+dz[az($)+hz(617aBZ—ladZaBZ-f—l)an)]_ ot — ’

for each i. Each function @ satisfies

div(0i(6:)V 3;) + Bilai (@) + hi( Gty ooy i1, By i1 oy )] — 83%

= dz[dz(a}) + hi(O, ...,0,d;,0, ..., 0)]
(4.71)

(@) + [ Phi(0,...,0,5;,0, ..., 0) ds;]

S

< dz[&z(l‘) + ’I”Z'dz'] < dz[dz(az) — max{&z(x)|x S Q}] <0



382 CHAPTER 4. PERSISTENCE, CROSS-DIFFUSION

in Qx (0,7)]. Fori=1,..,n,(x,t) € Q x [0,T], the function
ui(x,t) == zi(x,t) + ¢i(x)

satisfies (4.69) for x € Q,0 < t < t; < T as long as &; < w;(z,t) < BZ for
(z,t) € Q x [0,#1]. From (4.70) and (4.71), we obtain from a generalization
of the comparison Theorem 1.2-6 in [125] to density-dependent diffusion case,
that &; < u; < 3; for all (x,t) € 2 x[0,T],i = 1,...,n. (The same arguments
for the generalization will be used in proving the next comparison Theorem 4.7
for a even more difficult case involving non-smooth lower solution. Note that
our present situation is simpler because &; = 0, and less argument is needed to
justify u; > &;.) The a-priori bound, &; < u; < B in Q x [0,T], consequently
implies that u(z,t) is the unique solution of the initial-boundary value problem
(4.64), in C*rol+e/2(Qr).

When the competing reaction relation (4.65) is replaced by prey-predator,
cooperating or the general food-pyramid condition, the existence Theorem 4.6
can be generalized and proved similarly by changing the upper solution to be
time-dependent. The procedure is similar to the case when diffusion does not
depend on density as described in Theorem 2.1-1 in [125] or [231].

As in Example 4.1 and Theorem 4.1 above, when the intrinsic growth rate
is highly heterogeneous, one is led to the use of non-smooth lower solution to
show the existence of positive solutions. We are thus motivated to prove the
following comparison Theorem, using nonsmooth lower bound for the smooth
time-dependent problem (4.64) as well.

Theorem 4.7 (Comparison). Let Q, C € be a subdomain, 0 € C?, with A
as its principal eigenvalue for the operator —A on Qg with Dirichlet boundary
condition, and 0(x) is a positive eigenfunction in Qs. Let j be an integer, 1 <
Jj<n;ai(z,t) =0in Qr if i # j,1 <i<n, and

oy )@ i () € Qs < [0,T]
aj(z,t) = 0 if (z,t) € (Q\Qs) x [0, 7]

where § > 0 is a constant. Fori =1,....,n, let B;(xz,t) be a non-negative function
in C2te1+e/2(Qr). Suppose that o, 3; satisfy:

a;(z,t) < Bi(z,t)  for (z,t) € Qr;

(4.72) div(oi(ai)Vai) + ai[di(a:) + hi(ﬁl, veey ﬁz’—l, (073 ﬁz’—f—l, ceny ﬁn)] - % = 07
. ) 9B;
(4.73)  div(oi(B:)V3i) + Bilai(x) + hi(ar, .., ai—1, Bi, Qig1, ey 0)] — <0
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for (z,t) € Q x (0,T],i = 1,...,n, except for i = j in (4.72) wvalid only for
(x,t) € (Q\0Q) % (0,T]. (Here, we assume conditions [C1-C3] and (4.65) for the
equations). Let (u, ..., un),u; € C2T¥1H/2(Qr) be a solution of the differential
equation in (4.64) with initial boundary conditions satisfying

a;(z,0) < u;(z,0) < Bi(x,0), z€Q,
(4.74)
ai(z,t) <wui(z,t) < Bi(z,t), (z,t) € 92 x[0,T]

fori=1,...,n. Then we have
(475) Oéi(.Z‘,O) = Oéi(.l‘,t) < ui($7t) < ﬁi($7t)

for (z,t) € QA x [0,T],i =1,...,n.

Proof. Since u;, oy and §; € C?T*12/2(Qp), there are constants K and M such
that |o;| < K, |8;| < K, |us| < K, |Aw;| < M, |Vu|?> < M for all (z,t) € Qr,i =
1,...,n. The assumption on h;, a; and o; imply that there are constants R and B
so that for each i = 1, ..., n, we have |o.(s)| < R, |0/ (s)| < R for —2K < s < 2K,
and |a;(x) + hi(s1,....,8,)| < Bforz € Q, 2K <s<2K,i=1,...,n.

Let 0 < e < K[1+3(B+2MR+ KLn)T]~!, where (1/2)L is a bound for the
absolute values of all first partial derivatives of h;(s1,...,8,),0 < s; < 2K,i =

1,...,n. Define, for (z,t) € Qp,i=1,...,n,

ui (2,t) = ui(2,t) + €[l + 3(B + 2M R + K Ln)t],
(4.76)
u; (z,t) = ui(x,t) — €[l +3(B+2MR+ KLn)t].

By hypothesis (4.74), we have
(4.77) ai(z,t) <uf (z,t) and u (z,t) < Bi(z,t)

for x € Q,t = 0,7 = 1,...,n. Suppose one of these inequalities fails at some point
in Q x (0,71), where 71 = min{T,1/(3(B +2MR + KLn))}; and (z1,t1) is a
point in © x (0,7;) with minimal ¢; where (4.77) fails. At (z1,#1),0; = u; or
u; = f3; for some 7. Assume the former is the case; a similar proof holds for the

latter case.

Suppose further that at (z1,%1),a; = uj (a similar proof will work if a; = u;”

at (x1,t1) for i # j), we consider separately the situations for z; € (Q\Qy) or
x1 € Qs. If 21 € Q\Qs, we have uj(m,t) >0fort <tz € Qand u;r(azl,tl) =0.
Observe that x1 ¢ 09 because uj(a:,tl) > uj(x,t1) > 0 for z € 012, by (4.74).
However, for (z,t) € Q x (0,T):
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S(—uf) = —&(u;) —e3(B+2MR+ KLn)
= —0;(uj)Auj — 0 (u;) [V [ —ujla;(x) + hy(u, ..., un)]

—e3(B+2MR + KLn)
(4.78)
= —0;(u))Auj + [oj(u]) — 0j(uj)|Auj — o (uy)|Vuy |

+ [u;F —ujlla; + hj(u, ..., upn)] — u;' [a; + hj(ug, ..., uy)]

—e3(B+2MR+ KLn).

Recalling that aj(u;r) > 0, and at (z1,t;) we have Vu; = Vu;r = 0, Ay;

= Au}F >0, (4.78) implies
(4.79)
S (=uN)|(@1,t1) < Re[1+3(B +2M R+ K Ln)t,|M
+€[143(B+2MR+ KLn)t||B — €3(B + 2MR + K Ln)

< MRe2+ Be2 — e3[B+ 2MR + KLn] <0,

contradicting the definition of (z1,t1).

If 2, € Q, we have u;r(m,t) > aj(z,t) for t < t1,z € {; and uj(azl,tl) =
Oéj(.l‘l,tl) = 59(33‘1) But for (x,t) € 0, x (O,T]

(4.80)
%(O&j — uj) S diU(O'j(Oéj)VOéj) + Oéj [ELJ + hj(ﬂl, ceey ,8]'_1, aj, ﬁj-i—lu ceey ﬂn)]
—div(oj(uj)Vu;) — ujla; + hj(ui, ..., un)] — €3(B+ 2MR + K Ln)
= 0j(aj)Aaj + o))V + ajla; + hj(Br, s Bi—1, 5, Biys - Bn)]

—0j(u))Auj + [0 (u) ) — 0j(uy)]Au; + [0 (u]) — o) (uy)]|Vuy[?

— ;(uj)\Vu]P + (u;' —uj)a; + hj(ui, ..., up)] — uj[dj + hj(ur, ..., up)]

—e3(B+2MR+ KLn).

At (21,t1). we have uj = o, Vuj = Vu;r = Va;, Aoy —u;) = Alaj—ul) <0,
thus (4.80) gives
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(4.81)
ACTE U;r)|(x1,t1) = 0j(0y) Ay — uj) + ajlhi(Brs s Bi—1, 0, Bjg1y o Bn)

— N (s ey un)] + o (u)) = 0 (u)| Auj + [0 (u)) — o (ug)]|Vuy[?

+ (’LL;_ - Uj)[flj + hj(ul, ,’U,n)] - EB(B +2MR+ KLn)

Moreover, at (r1,t1) we have
hj(ﬁl) ceey ﬁj—lv Qy, ﬁj-i—l) (XS ﬁn) - hj(Ul, (XS un)
(4.82) S ey Wy g0 Ty gy ey Ty ) — P (U, ey )

< Le[l1 4+ 3(B+2MR+ KLn)ti|n

where @; (21,t1) = max{u; (x1,t1), a;(x1,t1)}, because |u; — 4 | < |u;F —u; |
Consequently (4.81) gives

(4.83)
S = ul)|(oy,0) < KLne[l 4+ 3(B + 2MR + K Ln)t;]

+(2MRe + Be)[1 + 3(B + 2M R + KLn)t] — €3(B + 2M R + K Ln)

< KLne2+4MRe+ 2Be — e3(B+2MR + KLn) <0,

contradicting the definition of (z,¢1). From these contradictions we conclude
that u;r(a;,t) > aj(z.t) for (x,t) € Q x [0,71). Passing to the limit as e — 07,
we obtain u;(z,t) > a;(x,t) in Q x [0, 71].

If at (21,t1), we have a,, = u., for m # j, then u . (z,t) > 0 for t < t1,2 € Q
and u (z1,t1) = 0, with 1 € 9Q. For z € Q, we repeat the arguments in (4.78)
to (4.79), with j replaced by m. (There is no need for arguments analogous
to (4.80) to (4.83)). We obtain u} > a,, = 0 for (z,t) € Q x [0,71), and
consequently u,, > a,, = 0 for (z,t) € Q x [0,71].

If at (x1,t1),u; = B; for some i, we show that

E(ﬁi = U )(zy,0) >0

by means of (4.73), in a way similar to the arguments that led to (4.80) to (4.83),
but with inequalities reversed. Passing to the limit as € — 0T, we obtain u; < 3;
for (z,t) € Q x [0,71].

If m; < T, we repeat the above arguments by starting to define uf, u; with
(4.76), with ¢ in the square brackets on the right side of the formulas replaced
by (t — 71). This leads to oy < u; < 3; for ¥ € Q, 71 <t < min{T,(2/3)(B +
2M R+ KLn)~'} etc. Eventually, we obtain (4.75) in Q x [0, 7.
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Remark 4.3. Note that the assumption o}(s) > 0, in [0,00),4 = 1,...,n has
never been used in the proof of Theorem 4.7. However, o > 0 is essential
for establishing the positivity of expression (4.91), in the proof of Theorem 4.8
below.

We next assume that the intrinsic growth rate aj of a particular k-th species
is locally high in a subdomain Q4 of . We will obtain a criteria on ag(z) which
ensures that the population ug(x,t) will be bounded below by a positive constant
in compact subsets of € for all £. Such criteria can thus be interpreted as a
non-extinction condition for the k-th species. Such result is more realistic than
those in earlier chapters because the growth rate can be very small in parts of
the entire domain.

Theorem 4.8 (Non-Extinction of Certain Species with Regionally High
Growth Rate). Let k be an integer, 1 < k <n, Let u = (uq,...,u,) be a solu-
tion of (4.64), wunder assumptions [C1-C3] and (4.65), in the class
C*ol+a/2(Qp), T > 0 satisfying

(4.84) 0<ui(z,0)<b;, v€Q,i=1,..,n

where b; are positive numbers satisfying b; > |r;|"'max{a;(z) x € Q}. Suppose
that there exists a subdomain Qg C Q (with smooth boundary and principal
eigenvalue Ag > 0 for the operator —A with homogeneous Dirichlet condition on
0 ) with the properties

0 < ug(z,0), =z €,
(4.85)
ak(aj) - Uk(o))\s + hk(bla ) bk’—17 0) bk’-i-la () bn) >0

for all x € Q,. Then the solution satisfies:
(4.86) 0 < ug(z,t) for (z,t) € Qs x [0,T].

Moreover, ug(z,t) > 6 > 0 for all x in any compact set contained in Qs,0 < t <
T (where § is some constant which depends on the compact set, independent of
T); and

(4.87) 0 <ui(z,t) <b; for (x,t) € Qp,i=1,...,n.

Proof. We shall construct lower and upper solutions v;, w; satisfying differential
inequalities (4.72), (4.73), with v;,w; replacing «;, 3; respectively. Then, we
apply comparison Theorem 4.7 above to conclude ug(x,t) > vj(z,t) in Qp. The
function v will be positive for z in the interior of €2, thus implying the survival
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of the k-th species. Let 6(x) be a positive eigenfuction in Qg associated with the
principal eigenvalue A;. Define v;(z,t) =0 in Qp for ¢ # k,1 <i < n; and

ef(x) itz e Q
4.88 t) = _
(4.88) v (@, ) {0 if 2 € O\Q,

in Q. Here € is a sufficiently small positive constant to be determined later.
For i = 1,...,n, define w;(x,t) = b; in Qp. By the relation (4.65) and the size of
b;, we can readily obtain

ow;
(4.89)  div(o;(w;)Vw;) + wi[a; + hi(v1, .o, Vi1, Wiy Vig 1, ooy V)] — ;f) <0
for (z,t) € Q x [0,T]. For i # k, clearly we have
(4.90) div(o‘i(vi)vvi) + vi[&i + hi(wb vy Wi—1, Vg, Wit 1, ...,wn)] - % =0

for (x,t) € Qx[0,T). Fori =k, (4.90) is clearly valid for (z,t) € (Q2\Qs) x [0, T].
If (x,t) € Qs x [0,T], we have
(4.91)

div(ak(vk)Vvk) + Uk:[&k: + hk(wl, cory Wh—1,5 Vs WhA1y +--5 wn)] — %

= O‘k(Uk)AUk + a;(vk)|Vvk|2 + 69(1‘)[(@;(1‘) + hk(wl, ceey Uky veny wn)]

= ef(x)[ar(z) — ok (0(x))As + hi (b1, ooy bp—1, €0, by 1, .oy b)) + 0, (€0) [ Vg |2

Now, choose € > 0 sufficiently small so that the expression in (4.91) is positive in
Qg x [0, 7). (This is possible due to hypotheses [C1] and (4.85)). Let (u1, ..., un)
be a solution of (4.64) satisfying (4.84) and (4.85) as stated. Reduce the choice
of € > 0, if necessary, so that ug(x,0) > vi(x,0) = €f(x) for z € Qs (note that
this will not affect the sign of the expression in (4.91)). Utilizing inequalities
(4.89) to (4.91) and Theorem 4.7 above, we conclude that

0<wv < uz(l‘,t) Swi=b; i=1,...,n
for (z,t) € Q x [0,7]. From the definition of v;, in (4.88), we have (4.86) and
the strict positivity of u; in compact subsets of {2, as stated in the theorem.

The following is an immediate consequence of Theorem 4.8. It gives a suffi-
cient condition for the long term survival of r species, 0 < r < n.

Corollary 4.9 (Different Species Surviving in Different Regions). Let
by > |ril7tmax{a;(z) |z € Q},i = 1,..,n. Suppose there are subdomains
Qiys ooy U, , (0 < 7 <y Ky, ., ke are distinct positive integers < m) in §, with
the property

(4.92) &ki ($) — O'kl(o))\kz + hki(bla ceey bki_l,o, bki+17 ey bn) >0
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forz e Q. i=1,..,r. (Here, \ = X\, > 0 is the first eigenvalue for the problem
Ap+Ap = 0inQ,, ¢ =0 on O, ). Let (uy, ..., uy) be a solution of (4.64), under
assumptions [C1-C3] and (4.65), with each component in C*+1+e/2(Qr), T >
0, and assume initially that

0<wui(z,0)<b;, €, i=1,..,n,
(4.93) )
0 < ug,(z,0), reQy, i=1,..,m

Then the solution satisfies
(4.94) 0 < ug,(z,t), (w,t) € Qy, x[0,T], i=1,..,7.

Moreover uy,(z,t) > 6 > 0 for all z in any compact set contained in Q,,0 <
t < T (where § is some constant which depends on the compact set, independent
of T'); and

(4.95) 0 < wi(w,t) <b;, (x,t) € Qp.

Note that the k;-th species will have, for all time under consideration, its con-
centration bounded below by positive constants in compact subset od €2,. The
simplest situation happens when €, = Q, --- = (U, ; otherwise, the different
species will primarily survive at different subregions in (2.

We finally discuss some criteria for the extinction of a certain k-th species
(that is, the situation when uy tends to zero as t — o0).

Theorem 4.10 (Exitinction of Certain Species). Consider problem (4.64)
under all the hypotheses of Theorem 4.6. Suppose further that ®p(z) = 0,2 € 00
for a particular k-th component, and

(4.96) ar(x) < op(OAL, for all z € Q

(where A = A is the first eigenvalue of Aw + Aw = 0 in Q,w =0 on ). Let
C; > 0,i=1,...,n be such that for z € Q

(4.97) () + hs(0, ...,0,C;,0,...,0) < 0

(here C; appears in the i-th component), and let C; := maz{C;, supyeadi(z)}.
Then there exists a (small) constant ¢ > 0 so that, provided

(4.98) ol (s) < q for all 0 < s < Cy,

any solution (uy,...,un) of (4.64), under the stated hypotheses, with each com-
ponent in C*O1+/2(Qr) T > 0 must satisfy

(4.99) 0 < up(z,t) < Ke ™ in Qr,
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where K, e are positive constants dependent on q and independent of T'. More-
over, we have
0< ui(a:,t) < CZ', 1= 1, . n in QT.

Note that by assumptions (4.65), the constants C; defined above must exist.
Theorem 4.10 is proved by means of comparison with appropriately constructed
upper and lower solutions as in the earlier theorems. In order that the k-th
component of the upper solution decays as described in right of inequality (4.99),
the conditon on o} (s) described in (4.98) is used. The details of the proof can
be found in Leung [124] and is too lengthy to be included here.

Notes.

Theorem 1.1 is proved in Hale and Waltman [81]. Theorems 1.2 to 1.5 and
Theorem 1.7 are obtained from Cantrell, Cosner and Hutson [22]. Theorem 1.6 is
found in Hutson [92]. Theorem 1.8 is given in Hale and Waltman [81]. Theorem
2.1 to Theorem 2.4 are adopted from Leung [125] and Pao [183]. Theorems 2.5
and 2.6 can be found in Pao [183]. Theorem 2.7 and Corollary 2.8 are obtained
from Cantrell and Cosner [19]. Theorems 2.9 to 2.11 and Corollary 2.12 are
obtained from Leung and Zhang [143]. Theorems 3.1 to 3.5 and Corollaries 3.6
to 3.7 are proved in Lou and Ni [164]. Theorem 3.8 is found in Wang [226].
Theorems 4.1 to 4.4 are presented in Leung and Fan [135]. Theorem 4.5 is due
in Ryu and Ahn [198]. Theorems 4.6 to 4.10 are obtained from Leung [124].



Chapter 5

Traveling Waves, Systems of
Waves, Invariant Manifolds,
Fluids and Plasma

5.1 Traveling Wave Solutions for Competitive and
Monotone Systems

Many results concerning traveling wave solutions for ecological reaction-diffusion
systems are published in the last seventies and eighties. Early results are ob-
tained by Tang and Fife [215], Gardner [68], Conley and Gardner [31], Dunbar
[55] [56], Mischaikow and Hutson [174]. These results were deduced by dynamical
systems and ordinary differential equations methods, using theories concerning
stable and unstable manifolds. On the other hand, Volpert et al. [224] use
comparison method of parabolic systems and upper-lower solutions to find trav-
eling wave solutions. One can find many interesting results related to competing
species, prey-predator and interacting populations in the review article by Gard-
ner [69]. This section describes some more recent results concerning competing
populations and monotone systems. We use the method of upper-lower solu-
tions for elliptic systems to prove the existence of traveling wave solutions. Such
methods are used by Volpert et al. [224], Ye and Wang [238], and Zou and Wu
[243]. The techniques have been extended to finding traveling wave solutions for
delayed equations (see e.g. Wu and Zou [234] and Boumenir and Nguyen [14]).
More specifically, we first consider traveling wave solutions of the system:

up = dugy + u(a; — bju — c1v),
(1.1) (x,t) € R x [0, 00),
vy = dvg, + v(ag — bau — cov)

391
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where v = u(x,t),v = v(x,t); and d, a;, b;, ¢; are positive constants. The system
describes two interacting species with diffusive effects. The quantities u and
v are the concentrations of two competing populations. The parameters a;,
1 = 1,2 are the intrinsic growth rates of the species; b1, co are the crowding-effect
coefficients. The parameters ¢; and bs are the coefficients describing competition
between the species; and d is the diffusion constant.

In the Part A of this section, we will always assume the following hypotheses:

al a9
Pl — < —=; d
[ ] bl < b2 ? an
P2 24

C9 C1

Under conditions [P1] and [P2], Tang and Fife [215] proved the existence of
traveling wave solutions moving from (0,0) to the positive coexistence equilib-
rium. In each of [215], [31] and [68], dynamical system and ordinary differential
equation methods are used to prove the existence of various traveling wave so-
lutions for competing species models. More recently, Li, Weinberger and Lewis
[147] considers a special example of (1.1) satisfying [P1],[P2], and the existence of
traveling wave connecting a mono-culture (i.e semi-trivial) state to co-existence
state is proved by taking limit for recursion monotone maps as in Lui [166]. The
presentation and method in this section is different and more readily applicable.

It is a general belief among biologists that if the two competing species
have different preferences in resource usage, then the intra-specific competi-
tion between the two species is stronger than the inter-specific competition,
therefore, the co-existence of the two species is possible. We will show rig-
orously that under some mild conditions, there can be traveling waves mov-
ing from monoculture (i.e. semi-trivial) steady state to coexistence steady-
state. Moreover, the traveling wave solution has certain speed and a par-
ticular shape. More precisely, The traveling wave solutions have the form

(u(\/Fx + cart),v(\/Gx + cart)), ¢ > 2 bularea—azer) o q join the equilibria

ay(bica—bacy)

az ajco—azc1 asbyi—aibs ar . .
(0,82) and (F2=p2, A1 2) as \/fa + cart moves from —oo to +oco. This
means that the first species move from extinction to the positive co-existence
state, while the second species move from carrying capacity state to co-existence

state.

In Theorem 1.1 and Corollary 1.2, we use the method of upper-lower solutions
to prove the existence of traveling wave solutions. In order to simplify the
proof, we make a change of variable in the second equation of (1.1) by reversing
order so that the resulting system becomes monotone (with respect to the other
component). For such system, we can utilize available theorems in [224] to
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simplify the proof of our present theorem. In order to apply the theorem, we
simply need to construct upper solution with appropriate limiting values for the
system. The construction of upper solution for the system is made by using
traveling wave solutions with appropriate dichotomy properties for the scalar
KPP (Kolmogorov, Petrovskii and Piskunov [106]) equations. The use of such
method avoids the difficulty of analyzing the stable and unstable manifolds used
in dynamical system method in [215] and [31]. The proof of Volpert’s theorem
obtains the traveling wave solution from the limit of a subsequence chosen from
shifts of solutions of an appropriate elliptic system of one independent variable.
Further, the solutions of the elliptic system are obtained from limits of solutions
of corresponding parabolic system as time tends to infinity. There is no need to
explicitly construct a non-trivial lower solution. The presentation of Part A of
this section is obtained from the beginning part of Hou and Leung [90].

In Part B of this section, the traveling wave solution is constructed by an
iterative scheme of solutions of elliptic systems, without using any theory from
parabolic equations. The results of this part is adopted from Wu and Zou [234],
[235] and Boumenir and Nguyen [14]. The results of this method are applied to
study system (1.1) for the case:

[P2] 22 - %; and
Co C1
a9 aq

P3 =< —.

P3] 3~ <3,

Under some more mild conditions in this case, the traveling waves (u(/ % +
cart), v(\/%x + cait)) connects the steady state (0,az/cz) and (a1/b1,0) as
\/?ac + cait moves from —oo to +oo. That is, the first species move from
extinction to carrying capacity, while the second species move from carrying
capacity to extinction. Although both upper and lower solutions have to be
constructed, the lower solution is not required to satisfy the stringent limiting
conditions at +o0o. Moreover, one obtains more precise estimate of the asymp-
totic behavior of the traveling waves at £0o0. The two methods in Part A and
B serve to supplement each other when one of them does not apply because of
various additional constraint conditions.

Part A: Existence of Traveling Wave Connecting a Semi-Trivial Steady-
State to a Coexistence Steady-State.

Letting:

(1.2) T=ait and x=/a7'd %,
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equation (1.1) can be written as:

ur = uzz +u(l — al_lblu — al_lclv),
(1.3) (#,7) € Rx R*
vy = Vzz + v(al_lag - al_lbgu — al_lcgv).

Let

(1.4) u = kw, v=qz,
where k = albl_land q is a constant satisfying:
(1.5) ascyt < q < areyt

System (1.3) becomes

wr = wzz + w(l —w —1rz),

(1.6)
zr = zzz + 2(e1 —bw — e1(1 + €2)2)
where
r= al_lclq , €1 = al_lag,
(1.7)

b= bgbl_l , €0 = a2_102q — 1.

We will study system (1.6) which is related to (1.1) by the change of variables
(1.2) and (1.4).

Recall that in Part A of this section we will always assume the following
hypotheses:

ai az
Pl] — < —=; d
[P1] 5o <5 an
[P2] @2 9

C9 C1

We first consider the system of ordinary differential equations corresponding
to (1.1), i.e. d = 0. Under conditions [P1] and [P2], The points (0, #) and

(a162—a261 a2bi1—a1bs
bica—baci ? bica—bacy

and the second stable. (See Figure 5.1.1.)
We will prove in this section the existence of traveling wave solution of system
(1.6), with d > 0, of the form (u(\/%x + cait),v(\/%Gx + cait)) joining the

o1 . — — a
equilibria (0, ¢2) and (=32, abflc’;_ggé’f) as Yz+x + cait moves from —oo to
~+00.

) are equilibria, with the first equilibrium being unstable
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0

Figure 5.1.1: Nullclines for ODE system corresponding to (1.1) under hypotheses
[P1] and [P2]; the symbols - and o represent stable or unstable equilibrium
respectively.

As mentioned above, the changes of variables described from (1.2) to (1.5)
transform system (1.1) into system (1.6) with parameters given in (1.7). Note
that hypotheses [P1] and (1.5), lead to the relation

(1.8) 0<b<e,0<r<l1,e >0.

Observe that by choosing ¢ close to ascy Lin (1.5), €2 can be made arbitrarily
small. We now summarize the transformations in the following lemma.

Lemma 1.1. Consider system (1.1) under hypotheses [P1] and [P2]. The
change of wvariables (1.2), (1.4) with q satisfying (1.5) transforms (1.1) into
system (1.6). The parameters in (1.6) are related to those in (1.1) by (1.7).
The parameters r, €1, €2 and b satisfy the inequalities in (1.8).

One can readily verify that if (w(Z,7),2(Z, 7)) is a solution of (1.6), then
(1.9)

(u(x,t),v(x,t)) = (u(\/azdljz,al_lT),v(\/aZdlir,al_lT)) = (kw(z, 1), qz(z,7))

is a solution of (1.1), where k, g are described in (1.4), (1.5). We will look for
solution of (1.6) with the form (w(Z,7), 2(Z, 7)) = (w(§), 2(§)), £ = T+cT, where
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¢ > 0 satisfying:

1
"1+ e

hm&—»—oo(w(fx Z(f)) = (0 ))

(1.10)
. 61(1+62—T) 61—b
e (14 e) —brl e (1 +e) —br

limg_)oo(w(g)v Z(g)) )

Relating back to (1.6), we are thus looking for solutions of

—wee + cwg = w(l —w —1z),
(1.11) —00 < { <00
—2¢e + cze = z(e1 — bw — €1 (1 + €2)2),

with boundary conditions (1.10).

Theorem 1.1 (Traveling Waves Connecting Semi-Trivial to Coexis-
tence State). Under hypotheses [P1] and [P2], system (1.1) has a traveling
wave solution of the form:

(1.12) (u(z,t),v(x,t)) = (k:w(\/%lx + capt), qz(\/%lx + capt))

for any ¢ > 2 2—1(%). Here (w, z) is a function of one single variable &

satisfying (1.11) for —oo < £ < oo, and (1.10) as & — +o0o. Moreover, w(§)
and z(§) are positive monotonic functions for —oo < £ < 0.

Remark 1.1. The function (w, z) in (1.12) now satisfies (1.11) with parameters
satisfying (1.7), (1.8) as described above. Moreover, we have

limt_,_oo(u(a:, t)a v(x, t)) = (07 a2/02)7

(1.13) ajcg — agcy asby — ayby

limy— oo (u(z, t),v(z, 1)) = (blcg S s———_

Proof. Note that by (1.7), we always have relation

(I1+e—r)er by (a1c2 —azey)

1.14 -_— = —
( ) 61(1 + 62) —7rb a1 (blCQ — bQCl)

> 0.

The last inequality above is due to [P1] and [P2]. After transforming (1.1)
into (1.6) and (1.11) as described above, we next introduce the transformation

ur(§) = w(f),
(1.15)
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1

Figure 5.1.2: Nullclines for system (1.16); A = (1,%), B = ((1—“2_“61

61(1+€2)—Tb’
(Heggz?i;g_m) ). I and IT represent the nullclines 1 — 17— —u1 +7rug = 0 and

_l’_
bu; — €1(1 4 e2)ug = 0 respectively.

for —oo < € < co. This transforms (1.11) into

. 14+e —r
—(u1)ge + c(ur)e = ua( 1+ uy + rug),
(1.16)
1
—(u2)ee + c(uz)e = (1 —ug)(bur — €1 (1 + €2)ua)
+ €2

for —oo < & < o0, which is monotone (with respect to the other component)
for 0 < wuq, 0 <wug < ﬁ We illustrate the transformed system (1.16) by the
above Fig. 5.1.2.

Note that the two expressions on the right of (1.16) now vanish simultane-

ously at (up,us) = (E(llarf;ﬁi}b, a +E2b)((1;(€12;:2))_rb)) in the first quadrant. The

second component satisfies

b(1+ e —1) 1

(1.17) 1+ e)(e(l+e)—rd) “Tte

because 0 < b < €;. We now construct a pair of coupled upper solutions for sys-
tem (1.16). Let u,(§), —0o < £ < 00, be the monotone solution of the following
KPP equation:

146 —1)g
1.18 " cu (— —
(1.18) tp U +up(61(1—|—62)—rb

p p up) =0,
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with lime_oou,(§) = 0, and limg_oou,y(§) = M From [106], such

e1(14e2)—r
solution u,(§) exists for ¢ > 2\/ 1J1rf62r &= 2\/b1 (’Ziiz ‘522;1
Define
_ _ b
Ul(f) - up(§)7 U2(£) - 61(1 + 62)up(§)'
Observe that the system (1.16) is monotone in the region:
(1+e—1r)a . _
0<uy <~ 27O e i, ,
“ e1(l+e) —rb Ui = limg—oo W1(8)
(1.19)

b(l + €2 — T‘)
(1 + 62)(61(1 + 62) —rb
(That is, the expressions on the right of (1.16) are nondecreasing in the off

diagonal variables.)
For 0 < uy < ug(&), one readily verifies that

0<uy <

] = uh = limg_o0 U2(§).

l+e—r

— U +ru
14 e ! 2)

—(U1)ge + ctr)e —
(lI4+e—-1ea _  l4e—1  _ _

! e1(1+€)—rb 1+ e + i1 = riip)
(I+e—r)(l+e)g—a(l+e—r)(1+e)+rb(l+e—r1)

(1.20) > w( (e1(1+e2) —rb)(1 +e2)

_Tibu*)
61(1 + 62) 1

_(I+e—r)(I+e)(ea—ea)
(61(1 + 62) — ’I”b)(l + 62) -

For 0 < uy < u9(§), one verifies

1
—(ti2)ee + c(tiz)e — ( — tig)(buy — e1(1 + €2)uz)
14 €
b (I+e—rea )
er(1+ EQ)UP e1(1+e€)—rb Up
(1.21)
(— )by — e1(1+ €2)a)
14+e e(l+ 62)uP e 2t
1 _
b (14+e—r1)a —uy) >0,

u
e(l+e) “e(l+e)—1b
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The pair of functions defined by:

(1.22) p1(§) = w1 (=€) , p2(§) = u2(—¢)
form a pair of upper solutions for the monotone system

l1+e—1r

—p1 + =0,
T o p1+1p2)

(p1)ee + c(p1)e + pa(
(1.23)

(p2)ee + clp2)e + (Tlg — p2)(bp1 — €1(1 + €2)p2) = 0

for —oo < € < 00, in the sense that

= ~ _1+e—1r _
(Pr)ee + c(pr)e + pr(————— = P +7p2) 0,
+ €2
(1.24)
_ ) 1 ) i
(P2)eg + c(p2)e + (r@ —p2)(bp1 — e1(1 + €2)p2) <0

for —oo < & < o0, all 0 < py < p2(§), 0 < p1 < p1(§). (Note that the
system (1.23) is monotone (with respect to the other component) in the region:
0 < p1 <uj, 0<py < wuj, where uj,u; are defined in (1.19). In particular,
(1.24) is true when p; = p1(€) in the first equation, ps = p2(§) in the second
equation for all —oo < € < c0. Let

l1+e—7r

1+€2 —P1+7”p2)>

Fi(p1,p2) = pi(

Fy(p1, p2) = (

We clearly have for ¢ = 1,2 that

— — 1 .
o p2)(bpr — €1(1 + €2)p2)

sb

Fi(s, 5—7—=
(S 261(1+62)) >0

for s > 0 sufficiently small. We now apply Theorem 4.2 in Volpert [224],

p. 176, (or Theorem A5-7 in Chapter 6), with F = (F,F), wy = (0,0),
o = ((1+62—T)61 b(1+ea—7)

- 61(1+€2)—7’b’ (1+62)(61(1+€2)—’r‘b)
tions ?(é) = (p1(§)7p2(£))7 pl(é.) S 02(_00700)7i = 1727 decreasing mono-
tonically and satisfying limg_ 4o (&) = wi. The existence of the function

7 (&) = (p1(€), p2(€)) satisfying (1.24) implies that

. or+ F(0(8))
= inf {sup LK LS))
whi= nf fsup = e

) and K the class of vector-valued func-

}
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is finite, and we have ¢ > w*. We can thus apply Theorem 4.2 in [224] described
above to assert that the system (1.23) has a solution (p1(€), p2(§)) with each com-
ponent monotonically decreasing for —oo < ¢ < oo and limg_, 450 (p1(£), p2(§)) =
wx. (See Fig. 5.1.3 below.)

uz

A

——————————— B=w_ = (uju;)

Figure 5.1.3: Traveling wave connecting w_ = (u}, u3) with wy = (0,0).
The function

(1.25) (@1(8),42(8)) = (p1(=€), p2(=¢))

is then a solution of the system (1.16). Finally, setting w(§) = 41(£), z(§) =
ﬁ — Ug(€) for —oo < € < 00 as in (1.15), then (u(x,t),v(x,t)) as defined in
(1.12) is a traveling wave solution of system (1.1) for —co < x < 00, —00 <
t < 00, satisfying (1.13) as described in Remark 1.1 following the statement of
Theorem 1.1.

Remark 1.2. The wave speed of the solution (u(z,t),v(x,t)) for system (1.1)
described in (1.12) in the original space variable is cv/ad.

Interchanging the roles of a1,b; and ¢ respectively with as,co and bo, we
obtain readily the following corollary from Theorem 1.1.



5.1. TRAVELING WAVES FOR COMPETITIVE SYSTEMS 401

Corollary 1.2. Assume hypotheses [P1] and [P2]. Then for any c¢ >

by — arb
2 Ciw, system (1.1) has a traveling wave solution of the form:
ag (c2by — c1b9)

(1.26) (u(z,t),v(z,t)) = (ﬂ(\/%x + cast), @(\/%x + cast)).

Here 1,7 € C?(—00,00) are monotonic functions of one single variable, and

limy, o (u(z,t),v(z,t)) = (a1/b1,0),

(1.27) aicg — agcr agby —arby

limy, oo (u(z, t), v(2,t)) = bics —bacy bicg —baer )

Remark 1.3. The wave speed of the solution (u(z,t),v(z,t)) for system (1.1)
described in (1.26) in the original space variable is cv/aad.

Part B: Iterative Method for obtaining Traveling Wave for General
Monotone Systems.

As we see in part A, the existence of traveling wave solution of parabolic
systems can be reduced to the study of a system of ordinary differential equations
of the form:

(1.28) D" (t) — ¢p/(t) + F(p(t)) = 0, teR

where p € R", D = diag.(dy,...,d,) with d; > 0,7 = 1,...,n. Here, we assume
that F': R" — R" is continuous, and ¢ > 0 is a positive constant corresponding
to the wave speed. We will discuss the existence of solutions of (1.28) with as-
signed limits at +o00, under quasimonotone condition on F = (Fl, - Fn)T, using
the method of upper and lower solution. It is sometimes difficult to construct
C?(R, R™) upper and lower solutions of (1.28) with appropriate limits at 4oc.
We are thus led to the following concept.

Definition 1.1. A function p € C'(R, R") is called a quasi-upper solution of
(1.28) if

(1) superl|p(t)|] < oo, supierllp'(t)|] < oo,
(2) p"(t) exists and is continuous on R\{0}, and
supie p\ {03 10" (1)]] < o0,

(3) lim;_,o- p"(t) and lim,_,o+ p" () exist,
(4) p(t) satisfies

Dp"(t) —cp'(t) + F(p(t)) <0, for all t € R\{0}.
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A quasi-lower solution of (1.28) is defined in the same way by reversing the
inequality in the line immediately above.
We will look for solutions of (1.28) in the family of functions I' as follows:
I':={p € C(R,R") : ¢ is non-decreasing, and
limi——oop(t) = 0, limi—o0p(t) = K},

where K = (K1,..., K,)T is given fixed, with K; > 0 for i = 1,...,n. Here,
© is non-decreasing is interpreted componentwise. For comparing two vectors
v= (i), 2 = (21,..,22)] € R™, we write y > z if and only if y; > z
for ¢ = 1,...,n; and if there is at least one 7 such that y; > z;, we write y > z.

We will assume that F has the following properties concerning its zeros and
quasi-monotonicity:

[A1] F(0) = F(K) =0 and F(u) # 0 for u € R" with
0 <u <K, where K = (K, Ky, ..., K,)T, K; >0, fori =1, ...,n.
[A2] There exists a matrix 3 = diag(fi, ..., 3,) with 8; > 0 such that

H(p) — H(yp) >0, for all ¢,9 € R", satisfying 0 < ¢ < ¢ < K, where

(1.29) H(v) = F(v) + v forve R"

We will be iterating from a quasi-upper solution of (1.28), and will be led to
solve the linear problem

Dz"(t) — ca!(t) — Bx(t) + H(4(t)) =0, tER
for given ¢(t). Let

— 2 40;d; 2 40;d;
(1.30) Mo CSVE TGy eR Ve FABd

2d; ' 2d;
which are the real roots of the equation
diN?—eN—pB;=0, i=1,2,..,n, with 3; > 0.
The solution of the above linear problem leads to the following operator:
(1.31) G(H(9))(t) = (G1(H1())(t), .., Gn(Hn(6)) ()",
where H = (Hy, ..., H,)7,

Gi(Hi(9))(t) := m(ﬁo@ i) [ (¢(s))ds
(1.32)

+ [0 209 Hy(p(s) ) ds).
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Before solving (1.28), we first review some basic definition and theorem con-
cerning scalar linear nonhomogeneous second order ordinary differential equa-
tion. Consider

(1.33) u'(t) 4+ o' (t) — Bu(t) + f(t) =0, te R, u(t) e R

where f() is a continuous and bounded function on R\{0} with left and right
limits at t =0, f(07) and f(0"). The parameters o and [ are real with 3 > 0.
The characteristic equation

Mrar—p3=0

has two distinct roots of opposite signs, A\; < 0 and Ay > 0. Since we will allow
f to have jump discontinuity at t = 0 (cf. (1.39) below), we need to clarify our
terminology.

Definition 1.2. Suppose that f is bounded and continuous on R\{0}, and both
f(07) and f(01) exist. A function u defined on R is said to be a generalized C*
bounded solution of (1.33) if

(1) u satisfies (1.33) on R\{0},

(2) u and ' are bounded and continuous on R,

(3) u” exists and is continuous on R\{0}, and both v”(07) and u”(0") exist.
Lemma 1.2. Consider equation (1.33) with B > 0. Suppose that f is bounded
and continuous on R\{0}, and both f(0~) and f(0%) exist. Then (1.33) has a

unique generalized C* bounded solution (in the sense of Definition 1.2) which is
given by

(1.34) au(t) = " i N (/_t M9 £(5)ds + /t+oo 2 (t=5) £(5)ds).

Proof. The function 4(t) define by formula (1.34) is well-defined and is bounded
on R. Direct calculation shows that it is continuously differentiable on R and
@' (t) is bounded on R. Moreover, 4(t) exists on the whole R except possibly
at t = 0, while @”(07) and @”(07) exist. In fact 4(t) is a classical solution of
(1.33) on each of the two intervals (—o0,0) and (0,400). It remains to show
uniqueness, that is u(t) = a(t) for any generalized C'! bounded solution u(t) of
(1.33). Since the function u(t) — u(t) is a classical solution of (1.33) on (0, c0),
we have
u(t) — a(t) = c1eMt + ce?t, for t >0,
where c1, co are constants. From the boundedness of u and 4, we deduce co = 0,
ie.
u(t) — a(t) = creMt, for t > 0.
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Similarly, since u — @ is a bounded classical solution of (1.33) on (—o00,0), we
find
u(t) — a(t) = e, for t < 0.

Since u — 4 is continuous at ¢ = 0, the last two formulas yield
(1.35) € = c.

Similarly, since v — @ has continuous derivative at ¢ = 0, we obtain
(1.36) Aic] = \aco.

Since A\; < 0 and Az > 0, (1.35) and (1.36) imply that ¢; = co = 0.

We now begin to find solution of (1.28) in the family of non-decreasing func-
tions I with appropriate limits at 4oo.

Lemma 1.3. Suppose [A1] and [A2] hold. Then for any ¢ € T', we have
(i) H(é(t)) >0, fort € R,
(ii) H(p(t)) is non-decreasing int € R,

(i1i) H((t)) < H(¢(t)) for allt € R, if v € C(R,R"™) is given so that 0 <
b(t) < 6(t) <K fort € R.

Proof. Assertion (i) follows readily from assumptions [A1] and [A2] since
F(0) = 0. Assertion (iii) is a direct consequence of [A2]. To prove (ii), let
t € R and s > 0 be given. Then, since ¢ € I'; we have

0<o(t) <ot +s) <K.

Consequently [A2] implies that H(¢(t + s)) — H(¢(t)) > 0. This completes the
proof.

Lemma 1.4. Assume [A1] and [A2]. Let p(t) and p(t) be quasi-lower and
quasi-upper solutions of (1.28), with p € I' and additional properties

[H1] 0 < p(t) < p(t) <K, t € R,

[H2] p(t) £ 0,t € R.

Suppose that N\j1 and N2, i = 1,....,n are given by (1.30) with 3; > 0, and define
(1.37) o1 = GUH(p))(t), for t € R,

where G(H) is given in (1.81) and (1.82). Then

(i) ¢1 € C*(R, R"™), and satisfies

(1.38) D (t) — cg'(t) — Be1(t) + H(p(t)) = 0 for t € R,
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(M') le € F;

(iii) p(t) < ¢1(t) < p(t), t € R; and

(iv) ¢1 is an upper solution of (1.28), i.e. (1.28) is satisfied for all t € R with
“=7 replaced by “<”.

Proof. Since F is continuous in R" and p is in C1(R, R™), direct computation
shows that ¢; € C?(R, R") and satisfies (1.38) for all t € R. To show (ii), we
first consider the limits of ¢ (t) := (¢11(1), ..., o1, (t))T as t — +oo. Applying
L’Hospital’s rule to the formula (1.37) and (1.32), and using [Al] and p € T, we
obtain

—X1i —A2;

lim;—, ¢1z( ) m limy—,

=1 70 01 _ .
o di()‘%_)\li)[—)\li + )\21-] - 07 1= ]-, ., N,

and

T+ 00 $1i (1) = gy =y M- poo[FK1 — P02

_ 1 BiK; BiK;
- di(>\2i—>\1¢)[—>\1¢ + A2, ]

. BiKi _ BiKi _ .
T =Auiddi T B T K;, i=1,.,n.

Thus, we obtain lim;_,_« ¢1(t) = (0,...,0)7 = 0and limy_, o, = (K1, ..., K,)T =
K.

We next show that each component of ¢; is non-decreasing in R. Let t € R
and s > 0 be given. Then

G1i(t +5) — d14(t)

= e e O (p(0)d0 + [T, 0 Hy(p(6))db)]

— o s O H (5(0))d0 + [ X O H,(p(9))d6)

= Tor e MO H(p(0 + 5)) — Hi(p(6))]d0
+ e U O Hi (50 + 5)) — Hi(p(6))]d0

> 0.

The last inequality is due to Lemma 1.3(ii). This completes the proof of part
(ii) of this lemma.
To show part (iii), we denote

wl(t) = lei(t) — ﬁl(t) forte R, i=1,...,n
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From (1.38), we find for each i = 1,...,n,
diwy (t) — cwi(t) — Bwq(t) = —dipf () + cpi(t) + Bipi(t) — Hi(p(t))
(1.39) — i) + epl(t) - F(p(1)
= —ri(t),
where 7;(t) 1= d;p!(t) — cpl(t) + Fy(p(t)) < 0 for all t € R\{0}, since 7 is a

quasi-upper solution of (1.28). Thus w;(t) is a generalized C'! bounded solution
of (1.39) in the sense of Definition 1.2. By Lemma 1.2, we have

t “+oo
(1,40) wi(t) = m[/;oo e)‘“(t_s)ri(s)ds +/t €A2i(t_s)7”i(3)d8].

Since r; < 0 in R\{0}, we find from (1.40) that ¢1;(t) — pi(t) = w;(t) < 0 for
t € R. This proves ¢1,(t) < p;(t), for t € R. Similarly, we show that p(t) < ¢1(t)
for t € R, since p is a quasi-lower solution. This proves assertion (iii).

To show that ¢, is an upper solution of (1.28), we verify for all t € R,

D@/l (t) — ¢ (t) + F(1(t) = D(t) — ey (t) — Bbr(t) + H(¢1(t))
= D¢ (t) — ¢} (t) — Ber(t) + H(p(t)) + [H(¢1(t) — H(p(t))]

= H(¢:(t)) — H(p(t)) < 0.

The last inequality is true by means of Lemma 1.3(iii) and 0 < ¢1(t) < p(t) < K
for t € R. This proves Lemma 1.4.
We next inductively define for ¢t € R

(1.41) b (t) == G(H (dm_1(t)), m=2,3,..

We can inductively prove as in the last lemma the following.

Lemma 1.5. Assume all the hypotheses of Lemma 1.4. The function ¢, (t), m =
2,3,... defined by (1.41) satisfies:

(i) ¢m is the classical C*(R, R™) solution of
(1.42) Dy (t) — e (t) — Bdm(t) + H(pm-1(t)) =0, t € R, m=2,3,... 4

(ii} om €1
(ii1) p(t) < dm(t) < dm-1(t) < p(t), t € R; and
(iv) each ¢n, is an upper solution of (1.28).
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Theorem 1.3 (Main Existence Theorem). Assume [A1] and [A2]. Let p(t)
and p(t) be quasi-lower and quasi-upper solutions of (1.28), with p € T' and
additional properties

[H1] 0 < j(t) < p(t) <K, t € R,

[H2] j(t) £0,t € R.

Suppose that Ay and N2, i = 1,...,n are given by (1.30) with 3; > 0; let ¢1(t)
be defined by (1.37), and ¢m(t),m = 2,3,... be defined by (1.41). Then the
function ¢(t) := limm—.cPm(t) exists and satisfies

(1.43) pt) < 6lt) < 5(t), t€ R.
Further, the function ¢(t) is non-decreasing for t € R with the property
(1.44) tli_m o(t) =0, tli§1 o(t) =

and is a classical solution of (1.28) fort € R. (Note that the quasi-lower solution
p(t) may not belong to the family I' of functions.)

Proof. Since ¢,,(t) is non-decreasing by Lemma 1.5(ii), we have the limit
function ¢(t) non-decreasing for ¢t € R. Similarly, (1.43) follows from Lemma
1.5(iii). Denote the i-th component of ¢(t) and ¢, (t) by (¢(t)); and ¢mi(t)
respectively for ¢ = 1,..,n. From (1.41) and Lebesgue’s dominated convergence
theorem, we have

(1.45)

= oy W acl [ D H (1 () ds

+ [0 X2 ) Hy( b (s))ds]

= o [N [ e H (6(s))ds + et [ e Hy((s)) ds]

fort € R,i =1,2,...,n. Direct calculation gives

(&1 = it [ gy Hi(o(s))ds

(1.46)
6—/\ i
+)\2 €>\27‘t t d(Ti)\lz)Hl(gb(S))dS’
and
(¢"(8)i = At [1 S Hi((s))ds
(1.47)

. [e's) 67’\ is
+AZMt [P S Hi(0(9))ds + s i — o)
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Thus, from (1.46) and (1.47), we obtain
di(¢"(t))i — c(¢'(t))i — Bi((t))s
= (dX2, — Ay — kafmwggmﬂw@ms
+(did3; — chas — Bi)erat [F° 6 Hy(6(s))ds — Hi(6(t))
— _Hi((1)), teR, i=1,..n.

From the above equation, we find

D" (t) — ¢/ (t) — Bo(t) = —H(9(t)) = —F(p(t)) — Bo(t), t€ R.

That is ¢(t) is a solution of (1.28). From [H1], (1.43) and the fact that
lim;._ p(t) = 0, we obtain lim; , o ¢(t) = 0. On the other hand, ¢(¢) is
non-decreasing and bounded from above by K. We must have lim;_, o ¢(t) =
Q = (Q1,...,Qn) exists and Q; < K;,i = 1,...,n. From [H2] and (1.43), we
obtain Q # 0. Applying I'Hospital’s rule to (1.45), we obtain

Qi = hmt_""oo((b(t))i = limy— 00 di()\Qil_)\li) [Hi—(fg)) + Hig\qut))]

Fi(Q)+8:Q:
—d; A2 A4
(1.48)

_ F(Q)+8:Q:

%—i—@i, Z':l,...,n.
This leads to F(Q) = 0. By assumption [A1], we must have Q = K. That is

lim;, 4 ¢(t) = K. This completes the proof of the theorem.

We now use a variant of Theorem 1.3 to investigate the competitive system
(1.1), under different assumptions on the parameters as in Part A. We will
assume:

P2] 2 <2
C9 C1
P3 22 < 2L,

ba by
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Figure 5.1.4: Traveling wave connecting (0, ¢2) and (3, 0).

Recall [P2] was introduced in Part A. Under conditions [P2] and [P3], the two
straight lines a; —b;u—c;v = 0,4 = 1,2 do not intersect in the first quadrant. Un-
der another additional assumption, we will use a variant of Theorem 1.3 to prove
the existence of traveling wave solution of the form (u(\/%x + cait), v(y/%z +
cait)) connecting the steady-states (0, £2) and (3, 0) as /G z+cart moves from
—00 to 0co. This means that the first species move from extinction to carrying
capacity, while the second species move from carrying capacity to extinction.
(See Fig. 5.1.4.) We call such traveling waves exclusive in Theorem 1.4 below.

Lemma 1.6. Consider system (1.1) under hypotheses [P2] and [P3]. The
change of wvariables (1.2), (1.4) with q satisfying (1.5) transforms (1.1) into
system (1.6). The parameters in (1.6) are related to those in (1.1) by (1.7).
The parameters r, €1, €2 and b satisfy the inequalities in (1.49) below:

(1.49) 0<er <b,0<r<1,e>0.

Note that the relation between €1 and b is now different from (1.8) because of
the different hypotheses. One can readily verify that if (w(z,7),2(Z,7)) is a
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solution of (1.6), then
(1.50)

(u(zx,t),v(x,t)) = (u(\/Z$ aj 1T),U(\/az‘lla~:,al_l7')) = (kw(z, 1), qz(Z,7))

is a solution of (1.1), where k, ¢ are described in (1.4), (1.5). We will look for
solution of (1.6) with the form (w(Z,7), 2(Z, 7)) = (w(&), 2(§)), £ = T+cT, where
c > 0, satisfying

1
lime—, — o (w(§), 2(£)) = (0,
(1.51) g Lt e

limg oo (w(§), 2(§)) = (1,0).

Relating back to (1.6), we are thus looking for solutions of

),

—wee + cwg = w(l —w —1rz),

(1.52) —00 < £ < 00
—2¢e + cze = z(e1 — bw — €1 (1 + €2)2),

with boundary conditions (1.51).

Theorem 1.4 (Exclusive Traveling Waves for Competing Species).
Under hypotheses [P2], [P3] and

[P4] Pt g <142,

c2a1 —

system (1.1) has a traveling wave solution of the form:

(1.53) (u(z,t),v(x,t)) = (kw(\/%l;r + caqt), qz(\/%la: + capt))

for any ¢ > 2,/1 — ¢ Zi Here (w,z) is a function of one single variable &

satisfying (1.52) for —oo < £ < oo, and (1.51) as & — +o0o. Moreover, w(§)
and z(§) are positive monotonic functions for —oo < £ < 0.

Remark 1.4. Note that in Theorem 1.4, we have
limy— oo (u(z, t),v(x,t)) = (0,22),

) ¢y

(1.54)
limy oo (u(z, 1), v(2,t)) = (§+,0).

Proof. First, we note that from (1.7), no matter how ¢ is chosen in the interval
described in (1.5), we always have the relation:

r 1 Cc1a9
1+ €2 a1C



5.1. TRAVELING WAVES FOR COMPETITIVE SYSTEMS 411

We begin by transforming (1.11) or (1.52) into (1.16) by the change of variable
(1.15) as in the proof of Theorem 1.1. The system (1.16) is now monotone for
0 <u,0 <wuy < ﬁ We now modify the proof of Theorem 1.1 by defining
Y (€) to be the increasing function satisfying:

r

1. Ve + ¥y = (1 —
(1.55) g+ Ye=(1- 17—

Y(1-Y)

for —oo < & < oo with limg_,_ o Y (§) = 0, limg Y (§) = 1. Such solution

Y (&) exists for ¢ > 2,/1 — %, by the choice of 1 — ﬁ as explained above and

the results in [106]. We now construct a new pair of coupled upper solutions for
the system (1.16). Define

_ _ 1
(1.56) ur(§) =Y (§) , u2(§) = 1 Y (§).
+62
For 0 < uy < un(§), we readily verify that
1 _
=T () + 0y () = i (i — 1+ rua)
T
=(1- iy (1 — @) — ag (1 — —a
( 1+62)U1( ) — U ( o Ty + rus)
(1l — )1 =) 1+ —— @y —
(1.57) = uy 1+ o uy I +o Uy — ru2

for all —oo < & < 00. For 0 < uy < w;(€), one verifies

Q) + cahl€) ~ (1 — ) ur — ex(1+ e2) )

1

=1 {=Y"+eY'—(1-Y)(bus — 1Y)}
1

(1.58) -1 g {(1 - 1162)1/(1 ~Y)+(1 —Y)(elY—bul)}

1 T
1 T

= 1+62(1—Y)Y{1— T o +61—b} > 0.
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The last inequality is true provided b < 1 — ﬁ + €1, which is valid due to
hypothesis [P4].

We next construct quasi-lower solution for the system (1.16) in the sense
described in Definition 1.1. Actually the quasi-lower solution will even be in
C?(R), and is really a lower solution. We define Z(¢) to be the increasing
function satisfying:

r 1— Ir
)Z(1 - ——27)
1+62 1 - 1+e2

(1.59) —Zge + cZe = (1-—

T

1——T_
for —oo < & < oo with limg,_oo Z(§) = 0, limg_oo Z(§) = 1_2. Here [ is
1+eo

some number in the interval (0, 1) to be determined. One can readily verify that
the solutions of (1.55) and (1.59) are related by the following

1.7

(1.60) Z(6) = —2Y (), £€R
1—- 1_:62

Since 0 <l < 1, we have

(1.61) Z(€)<Y(E), £€R.

We define the quasi-lower solutions of (1.16) by setting

(1.62) i =7, iy =

N - _1l4+e—1r -
— (&) + cuy (&) — 1y ( e U1 + r2)
(163) _)lq__" y_(q_ ir 7 — lte-r 7 rt A
( 1—|—€2) ( 1+62) ( 1+ e )+ 1+ e

=0.

Moreover, we have
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(1.64)

() + e (€) — (—

14 €

— ) (biiy — €1 (1 + €3)@in)

l T Ir 1 l
= Z<1— —(1— 7y — — Z)bZ — e1lZ
1+ e { 1+e ( 1+62) } (1+62 1+ e ] alz}

- Z{(l—Z)—r( Lo Z)}

1+62 1+62 1+62

1 l

2 b7 — elZ
1+e 1+e ) {02 —elz}

.z
1+e

IN

1 l rl
— AR Z —bZz VA 1-1Z
(1—1—62 1+ ¢y ){ 1+ e tea }+( )

1 l rl
= — Z)< — ) I+l Z
(1+62 14 € ){ 1+ e +61+}

< 0.

The last inequality is valid provided that

b
1.65 0<l<min{l,——— 1}
(1.65) < { 1+€1—1+62}

Now we apply a slight variant of Theorem 1.3, with

Fi(p1,p2) = p1(HE2" — p1 + 7p2),

(1.66) )
Fy(pr, p2) = (135 — p2)(bpr — e1(1 + e2)pa)

for equation (1.28), f = diag.(6,9), 0 any positive constant for (1.29), K =
(1,@)7 p(t) = (Z(t),ﬁZ(t)), and p(t) = (Y(t),ﬁY(t)),t € R, as de-
scribed above. A slight variant is needed because [Al] is not true, with the
additional zero of F at (0, 1 j@) between 0 and K. By means of the iter-
ative procedure in the proof of Theorem 1.3 we obtain a solution of (1.16)
o(t) = (ui(t),us(t)), satisfying the inequality (1.43). From the comparison
argument with p(¢) in the proof of Theorem 1.3, we have

thI_Il ul (t) = ' llI_Il UQ(t) =0.

Again, by the limit and comparison argument in the proof of Theorem 1.3, we
obtain

(1.67) Jim ui(t) = Qi, i=1,2, and F(Q1,Q2) =0,
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where
(1.68)
1
i < < = i < < = .
O<t1l)I£lOZ(t)_Q1_K1 1, 0<tEI&1+62Z(t)_Q2_K2 1Te

From (1.66), (1.67) and (1.68), we conclude that we must have
1
1. =K =1 =Ky = .
(1.69) Q1 1=1, Q2 2= 17,

Relating the solutions of (1.16), (1.11) and (1.1), we obtain the assertions of the
theorem.

Example 1.1. Note that by hypotheses [P2] and [P3], we have 1 — 2122 > 0.
In case [P2] and [P3] are satisfied for the system (1.1), the additional hypothesis
[P4] will always be satisfied by reducing all the coefficients (except d) of the
second equation by the same factor, while holding the first equation unchanged.

As an indication, the system
up = dugy + u(b5 — 3u — 3v), v = dvgy +v(0.15 — 0.1u — 0.1v)

satisfies all the hypotheses [P2],[P3] and [P4]. From Theorem 1.4, we obtain
traveling waves with wave speed ¢ > 2/+/10.

From the comparison relation (1.43) in Theorem 1.3, used in proving Theo-
rem 1.4, we actually obtain the following result with more accurate description

of the asymptotic behavior of the traveling wave solution for system (1.1) at
Fo00.

Corollary 1.5 (Asymptotic Rates of the Traveling Waves). Under hy-

potheses [P2], [P3] and [P4], system (1.1) has a traveling wave solution of the
form (1.53) for any ¢ > 2,/1 — a2, Here (w, z) is a function of one single
variable & satisfying (1.11) or (1.52) for —oo < £ < 00, and (1.51) as £ — +oo.
Moreover, w(§) and z(§) are positive monotonic functions for —oo < £ < o0,
satisfying

0< Z(€) <w(€) <Y(9),
(1.70)

0< 7528 < 5 —2(6) < 75 Y (©).
Here Y (§) is the solution of (1.55) with lim¢_._o Y (§) = 0,lim¢_o0 Y (&) = 1;
and Z(€) is a solution of (1.59) with lime . Z(€) = 0, lime oo Z(€) = 142,
with | satisfying (1.65).

1+eo

Remark 1.5. Recently, correction for [234] is published in [235]. It is found
that the “lower” solution require more stringent smoothness than just continuity
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(i.e. CY), as initially described in [234]. Such correction has been included in
the presentation for Theorem 1.3 in Part B above. Note that we assume in
Theorem 1.3 that the “quasi-lower” solution is in C''. Unfortunately, the original
result in [234] was used to obtain upper and lower bound of the traveling wave
solutions in [136] and [90]. Such bounds lead to asymptotic estimate of the
traveling wave at +oo, and eventually to the stability (with a shift) result in
an appropriate weighted Banach space in [136]. The needed correction for [234]
would necessitate modification of proof in [136] in order to obtain stability (with
a shift) result. In order to retain the upper and lower estimate and the stability
result just mentioned for [136], it suffices to re-construct a C' lower-solution
or one with some additional condition of its derivative at ¢ = 0 as described
in [235]. So far this problem remains unsolved. Note that although we have
C? upper-lower solutions above in Theorem 1.4 and Corollary 1.5, Part B, the
hypothesis [P4] in Theorem 1.4 is different from the additional hypothesis called
[H3] in Corollary 2.3 of [136], used for stability analysis of traveling wave in [136].
Theorem 1.4 is thus an adjustment of the result in [136]. On the other hand,
the theory presented in Part A does not use any nonsmooth lower solution, and
no correction from the original is necessary.

5.2 Positive Solutions for Systems of Wave Equations
and Their Stabilities

Nonlinear hyperbolic systems of partial differential equations arise in the study
of physics and mechanics as the coupled sine-Gordon equations (see e.g. Temam
[217]). In Salvatori and Vitillaro [199], recent study is made by energy method
concerning the decay of the solutions for similar damped systems. This section
considers a system of nonlinear damped wave equations with symmetric linear
part. This can be called a coupled system of many vibrating strings. We will find
that a positive steady-state bifurcates from the trivial solution as a parameter
changes. The spectrum of the linearized operator is studied. Then the stability
of the positive steady-state is considered as a solution of the nonlinear hyperbolic
system. Asymptotic stability results are found for solutions in RV, for some N >
1. Bifurcation methods are used to find the steady-states; semigroup methods
and local bifurcation analysis are used to study stability. Stability results are
obtained although the semigroup is not analytic.

More precisely, we consider the positive steady-state solutions and their sta-
bilities for the following nonlinear system of damped wave equations:

uy + Pur = Au+ AB(z)u + A\G(u)u for (x,t) € Q x [0,00),
(2.1)
u=0 for (x,t) € 9 x [0, 00).
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Here, u = col.(u1,...,u,),B > 0, is a real parameter, G = [g;;] is an n X n
matrix function with each entry in C?(R") and g;;(0,...,0) = 0 for i,j =
1,...,n. Qis a bounded domain in R", with boundary 9Q of class C?T# 0 <
p < 1. The n x n matrix B(z) = [b;;j(x)] is assumed to satisfy

[H1] B(z) is a real symmetric matrix, with each entry b;;(z) in C*(Q),
0 < u < 1, and non-negative in .

[H2] There is a permutation {r1,re,...,rm,} of {1,2,... ,n} such that b,,,, #
0,bryrg Z 0, ..y, _1p 0, and by ., Z 0 in Q.

(The hypothesis [H1] will be modified to [H1*] below such that the diagonal
entries of B(x) may change sign). Nonlinear hyperbolic systems of similar nature
arise in the study of physics and mechanics as the coupled sine-Gordon equations.
This section follows the presentation in Leung [127]. The development can
be considered as an extension of the scalar results in Webb [230], where both
n = N =1, to systems with symmetric linear part.

We first show that a positive steady-state bifurcates from the trivial solution
as the parameter \ changes. Moreover, the corresponding elliptic system is
linearized at the positive steady-state and the spectrum of the linear operator
is investigated under appropriate conditions on the nonlinear terms. Next, the
stability of the positive steady-state is considered as a solution of hyperbolic
problem (2.1). Note that the corresponding semigroup here is not analytic, and
the stability theorem in Henry [84] (i.e. Theorem A4-11 in Chapter 6) does not
apply. The stability results here will be shown to be applicable to solutions in
R' by means of Morrey’s inequality, and to solutions in R or R* by means
of Gagliardo-Nirenberg-Sobolev inequality (cf. Evans [57]). Finally, positive
steady-state is found for A = 1 by means of global bifurcation, under further
assumptions.

For convenience, we will adopt the following conventions. Let E := {w
= col.(wy,...,wy) : w; € CHQ),w; = 0on 9N,i = 1,...,n}, P = {w =
col.(wi,...,w,) € E : w; > 01in Q4 = 1,...,n}, and Y := {w = col.
(w1, ... ,wy) :w; € C*TYQ),w; =00n 0Q,i=1,...,n}.

We first proceed to show that as the parameter A passes a certain eigenvalue
of the linearized system, a positive steady-state bifurcates from the trivial solu-
tion, using the theory of Crandall and Rabinowitz [33] Then, we will analyze the
spectrum of the elliptic part of the operator equation linearized at the positive
steady-state. The spectral analysis is quite different from those in Chapter 2,
because the system (2.1) here involves two time derivatives.

For convenience, we define the operator L, with n components as: L, =
(—A + ¢1(x),...,—A + qn(x)), where ¢;(z),i = 1,...,n are any non-negative
functions in CH(().
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Theorem 2.1. Under hypotheses [H1] and [H2], there exists (\o,u’) € R X Y,
such that

(2.2) Ly[u®] = XoBu in Q, u® =0 on 09,

with Ag > 0, and each component u? > 0 in Q,au?/ay < 0 on O for i =
1,...,n. Furthermore, the eigenfunction corresponding to the eigenvalue 1/\g for
the operator L;'B : [C1(Q)]" — [C1(Q)]" is unique up to a multiple. Also, the
number X = Ay is the unique positive number so that the problem u = AL;lBu
has a nontrivial non-negative solution for u € P.

Proof. The operator L;lB is completely continuous and positive with respect
to the cone P. By means of Theorem 2.5 in Krasnosel’skii [108] (i.e. Theorem
A3-10 in Chapter 6) we can obtain a nontrivial u® € P such that Lq_lBu0 = pou’
for some pg > 0 (i.e. (2.2), with A\g = 1/pg). By the nonnegativity of all entries
of B and hypothesis [H2], we show with maximum principle that u{ > 0 in Q
and dul /Ov < 0 on 9N for each i = 1,...,n. By using a comparison principle for
systems (Lemma 6.1 in Section 2.6), we can show in the same way as Theorem
6.1 in Section 2.6 that eigenfunctions corresponding to the eigenvalue 1/X¢ for
the operator Lq_lB is unique up to a multiple, and )\g is the unique positive
number with a non-negative eigenfunction as described above.

For a more general situation, we will allow the diagonal entries of B(x)
to change sign. For i = 1,...,n, let b;(z) = b} (x) + b (x), where b} (z) =
max{b;;(z),0} and b;, (x) = min{b;(x),0}. We introduce following hypothesis:

[H1*]  B(z) is a real symmetric matrix with each entry b;;(z) in CH*(Q). For
alli # j, b;j is non-negative in ), and there exists an integer k,1 < k < mn,
such that b}, (z) # 0 in Q.

The following is an extension for Theorem 2.1.

Theorem 2.2. Under hypotheses [H1*| and [H2], there exists (\g,1°) € R x Y
such that

(2.3) — A = XB(x)0? in Q, v° =0 on 09,

with \g > 0, each component v{ > 0 in Q and Ov)/ov < 0 on O for i =
1,...,n. Furthermore, the eigenfunction corresponding to the eigenvalue 1/Xy for

the operator (—A)~1B : [CH(Q)]" — [CH(Q)]" is unique up to a multiple..

Proof. We will use Theorem 2.1 to prove this theorem. For convenience, define
B = {b;j(x)} to be the n x n matrix function on € as follows:
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bij(x) = bi(x) if i # j,  bii(x) = b (2)
fori,j=1,...,n,z € Q. For each A\ > 0, define the n component vector operator
E)\ = (_A - )\bl_l(aj)v A )‘b2_2($)> ) —-A - )\b;n('r))v

and consider the eigenvalue problem
(2.4) Lyu=pBuin Q, wulgg =0,

with eigenvalue p. Since B satisfies the conditions in Theorem 2.1, the problem
(2.4) has a unique positive solution p = p(\), with corresponding eigenfunction
u) whose components are all positive in 2.

To proceed with the proof, we need the following two lemmas.

Lemma 2.1. Under the hypotheses of Theorem 2.2, the function p(\) is bounded
for all X € [0,00).

Proof. By hypothesis [H1*], there is an open set D in Q with its closure in §2,
such that by, = bgk in D for some k. Let ® be a nontrivial C**° function with
compact support contained in D. We clearly have | D b ®2dx > 0. Let uy, be as
described above, and set wy(z) = In(uy)i(z) for x € Q. Thus we have in D that

N
—Awy =Y (O(wy)/0z:)* = [1/(wr)][~A(ur)k — by () (ur)]

i=1
n ~
= [P/ ()] D bij (@) (un); > bi()p(N).
j=1
Multiplying by ®2? and integrating over D by parts on the left, we obtain

/ < OVw,,2Ve — dVwy > dr > ﬁ()\)/ b ®2dx.
D D

From this we deduce

[, < V&, Vo > da
Ip bk ®? dx

> p(A) >0
for all A € [0, 00).

Lemma 2.2. Under the hypotheses of Theorem 2.2, the function p(\) defined
for problem (2.4) is continuous for A € [0, 00).
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The proof of the two lemmas above are similar to that for Lemmas 6.2 and 6.3
in Section 2.6. Further details will thus be omitted.

To complete the proof of Theorem 2.2, we solve the equation p(\) — A =0
for A = 5\0 as described in (2.3). The solution of the equation must exist due
to the properties of p(\) described in Lemmas 2.1 and 2.2. The uniqueness of
eigenfunction up to a multiple for the eigenvalue 1/Xg follows from (2.4) and
Theorem 2.1.

Note that the pair (Ag,v°) in Theorem 2.2 also satisfies

(2.5) —Av® = AgBT (2)0°,

since B = BT. For convenience, we define an operator F : Rt x E — E by

(2.6) F\u) :=u—AN-A)"'B+Gw)u for (\u) € RT x E.
The steady-state solution of (2.1) can be written as

(2.7) F(\u) =0.

Defining operators

Ly:E—E by Lo:=1-X(-A)"'B,
L,:E—E by Li:=A"'B, and
G:R"xE—E by G\u):=M"CGu)u,
equation (2.7) becomes
(2.8) Lou~+ (A= Xo)Liu+ G\, u) =0, for (\,u) € RT x E.
As in Section 2.6, we readily obtain the following.

Lemma 2.3. Under the hypotheses of Theorem 2.2, the null space and range of
Ly, denoted respectively by N(Lg) and R(Lg), satisfy:

(i) N(Ly) is one-dimensional, spanned by v°;

(i) dim[E/R(Lo)] = 1

(iii) L1v° € R(Lo).

Applying the bifurcation theorem in Crandall and Rabinowitz [33] or Theo-
rem A1-3 in Chapter 6, we obtain the following.
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Theorem 2.3 (Bifurcation of Steady-States). Assume hypotheses [H1*],
[H2] and each entry of G is in C2(R"™). Then the point (X\y,0) is a bifurcation
point for the problem (2.7). Moreover, there exists a & > 0 and a C'-curve
(A(s),d(s)) : (=8,0) — R x E with \(0) = Xg, $(0) = 0, such that in a neighbor-
hood of (5\0, 0), any solution of (2.7) is either of the form (X,0) or on the curve
(A(s), s[t° + ¢(5)]) for |s| < 8, where s[v® + ¢(s)] > 0 in Q. (Here, (Ao, v°) is
described in Theorem 2.2).

We next investigate the spectrum of the linearized equation at the solution
on the bifurcation curve described in Theorem 2.3. We observe that by further
application of the theory in Crandall and Rabinowitz [33], we can assert that
there exists 8; € (0,8) and two functions (o(.), 2(.)) : (Ao — 61, Ao+ 1) — R x E,

A~

and (n(.), h(.)) : [0,01) — Rx E with (c(Xo), 2(Ag)) = (1(0), (0)) = (0,4°) such
that
DyF(X,0)2(\) = (M)A (2())), and

DaF(A(s), s[0” + d(s))h(s) = n(s)A7 (h(s)).

Here, o(\) and 7(s) are respectively A~!-simple eigenvalues with eigenfunctions
z(A) and h(s). The theory in [33] leads to the following.

Lemma 2.4. Assume all the hypotheses in Theorem 2.3. There exists p > 0
such that for each s € [0,01), there is a unique (real) eigenvalue n(s) for the
linear operator

(2.9) F¥ := ADyF(\(s), s[v° 4+ ¢(s)]) : Y — [CHQ)"

satisfying |n(s)| < p with eigenfunction h(s) € Y. That is,

(2.10) Frh(s) = A[R(s)] + A(s)[B + G(us) + Gulus)us)h(s) = n(s)h(s),

where ug = s[v® + ¢(s)]. Here Gy(us)us denotes the n x n matriz whose i-th
column is {0G [Ou; } (us)us.

In order to determine the signs of the real part of the eigenvalues we need
additional assumptions.

Lemma 2.5. Assume all the hypotheses of Theorem 2.3. Suppose further that

[H3] {0¢ij/0ur}(0) <0 forall i,j,k=1,...,n with at least one
mequality being strict.

Then, the function X(s) satisfies X' (0) > 0.
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Proof. Theorem 2.3 asserts that \ (0) exists; moreover, for s € [0,0), we have
As[v” + ¢(s)] + A(s) B(2)s[° + d(s)] + A(s)G(s[0” + @(s])s[v° + ¢(s)] = 0.

Dividing by s, then differentiating with respect to s and setting s = 0, we obtain

AP (0) + XN (0)B(z)v° + XoB(z)¢' (0) + XO%G(S[UO + &(5)])|s=0v® = 0.

T

Multiplying by (v)7 and integrating by parts over Q, we find

iy )\ v T%G Svo-i-g?)s s—ov'dx
o = L SO Sl

o )T I o) 52 (0)]o da

0
(1/%0) Jo V0O ~

The last inequality is due to hypothesis [H3].

Lemma 2.6. Under all the hypotheses of Theorem 2.3. The function o()\)
satisfies o’ (Ao) > 0.

The proof of the last lemma is similar to that for Lemma 6.3 in Section 2.6,
while using the additional fact that B = BT here. The details will be omitted.

Lemma 2.7. Under all the hypotheses of Theorem 2.3, and [H3|, there exists
d2 € (0,671) such that n(s) < 0 for all s € (0,92).

Proof. From Theorem 1.16 in [33], we find —s\(s)o’(Ao) and n(s) have the
same sign for s > 0 near 0. The conclusion follows from Lemmas 2.5 and 2.6
above.

The linearized eigenvalue problem for (2.7) at the bifurcating solution u =
s[v? + ¢(s)] is precisely (2.10). When s = 0,A = A(0) = A, the eigenvalue
problem corresponding to (2.10) becomes

(2.11) A[h) 4+ XoBh=nh,  heYy,

where 7 is the eigenvalue. Under hypotheses [H1*] and [H2], Theorem 2.2 asserts
that n = 0 is an eigenvalue for (2.11) with positive eigenfunction. Using this
property and the fact that the off-diagonal terms of B are all non-negative, we
can show the following, as in Leung and Ortega [138].

Lemma 2.8. Under hypotheses [H1*] and [H2], all eigenvalues in equation
(2.11) except n = 0 satisfies Re(n) < —r for some positive number r.

Theorem 2.4. Under the hypotheses of Theorem 2.3 and [H3], there exists
a number 0* € (0,6) and a positive function 7(s) for s € (0,6%) such that the
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real parts of all the numbers in the point spectrum of the linear operator F) are
contained in the interval (—oo,—1(s)), for s € (0,6%). (Here, § is described in
Theorem 2.3 and FY is described in (2.9) in Lemma 2.4).

The proof of Lemma 2.8 is the same as the proof of Lemma 2.8 in [138];
and the proof of Theorem 2.4, using the assertions in Lemmas 2.4 to 2.8 and
perturbation arguments, is the same as Theorem 2.2 in [138]. The details are
thus omitted. More details of proof of lemmas and theorems similar to those in
this section can also be found in Section 2.6.

We are now ready to discuss the stability of the positive steady-states found
in Theorem 2.3 with respect to the original system (2.1) of damped wave equa-
tions. For each s € (0,6%), the function us := s[v® 4 @(s)] described in Theorem
2.3 and Lemma 2.4 can be considered as a steady-state solution of (2.1) with
A= ;\(3) We now consider the time asymptotic stability of this steady state as
a solution of the system of hyperbolic equations (2.1). We convert (2.1) into a
first order system by letting

8ui/8t:vi izl,...,n,
(2.12)
Ov; /Ot = Auj — vi + A0 [bi(x) + gij(ua, . . . un)]uy.

Let J(us(z)) be the linearization of G(u)u (i.e. I[G(u)u]/0u) evaluated at u =
us. For convenience, define B(us(z)) := B(z) + J(us(z)) and let b;; denotes the
ij-th entry of B(us(z)). The system (2.12) linearized at us and A = A(s) can be
written in the form

(2.13) 98/0t = A5

where & = col.(uy, 01, . ..., Uy, Uy), and Ag is the differential linear operator on
the 2n components of & as follows:

Aj .ol Af,
Ag= | oo, ; where A7, are 2 x 2 blocks,
As oo A5

0 1 0 0
o ;A=
A+ A(s)bsi —5] ! [A(s)bij o]

for i # j, 4,5 = 1,...,n. Here, each A}, can be considered as an operator from
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[H2(Q) N HY(Q)] x HE(Q) into HE(Q) x L2(Q). Direct calculation shows that if
6 is an eigenvalue of Ay, then 62 4 36 is an eigenvalue of F. That is, if

A =0¢ for some £ € (] mHO ] x HY ()", then

At + A(s)B(ug)u = (6 + 80)a
where £ = col(t1, 71, ..., Un, Uy) and @ = col(@y, . .., %Uy,). In order to obtain the
stability of the steady-state us, we will impose an additional assumption:

[H4] B(us(x)) is symmetric in Q for each s € (0,5%).

By Theorem 2.4 and hypotheses [H4], as an operator on Y, the eigenvalues of

= A+ (s )B (us) are all strictly negative for s € (0,0%). However, the eigen-
values of A+ \(s)B(us) are the same, as an operator on Y or [H2(2) (| HA(Q)]".
Consequently, the eigenvalues 6 of A, s € (0,0%), satisfies

6%+ 50 —n =0,

where 7 are negative real numbers. Thus, the real parts of 6 are all strictly
negative. The operator Ay generates a strongly continuous semigroup Ts(t) on

X = [Hy(Q) x L*(Q)]",

with domain D(A) := ([H2(Q) N H (Q)] x HE(Q2))", (see e.g. [184]). Using the
fact that the real parts of € are negative, we now show the following stability
result for the linearized system (2.13).

Theorem 2.5 (Stability of the Linearized Equations). Assume hypothe-
ses [H1*],[H2],[H3] and each entry of G is in C*(R™). Suppose further that
B(us(z)) is symmetric as described in [H4], then the semigroup of bounded lin-
ear operator Ts(t),0 <t < oo, on X (generated by As ) satisfies

I Ts(t) [|< Me™™
for some positive constants M and k, which may depend on s.
Proof. Let p be a large enough positive constant such that

yTIN(s) B(us(2)) — plly < —w(y”y)

for all s € (0,6%),z € €, where w is a positive constant. Define the operator
S := —(A+ AB — pI)~! from [L%()]" into [LQ(Q)]” as follows. For each f €
[L2(Q)]", let g := S[f] where g € [H}(Q)]" N [H?()]", and << Vg,Vh >>
+ o P ( —AB + pl)gdx = Jo bt fdz for all h € [Hg(Q)]". Here << >> is
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the real inner product in [L2(Q)]™V. The operator S : [L?(Q)]" — [L?(Q)]" is
well-defined and compact by means of the Lax-Milgram Theorem and Sobolev
imbedding (cf. [57]). From the symmetric property of B, we can readily verify
that the operator S is symmetric as follows. Let f,h € [L2(Q)]", g = S[f],q =
S[h], and < > denotes the real inner product in [L?(2)]". Then we have

<Sf,h>=<g,—(A+;\B—pI)q> = <—Ag,q>—|—<g,—(5\B—pI)q>

=< -Agq>+<—-AB—pl)g,q> = < f,q> = < f,Sh>.

From the theory of compact symmetric operators, we assert that there exists a
countable orthonormal basis of [L?(02)]" consisting of eigenfunctions of S. Direct
computation shows that if 7 is an eigenvalue of (A + AB), then 1/(p — 1) is an
eigenvalue of S. Theorem 2.4 and the additional assumption that B is symmetric
thus imply that all the eigenvalues of S are of the form 1/(p+«;), with 0 < ag <
ag < ...,(note that a; depends on s). There exist corresponding eigenfunctions
{¢m}5°_;, which form an orthonormal basis in [L?(Q2)]".

Let [H(Q)]" denotes the real Hilbert space of functions in [H{(Q)]" with

inner product J{g,q] := << Vg,Vq>> + [, ¢T[-AB+pl]g dx. We verify that
Tigjoon] =< =Ady. o>+ [ GEAB+ oIy do =< 0y + )0y 00>

Thus {¢m/(m + p)*/2}°_, form an orthonormal set in [HA(Q)]™. Further, the
identity

Jpj, 9] = /QgT[—A% — AB + pl]j du =< (o + p)dj,g >

implies that if j[gbj,g] = 0 for each j =1,2..., then we also have < ¢;,9 >=0.
This implies that {¢n,/(cwm, + p)1/2}2°_, form an orthonormal basis in [Hg ()]
If & € [H}(Q)]", we can assert that the series

o
U= Z < Uy P > Py converges in [L%(Q)]",
m=1

and further

= Z§:1 j[{% bm/(m +p)1/2]{¢m/(am + p)l/Z}
= anozl(am +p)1/2 < Uy P > {¢m/(am +p)1/2} = Z?:l < Uy Pm > P

actually converges in [Hg(Q)]".
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For ¢ € D(Ay), let w = w(t; ¢) := Ts(t)p € D(As), we know from semigroup
theory that dw/dt € X for t > 0. That is, if we let w = (a1, 01, ..., Uy, V), and
consider 4; as functions from [0, 00) into X, then dt; /dt € HY(Q), and d?q;/dt? €
L?. This implies that if we let 4@ = col. (@, ...,1y,), © = col (91,...,9,) and
rm(t) :== < a(t), dpm >, then the series

di/dt = Z r (t)pm  converges in [HY(Q)]", and
m=1
d*a/dt? = Z " (t)pm  converges in [L?(Q)]",
m=1

for t > 0, where 77,(t) and r//,(t) are the first and second derivatives of rp,(t).
From semigroup theory and the structure of the operator A, we find that a(t)
satisfies

d*a/dt* + Bda/dt = [A + X(s)B(us)]a, fort > 0.
Taking inner product with ¢,,, we obtain
(2.14) r(t) + Bri,(t) = —amrm(t) fort >0, m=1,2,...
Denote ¢ := col.(g1,h1, ..., gn, hn) € D(As) = [(H> N H) x HE™, with

g= anozl < g,Pm > Om
=S (m + ) < g, 0m > [dm/(cm + )3 i [HG(Q)]",

h=3m1 <h,dm > o in [L2(Q)]".
Let Ts(t)¢ := col (dy,01,. .., Uy, 0y). From (2.14), we find

Tm(t) =< g, 0m > ym(t) + < h, ¢m > 2m(t),
T (t) =< g, 0m > Y () + <Dy dm > 2, (1)
where y,,(t) and z,,(t) satisfy the same equations for r,,(t) in (2.14), with initial

conditions:
Ym(0)=1,9,(0) =0 and 2,(0) =0, 2,,(0) = 1.

For those m with 4a,,, > (32, we have

ym(t) = e Pt/2 cos(4ay, — 62)1/225/2,
(2.15)
Zm(t) = 2(dayy, — B2)~V2e B2 sin(4ay,, — 52)1/2t)2.
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Expanding @ in [H(Q)]", and using (2.15) for all large m, we find

[e.9]

[ i llgi= Y [< g dm > ymt)+ < by dm > 2m ()] (atm + p)
1

m=

IN

Ke " < g.6m > (am+p)+ > < h,ém >},
m=1

m=1

19 1l22= 2omoi[< 9, m > Y () + < by > 27, (1))

<SKe ) <9,6m > (@m+p)+ D <hém >},
m=1

m=1

for some positive constants K and e. Since [H}(Q)]" and [H}(Q)]" are equiva-
lent, we obtain

I Tst)e |x < Me™ || ¢ |Ix

for all ¢ in D(As). Since D(A;) is dense in X, the proof of Theorem 2.5 is
complete.

If (uy(t),v1(t), ..., un(t),v,(t)) is a solution of (2.12), then its difference with
the steady-state, i.e. col.(wy(t), wa(t), ..., won(t)):= col.(ui(t),vi(t),..., un(t),

vp(t)) — col.((us)1,0,..., (us)n,0), can be interpreted as a solution of:
dw .
(2.16) o = Asw + A(s)y(w), w = col.(wy,ws,...,wy,),
where y(w) := col.(0, z1 (@), 0, 22 (W), ..., 0, z, (W)), W= col.(Wy,Wa,...,W,):=
col.(wy, w3, ..., wap—1), z = (21(W), 22(W), ..., 2, (W)) := [G(us + W) (us + W) —

G(us)us — J(ug)w.

We now clarify some terminologies and hypotheses which we will be using.
A function h : X — X is said to satisfy a local Lipschitz condition if for every
constant ¢ > 0, there is a constant L(c) such that

[ 2(w®) = h(w™) |x < L(e) | w" —w™ [Ix

holds for all w*,w** € X with || w* ||x < ¢ and || w™ ||x < ¢. The function
v(w) described above is said to satisfy property [P] if

[P] | 2(@0) |2 = o[l @ a1 (ym),  as || @ ||y tends to 0.

Remark 2.1. Since the norm in X uses the L?-norm of the even components
and the entries of G(u) is in C%(R"), it can be readily verified by using Sobolev
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embedding or Morrey’s inequality that the function v : X — X satisfies a local
Lipschitz condition, in the case N = 1. By Theorem 1.4 of Chapter 6 in Pazy
[184], equation (2.16) has a unique mild solution w on [0, tyax), for every given
initial condition: w(0) = wy € X. Moreover, if tax < 0o then || w(t) ||x— oo,
as t — o0.

Remark 2.2. Using the assumption that the entries of G’ are in C? and Sobolev
embedding again, we can readily verify that in the case N = 1, the function ~y(w)
described above satisfies property [P].

Remark 2.3. The even components of v(w) are expressed by z(w), where @ is
an n-vector function consisting of the odd components of w. Careful calculations
shows that the j-th component, 1 < j < n, of z(w) can be written as:

D k=1(us)k < Vgjn(us + T]*kw) — Vgjr(us), v >
+ D p1 Wr(gjr(us + @) — gjr(us))
= Do (us)k D2 < (V(9gjn/0ui)(us + T3ED), TiHab > b

+ D i1 W < (Vgjn) (us + Tjp0), @ >,

where 0 < 7';‘,;" < T;k < 1,0 < 75 < 1. When the space dimension N is 3 or 4,
Gagliardo-Nirenberg-Sobolev inequality asserts that the L* norm of a function
in Q C RY is bounded by a constant multiple of its H'(Q2) norm. If we assume
all the first and second partial derivatives of g;z,1 < j, k < n, are bounded in
R", then from the above formula, we can readily obtain

I y(w) lx = | 2@) g2y < K(l @ [|ljpayn)?

for all w € X = [H}(2) x L*(Q)]". Thus property [P] is satisfied. The local
Lipschitz condition of v : X — X can be verified similarly. In short, if all
the entries of G(u) are in C2(R") and has bounded first and second partial
derivatives in R™, then the function ~ satisfies the local Lipschitz condition and
property [P] described above, provided the space dimension N of € is 3 or 4.

Using Gronwall inequality type argument, we then use semigroup theory as
in [84] or [184] to prove the following asymptotic stability theorem by means of
Theorem 2.5.

Theorem 2.6 (Asymptotic Stability in Semigroup Formulation).
Assume hypotheses [H1*],[H2],[H3],G is in C*(R"), and B(us)is symmetric
for each s € (0,6%) as described in [H4]. Suppose that in equation (2.16), the
function «y satisfies a local Lipschitz condition and property [P], then the trivial
steady-state solution w = 0 of equation (2.16) is locally asymptotically stable.
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That is, there exist positive constants e,M ,l;: such that if the initial condition
w(0) := (w1(0),w2(0), ..., w2, (0)) satisfies || w(0) ||x <€, then the unique mild
solution of (2.16) satisfies

(2.17) lw(t) lx < Me ™ || w(0) |x -

Proof. The local Lipschitz condition of « insures the existence of a unique mild
solution w(t) € X of (2.16) as described in Theorem 1.4 in Chapter 6 in [184].
The mild solution w(t) can be expressed by:

(2.18) w(t) = Ts(t)w(0) +/O Ty(t — 7)A(s)y(w(r))dr, w(0) € X,

where T is the strongly continuous semigroup generated by Ag. Let M and k
be the positive constants given by Theorem 2.5 for T, we obtain for ¢ > 0 inside
the interval of existence of w(t):

(219)  [[w(t) llx < Me ™™ || w(0) ||x +/0 Me D A(s)y(w(n)) |lx dr.

Without loss of generality, we may assume M > 1. By property [P] for +, there
exist p > 0 so small such that

(2.20) I M) () llx < /@M@ lpgrye < [R/M)] || w |1
aslong as || w ||x < p. Let || w(0) [|x < p/M, the solution will satisfy || w(t) ||x

< p for sufficiently small ¢ > 0. For such small £ > 0, (2.19) and (2.20) lead to

(2.21) M wt) x <M || w(0) ||x +(/-€/2)/0 M [ w(r) |Ix dr.

Thus Gronwall’s inequality gives
(2.22) lw() lx < M | w(0) [lx e=®/20 < pe=th/2r

as long as || w(t) [|x < p. Thus w(t) exists for all ¢ > 0, if we choose w(0)
to satisfy || w(0) [[x < p/M; and (2.20) is valid for all ¢ > 0 in such cases.
Consequently, Theorem 2.6 is valid by choosing e = p/M, M = M, and k = k/2.

We now return to equation (2.12), which is the first order system form of
(2.1). Equation (2.12) can be written as:

oy

(2.23) o = Ay +Ms)a(v)
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where y = col. (y1,y2,...,Ym) = col.(u1,v1,...,un,vp), Ag is the same as A
with all b;; replaced by the corresponding b;; , and ¢(y) := col.(0,¢1(9),. .. ,0,
Gn()), § = COL(1, Y- Yan_1), LG (D), -, dn(d)) 1= G@)F- We will ex-
press the results in Theorem 2.6 in terms of the mild solutions in X of the
semigroup form of (2.23), that is:

d - A
(2.24) = Ay+As)l), yt) e X t>0.
The constant function 7(¢) := col.((us)1,0,..., (us)n,0) is a strong solution of
dn :
(2.25) 5 = A+ Als)h(us)

where h(ug) = col.(0, hi(us),-..,0,hn(us)), and col.(hy(us),. .., hn(us)) =
G(us)us — J(us)us. Thus n(t) satisfies

n(t) = Tu(t)n(0) + /0 T, (t — 7)A(s)h(us)dr.

If w(t) is a mild solution of (2.16), then w(t) + n satisfies

(2.26) w(t)+n=Ts(t)[w(0)+?7]+/0 Tt = TN {7 (w(7)) + h(us)hdr.

If w(0) € D(As), then y = w(t) + 7 is a strong solution of

Z_?; = Agy + A(s)[y(w) + h(u)]

= Ay + A8)[y(w) + h(us) + ()]

where r(y) = col.(0,71(9),...,0,7,(9)), col.(71(9),...,7n(4)) = J(us)y. Thus,
if w(0) € D(As), we also has

w(t) +n = Ts(8)[w(0) + 7]
(2.27)

+ Jo To(t = DA {3 (w(r)) + h(us) + r(w(r) +n)}dr

where T} is the continuous semigroup generated by A,. By the density of D(A,)
in X and the strong continuity of Ty and T}, the right-hand sides of both (2.26)
and (2.27) are still equal for all cases with w(0) € X. Since y(w) + h(us) +r(w+
1) = q(w+n), we obtain from (2.27) that w(t) + 7 is a mild solution of equation
(2.24).
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Theorem 2.6 and the above arguments lead to the following conclusion con-
cerning solutions of (2.1) or (2.12).

Theorem 2.7 (Asymptotic Stability of Bifurcating Steady-States).
Assume all the hypotheses of Theorem 2.6 (including those concerning ). Then
if the initial condition (y1(0),y2(0),...,y2,(0)) := (u1(0),v1(0),...,un(0),v,(0))
is given sufficiently close to ((us)1,0,. .., (us)n,0) in X, the unique mild solution
y(t) = (ur(t),v1(t), ..., un(t), v, (t)) of the initial value problem corresponding to
(2.24) exists for all t > 0. Moreover, there exist positive constants e, M,k such
that if

H (u1(0)>vl(0)> s ,un(O),vn(O)) - ((us)lv 0,..., (us)m 0) ||X <e

then the mild solution of (2.24) satisfies
|| (ul(t)vvl(t)v s 7un(t)7vn(t)) - ((Us)l,o, sy (Us)n,O) ||X <

Me_kt H (u1(0)7 U1 (0)7 s 7un(0)7 Un(O)) - ((u5)17 0,..., (US)TH 0) HX
for allt > 0. Recall that (2.24) is the semigroup form of (2.1) or (2.12)).
For applications of the theorems above, consider the following examples.

Example 2.1. Let Q = {z = (21,29, 23) : #7 + 23 + 23 < 1}. Consider (2.1),
with = 1,u = col.(uy, ug, u3),

sin 27 (2% + 22 + 23) 1 2
B(x) = 1 cos 2m(z? + 23 + 23) 3 ;
2 3 —(2} + 2% + 23)
—Uy —Uy 0 Uy —u% — ULU2
Gu)u= | —uy/2 —sinug 0| |u2 | = | —(1/2)u? — ugsinuy
0 0 0 u3 0

It is clear that B(z) satisfies [H1*] and [H2], G(u) satisfies [H 3] with every entry
in C?, and

~ _2(u8)1 - (US)Z _(us)l 0
B(us(z)) = B(z) + —(ug)1 —(us)2 cos(us)2 — sin(us)2 0
0 0 0

is symmetric as specified in [H4]. Since the first and second partial derivatives
of G(u) are bounded, by Remark 2.3 the function 7 satisfies the local Lipschitz
condition and property [P]. Thus all assumptions of Theorem 2.7 are satisfied,
and the steady-state ((us)1,0, (us)2,0, (us)s,0) is locally asymptotically stable
in the sense described by Theorem 2.7 for the equation (2.24), which is the
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semigroup form for (2.1). Here, we are considering those A = A(s) close to the
right of Ag, s € (0,9*), as described in Theorem 2.4.

Example 2.2. Let Q = [0, 7], consider (2.1) with § = 1,u = col.(uy, u2, us),

5 6 7
B(z)= |6 10 4],
7T 4 —1]
—Uq —sin(ujug) 0 uy | —u? — ug sin(uqug)
G(u)u = | —sin(ujus) —u3 0 ug | = | —uy sin(ujug) — ud
0 0 0 Uus | 0

It can be verified readily that B(us(z)) is symmetric and all the hypotheses
of Theorem 2.7 are satisfied. Here, N = 1, by Remarks 2.1 and 2.2 we find ~
satisfies the local Lipschitz condition and [P], without requiring the boundedness
of the first and second partial derivatives of G.

We finally discuss some results and examples involving global (rather than
local) bifurcation. We consider the global behavior of the bifurcation curve of
positive solution of equation (2.7). We find conditions so that equation (2.1) has
a positive steady-state solution with A = 1. We now introduce a few notation and
hypotheses. Let G := {(\,w) € Rt x P: F(A\,w) =0, >0 and w € P\{0}},G
denotes the closure of G ; and define the following conditions:

[A1] There exists an integer m,1 < m < n such that bp;(z) > 0,bjm(x) > 0 in
Q) for all j # m, and the m-th component of G(u)u is = 0 in €.

[A2] For each j # m, the j-th component of G(u)u is expressible as
kj(ui,. .. up)uj with kj(ug,...,u,) € CO for u; >0,i=1,...,n.

Theorem 2.8 (Global Bifurcation). Under hypotheses [H1], [H1*], [H2], [A1],
and [A2], the component of g containing the point (Mo, 0) is unbounded, and
GN(R x OP) = (o, 0). (Recall that (Ao, 0) is defined in Theorems 2.2 and 2.3.)

Proof. Theorems 2.1, 2.2 and (2.6) imply by means of Theorem 29.2 in Diemling
[49] that the component of G containing the point (Ag,0) is unbounded. Let
(\i,w;) € G, i =1,2,.. be a sequence tending to a limit point (\,w) in R x 0P,
and (A, @) # (\,0). We now show w = col.(wy, ..., w,) must satisfy w; = 0,
for each 4, if A > 0. Consider the first case when there exists some xy € Q where
W (x9) = 0. The equation —Aw,, = S\Z;‘:l bmjw; > 0 implies that w,, = 0 in

2; and subsequently, the right hand side of this equation and [A1l] imply that
w; = 0 for each j # m too. Hence, w = 0 in this case.
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Consider the second case when w,(z) > 0 for all x € . For each j # m,
consider the problem:

—AZ((E) = j\bjm’lf)m + A Zk;ﬁm,j bjk?f)k + ijjz(x)

(228) —i—)\kj(wl,..,wj_l,z(a:),ij,..,wn)z in €,

z2=0 on Of).

The function z = 0 is a lower solution. From [A1], [A2] and 0wy, /0v < 0 on 0f2,
we have

)\1(5¢(1‘) < S\bjm(aj‘)’lf)m + A Zk’#m,j bjkwk + 5\bjj5¢

—I—S\kj(’lf)l,...,’lI)j_1,5¢,’II)j+1,...,lUn)(5gb in €

for § > 0 sufficiently small. Thus z = d¢ is a family of lower solution for problem
(2.28) for such 6. Hence the solution of (2.28) satisfies w;(z) > d¢(x) in . This
contradicts the fact that w € dP. We must thus have w = 0 in 2 in any case,
for A > 0.

Next, define z; := w;/ || w; ||g,i = 1,2,...; they satisfy

(2.29) Zi + )\Z'A_I[BZZ'] + )\Z'A_I[G(wi)wi]/ || w; ||E =0.

Since A™1B is compact, there exists a subsequence (again denoted by {z;} for
convenience) such that A~1[Bz;] converges in E. Since A™G (w;)w;]/ || wi ||g
tends to zero in E, as || w; ||g—| w ||g= 0, equation (2.29) implies that {z;}
converges in F to a function zg say, and

zZ0 — —S\A_l [BZ()].

Moreover, we have zg € P, since w; € P; and zg # 0 since || z; ||z= 1. Hence, we
must have A > 0. The uniqueness part Theorem 2.1 implies that A = A¢. Con-
sequently, we must have (A, @) = (Ao, 0). This completes the proof of Theorem
2.8.

Let —\;1 be the principal eigenvalue of the Laplace operator on €2 with zero
Dirichlet boundary data, and ¢ > 0 be a positive eigenfunction.

Theorem 2.9 (Steady-State for Given A = 1). Assume all the hypotheses
in Theorem 2.8 and by,m(x) = 0 in assumption [Al]. Suppose further that:

[A3]  There exists constant vector § = col.(g1,...,9n), gi > 0, such that
B(x)§ > A\ g for allx € Q.

[A4]  For each j # m, the function k; described in [A2] has the property
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limsupy_,oo N7t max{k; (u1, .., uj—1, N, Uji1, ey tp) 1 0 < up < N,
T#j}<0.

Then (2.1) has a steady-state solution in P for A = 1.

Proof. Let Z = ¢g, [A3] implies that there exists p > 1 such that Bz > pAi2
in Q. Hence, (—A)"Y(B2) > uM(—A)"1(¢g) = p¢g = pz. By Theorem 2.5
in [108] or Theorem A3-10 in Chapter 6, we have 1/Xg > p > 1, that is Ay <
1. (Here, )y is defined in Theorem 2.8.)

The equation for wu,, and b, = 0 imply that if A € [0, C] for some C, and if
all the components u;, j # m of a steady state solution of (2.1) have the property
|uj| < M, then wu,, must satisfy |uy,| < KM for some constant K independent
of M. We now show that there must indeed exist some constant M, such that if
A€ (0,C) and (A, u) € G, then 0 < uj < M for all j # m. Otherwise, there exists
up, 7 # m, and a point z* € Q where u,(2*) = max;4, {sup,cqu;(z)} > M.
Let p = u,(z*)/M > 1, then we have the property: 0 < uj(z) < pM for all
x € Q,j #m Consider the equation satisfied by u, at the point z* € .

—Au,(z*) = E#mm Abpjuj + Abpm Uy,
+ Mer(ugy oy up—q (%), DM wpg g (27), . up) up ()
<Nt b DM + by KpM +
max{(pM) Yk, (w1, .., 1, pM, Up i1, - up) : 0 < up < pM,T # 7}H(pM)?]
< 0.

The last inequality is satisfied for M sufficiently large due to hypothesis [A4].
This contradicts the definition of 2*. We thus assert that if A € [0, C], then |u;]
are bounded for each i = 1,... ,n, if (\,u) € G. Finally, using gradient estimates
by means of (2.7), we conclude that G cannot be unbounded if A € [0,C], for
some C. Thus a solution of (2.7) must exist for A = 1.

Example 2.3. We consider Example 2.2 with only a single modification. We
change the entry bss of B from —1 to 0. Clearly, condition [A1] is satisfied with
m = 3. For [A2], we define

—uy — (ug/uy)sin(uqug) if  wug #0
k1(ui,up) =
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—(uy/ug) sin(uiug) —u3 if ug #0
ko(u1,u2) =
—u? it  up =0,

then k1 and ko are continuous for u; > 0. Condition [A3] is satisfied by choosing
g = col.(1,1,1). Using the formulas for k; and ko, we can verify [A4] is satisfied.
Thus Theorem 2.9 can be applied, and we conclude that (2.1) has a steady-state
solution for A = 1 in this case. As for Example 2.2, we also find the bifurcating
positive steady-state is asymptotically stable for A close to 5\0 for this example.
The stability of the steady-state when A = 1 remains to be considered.

5.3 Invariant Manifolds for Coupled Navier-Stokes
and Second Order Wave Equations

This section considers the dynamics of a coupled system of incompressible Navier-
Stokes equations with second order wave equations. The system may be used to
approximate the interaction of ionized plasma particles with an electromagnetic
field. Under appropriate assumptions and provided that the viscosity of the fluid
is sufficiently large, we prove the existence of an invariant manifold as described
in Definition 3.1 below. Moreover, the manifold is attractive as t — +oco for all
close neighboring solutions.
More precisely, we consider the coupled parabolic-hyperbolic system:

W= lAu— (u-V)u-Vp+f(u,v) in 2 x (0,00),

div u(z,t) =0 in Q x (0,00),
(3.1)

v + pve = Av + B(z)v + g(u,v) in 2 x (0,00),

u=h, v=q on 0% x [0, 00).

The system applies to the study of physical problems involving the interac-
tions of fluid motion with other forms of waves. As an example, the vector u
may describe the three components of the velocity of ionized plasma particles
in position z and time ¢t. The vector v may describe the three components
of a magnetic field in position x and time ¢ interacting with the ionized par-
ticles there. The scalar p denotes the pressure function of x and t. In the
dynamic theory of plasma physics, one studies the motion of a conducting fluid
interacting with electric and magnetic fields. This leads to the coupling of the
Navier-Stokes equation for the ionized particles with the Maxwell’s equations
for the electromagnetic force fields. In many investigations, the term e 'Au
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is omitted. However, in order to include the viscosity effect of the fluid, it is
sometimes introduced to obtain the Navier-Stokes equation (cf. p. 131-134 or
p.89 in Thompson [219]). In Chapter 4 of [219], we assume that the current j
satisfies j = o(E+c~luxv), where E is the electric field; while the magnetic and
electric fields satisfy the Maxwell equations p~lcurl v = 4wc=1j + dc 1OE /ot
and curl E = —c~'9v/0t. Here, o,c,p, and § are physical constants. It is
shown that explicit dependence on the electric field E can be eliminated from
the Maxwell’s equations. Hence, we obtain first-order time and second-order
space differential equations in the magnetic field v, coupling with the effects of
the velocity field u. Observe at p. 44 or 47-48 of [219] the author makes the
simplifying assumption that for slow motions, the displacement current involv-
ing OE /0t can be neglected. Thus, even after eliminating the dependence on the
electric field, the first order time derivative of v only will appear in the equa-
tions of magnetohydrodynamics. However, in the more general situations, one
would obtain three equations for the three components of the particle motion,
coupled with three second order wave equations for the three components of the
magnetic field as described in (3.1) above. For simplicity, we restrict ourselves
to the case of incompressible fluid, which leads to the divergence-free condition
on the second equation in (3.1). In the study of plasma physics, one is interested
in the large-time asymptotic behavior of the system as well as the existence and
stabilities of steady-states and invariant manifolds. The search for a stable con-
fining configuration is a major challenge. For further investigations, one may
impose also div v = 0, or a more precise description of the nonlinear terms f
and g. Conceivably, the system (3.1) may be adapted to analyze other physical
problems as well.

We let 2 be a bounded domain in R"™ with smooth boundaries. We will
denote L? := L2(Q, R3),H"2 := H'2(Q, R?) and Hy” := Hy*(Q, R?). For ¢ =
(61,92, 09)7 € L2, define the norm @llgs = (S0, l6:]2)1/%; and for 4 =
(1,92, ¢03)" € HY2 et |opllmre == (25 [[Will7p.2)"/% (Note that H'*(Q)
is denoted as W12(Q) in some other sections). The parameter € is a positive
constant with e~! representing the viscosity of the fluid. The parameter j for
the wave equations is a constant which can have any sign. We do not make any
restriction on the sign of p until the last Theorem 3.3, even though it should be
positive in application to magnetohydrodynamics. The symbols A and V denote
the Laplacian and gradient operators respectively. B(x) is a 3 by 3 matrix with
each entry in L*°(Q). The following symbols and notations will also be used
throughout this section for the three fluid components:

ﬁé’2 = ~é’2(Q,R3) = {u EH&Q(Q,RP’) : divu=0in Q},

X := L2 := L*(Q, R®) is the closure of I:Ié’2 in L? = L?(Q, R?),
X1t ={w e L?:w = Vp for some p € H"*(Q)}.



436 CHAPTER 5. TRAVELING WAVES, INVARIANT MANIFOLDS

We will use the Helmholtz-Weyl orthogonal decomposition of vector fields (cf.
Galdi [67] or McOwen [169]), which may be expressed as:

L’=XeX =L?aX".
We will also use the following Banach spaces for the magnetic field components:
_orprl2 2 3 S oprl2 2
Y =[Hy (Q) x L*()]°, Y =Hy" x L~

Here, the norm fory = (y1,..,ys)" € Y isdefined as [ly|ly = (||(y1,¥3,¥5)" |32+

(2, ya, y6) T [122) /2
1, y2,93) T 32 + 1 (wasys,w6) T 1132) /2. For any y = (y1, Y2, Y3, ¥4, Y5, %6)" €
Y, for convenience we will denote by yo = (y1,¥3,95)” the triplet of the odd
components of y.

, and the norm for y = (y1, ..,y6)” € Y is defined as lyllg =

For any u € L2, we denote by Pu the projection of u into X. The op-
erator A := —e !A is an unbounded operator on X with domain D(A) =
ﬁé’Q N H?%(Q, R?). In Lemma 1 at p. 328 of [169], it is shown that A : D(A) —
X is a densely defined, closed linear operator on X with compact inverse. More-
over, A is the infinitesimal generator of a linear semigroup on X, and A admits
a complete orthonormal set of eigenfunctions on X. Thus, for 1 > « > 0, we can
use the eigenfunction expansion to define an operator A% on X with domain X,
in the usual manner. (See e.g. Section 11.2 in [169], or more details in Part A
below, or Section 6.4 for X in Chapter 6.) It is well known that X, is a Banach
space equipped with the graph norm ||-||,. Note that we have D(A) C X, C X.

In applications, the nonlinear terms f and g in (3.1) should include first
spatial derivatives of the u and v. Consequently, throughout this section we
restrict a to the interval:

3/4<a<l.

More precisely, the function f : (X, H"?) — L? in (3.1) will satisfy the hypoth-
esis:

(3.2) £, v) = £(y,2)llL2 < C(p)(u = yla + v — 2ll2)
for all u,y in X, with |[ul|a, [[ylla < p, and all v,z in HY2, where C(p) is a

constant which depends on p. The function g : (X, H*?) — L2 in (3.1) will
satisfy:

(3:3) Ilg(u,v) —gly,z)llL> < K([lu—=ylla+ v —2z[m2)

for all u,y in X,, and all v,z in H"2, where K is a positive constant. For each



5.3. INVARIANT MANIFOLDS 437

constant R > 0, there exists N(R) > 0, such that:
(3-4) [(u, )|z < N(R)

for all u in X, with [julls < R and all v in H2. Note that in (3.2)—(3.4)
we consider v,z in HY2. Thus, one spatial derivative for v is allowed in the
nonlinear terms f and g in (3.1).

In Part A, we will prove that for e sufficiently small, there exists an invariant
manifold for system (3.1). Roughly speaking, there exists a relationship between
the vector fields u, v and vy, such that if the relationship is satisfied by a
solution (u(-,t),v(-,t)) of (3.1) at some time ¢, then it will be satisfied for all
t € (—00,400). In Part B, it will be shown that the invariant manifold is
asymptotically stable, i.e. an attractor for neighboring solutions. Solutions of
(3.1) which start close to the invariant manifold will tend to the manifold as
t — +oo. Finally as an application to a special situation, we show that if the
trivial solution is an asymptotically stable equilibrium on the invariant manifold,
it will be asymptotically stable for the full system (3.1). That is, if the origin
attracts neighboring solutions on the manifold, it will attract all neighboring
solutions of the full system. The study of the relationship of the full initial-
boundary value problem with that of the reduced problem on the manifold is
analogous to the study of an invariant manifold for coupled parabolic partial
differential equations as in Hale [79] and Henry [84]. It is also analogous to the
study of reduced problem for singularly perturbed ordinary differential equations
as in Hoppensteadt [89], Tihonov [220] and Wasow [229]. Here, we extend
the method for analyzing invariant manifolds for prototype coupled parabolic-
hyperbolic equations in Leung [128] to the situation of coupled Navier-Stokes and
other nonlinear wave systems. Many theories on Navier-Stokes and nonlinear
wave equations can be found in Galdi [67], Strauss [214] and Temam [216].
Hopefully, more satisfactory results for system (3.1) will be obtained in the
future under less restrictive assumptions than (3.2)—(3.4). In remark 3.7, we
illustrate how the results here may be adapted to the case when condition (3.4)
on f is removed. The presentation of this section follows the results found in
Leung [130].

Part A: Main Theorem for the Existence of Invariant Manifold.

We now proceed to prove the Main Theorem for the existence of invariant
manifold. Problem (3.1) will be converted by semigroup method into a system
of equations in X, X H(l)’2, or (u,v,vy) in X, x Hé’2 x L2. This will be described
in system (3.9) below and clarified in remark 3.3. A solution of (3.1) will thus
be interpreted in semigroup setting as described in remark 3.3 below.

Definition 3.1. Aset S C Rx X, X Y = Rx X, X H(l)’2 x L? is a local invariant
manifold for problem (3.1) provided that, for any (to, uo, (191,7092)) € S, there
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exists a solution (u(-,t),v(-,t)) of (3.1) on an open interval (¢1,t2) containing
to with u(-, tg) = ug, v(-,t0) = M1, ve(-,to) = Moo and (¢, u(t), (v(t).ve(t))) € S
for t7 < t < te. S is an invariant manifold if we can always choose (t1,t2) =
(—00,00). Since the problem (3.1) is autonomous, we may call S; an invariant
manifold when S = R x Sj.

We will show the existence of an invariant manifold for problem (3.1) under
appropriate assumptions. We first impose some smoothness conditions on the
boundary functions h and q, and then transform problem (3.1) into a convement
formulation. We assume that h is the trace of some h € H"? with div h = 0
in Q2. The problem:

e !Aw+ e 1Ah =Vp in €,
(3.5) divw =0 in Q,
w =0 on 0,

uniquely defines w € X, while p = p(x) is only unique up to an additive constant.
(See e.g. [67] or [169].) The function u® := w —|— h in Q is a function in H%2,
with div u’ = 0 in ©, and u® = h on 0. If ul = w; +h;,i = 1,2, are the
two functions with w; and h; having the corresponding properties for w and h
above, then z := u(f — ug would satisfy: e Az = V5 in Q for some p, with div
z =0in Q, and z = 0 on 0f2. By the same uniqueness reason as above, we
obtain z = 0 in . Thus the function u® = w + h is uniquely defined in 2 by
using (3.5) if there is any divergence-free h in H'? with the same trace h on
9.

We next consider the problem:
(3.6) Az+ B(x)z+g(u’z)=0inQ, z=q ondQ.

We assume that problem (3.6) has a solution z = v? € H"2. (Here, there may
exist more than one v°.)

We will look for solution of problem (3.1) with the u components in a

smoother subspace of X. The operator A = A(¢) := —e 'A on X admits a
complete orthonormal set of eigenfunctions v, )., ..., with their correspond-
ing eigenvalues 0 < A1 < Ay < ... We define A% = A*(3°72, a;9;) =

E;’O 1 Afajp; whenever ¢ = > 7%, a;1p; is in D(A®). Here, we have D(A%) =

Xo ={p =372 a59; € X : A%p € X}. We thus consider X, as a Banach
space with the graph norm || ||, = || |x +||A%||x. We have D(A) C X, C X.
(See [169] or [84]).

Let the semigroup of bounded linear operators on X generated by —A(e) be
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denoted by {e= 4!}, We can express
(A(e)* e Agp =y " A%eNlaah,.
j=1

For a fixed r € (0,1), and each j > 1, t > 0, consider the expression:

)\?‘e_)‘jt = t_a[()\jt)ae_r)\lte(—)\jt+1”)\1t)]

< t—ae—r)\lt[()\jt)ae—(l—r))\jt]‘
We thus obtain
I(A(e) e A ap|le < Mt~ ™M apl2  for t >0,

for some constant M. Since A; = A;(e) depends on €, and tends to +oco as
e — 0%, we find the operator norms of {e~4(*} and {(A(e))*e 4} on X
satisfy:

(3.7) e A < MePO||(A(e))¥e A < Mt POt for ¢ > 0.

Here, 3(e€) is a positive constant with 8(¢) — 400 as ¢ — 01, and M is inde-
pendent of e. (See also e.g. Section 2.6 or 8.4 in [184], or Remark 2.1 in [128].)
By slightly increasing M and reducing ((e), we may assume without loss of
generality that:

(3.8) le=4©tg|, < Mt~ POg||x forallt >0, 6 € X,

where ((€) and M still have all the properties described above. We are now
ready for the following existence theorem.

Theorem 3.1 (Existence of Invariant Manifold). Consider system (3.1)
under hypotheses (3.2)-(3.4). Letu®,v" be determined by the boundary functions
h,q by means of problems (3.5), (3.6) as described above. For e > 0 sufficiently
small, there exists an invariant manifold for system (3.1) of the form:

S={(t,u,v,vs) :u=u’+o*(v—v" v), —00 < t < 00, (v —v’,v;)T € Y},

with o : Y — X, satisfying ||o*(¥)||la < K1, and ||o*(y) — o*(¥)|la < Kally —

Vg (Here, K1 and Ks are arbitrary given positive constants which determine
the size of € such that S exists.)

Remark 3.1. Roughly speaking, there exists a relationship ¢* between the
vector fields u, v and vy, such that if the relationship is satisfied by a so-
lution (u(-,t),v(-,t)) of (3.1) at some time ¢, then it will be satisfied for all
t € (—o0,+00).
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Remark 3.2. In Remark 3.7, we will illustrate situations when the theorem
can still be applied when the boundedness condition (3.4) on f is removed.

Before proving Theorem 3.1, we will first show three preliminary lemmas.
For convenience, let 1 = u—u®

L2, G:X, x Hy? — L2 by:

,v = v—v", and define functions F : X, ><H(1)’2 —

F(9,3) = £(8 + 0,7+ v0) — ((F + 1) - V) (W + ),
G(W,2) = g(Ww +u’,z+v’) —g(u’,v")
for any (w,z) € X, X H(l)’2.

Problem (3.1) can be converted into a system of equations for (a,v) € X, X
Hé’Z as follows:

iy = — A + P[F(11, V)] for a(t) € X,,
(3.9)
Vit + Vi = AV + B(z)v + G(u,v)  for v(t) € Hy”.

We next deduce a Lipschitz condition for the nonlinear terms in (3.9) corre-
sponding to (3.2) and (3.3).

Lemma 3.1. The functions F and G defined above satisfy:

(3.10) |PF(u,v) — PF(y,z)[x < C(p)(|t = ¥lla + [V — Z[l1.2)
for all 0,y in Xo with ||0|a, [|§]a < p and all v, 7 in Hy>;

(3.11) 1G(1@,¥) - G(¥,2)[[r> < L([[@ = Flla + IV — 2[m12)

for all a,y in X, and all v,z in H(l)’2. Here, C(p) is a positive constant which
depends on p, and L is another positive constant.

Proof. Let @ = (4,19, 13)T, ¥ = (91,72, 93)7 and u® = (v, u,u$)T. In addi-
tion to terms involving f, the components of F(u,v) — F(y,z) consist of sums of
terms of the forms: ;(4;)z, —Ui(Fj)zy, (i —gjl-)(u(;)xk, and U?((ﬂz)xk —(Yi)ay, ), for
i,7=1,2,3,k =1,2,...,n. The terms of the first type are estimated as follows:

)T

(a)ar = GiCT5)ei N2 = 18 ((@5)a, = (5)2r) + (@ = Gi)(F5)a | 2

< il ool = gllare + [t — Gillee |9l 2-
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Since 3/4 < o < 1, the embedding theorems imply that X, C L>®(Q2, R?) and
X, C H2, with

(3.12) I lleee <Cl-flas - a2 < Cfl- la

for some positive constant C' (see, e.g., Chapter 11 in [169]). We can thus obtain
that the first type terms are locally Lipschitz in X,. The other two types of
terms can be treated similarly. The terms involving f and inequality (3.11)
can be estimated by using (3.2), (3.3) and relationship (3.12) above. Using the
Cauchy and Hélder inequalities, we obtain (3.10) and (3.11).

In order to prove Theorem 3.1, we will need some results from linear systems
of second order hyperbolic equations. Consider the system of three equations
for w(z,t) = (w1, wq, w3)T:

wy + pwy = Aw + B(x)w for (z,t) € Q x R,
(3.13)
w(z,t) =0 for (z,t) € 0Q x R.

Here, p is any real constant and B(z) is a 3 x 3 matrix with each entry b;;
bounded in L*°. Let E be the operator on Y defined by:

(3.14)
E{(ylv "7y6)T} = (y2>Ay1>y47Ay37y67Ay5)T for y = (yla ")yﬁ)T € Ya

with domain D(E) = [(H22(Q) () Hy* () x Hy*(Q2)]? dense in Y. Define B(x)
to be the 6 x 6 matrix:

0 0 0 0 0
bir —p b2 0 b3
- 0 0 0 0 0
boar 0 b2 —p bos
0 0 0 0 0
b31 0 b3 0 bszs —pu

o O O o O

Here, the entries of B(azz are described above in terms of those of B(z). The
multiplication operator B defined by y — By is a bounded linear operator on
Y. If we set wy = y1,(wi)r = Y2, w2 = y3, (w2)y = ya, w3 = Y5, (W3)r = Yo,
the system (3.13) can be written in the form of a differential equation in Y as

follows:

(3.15) y: = Ey + By, for te€ R.
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To analyze (3.15), we deduce the following properties:

Lemma 3.2. The operator E + B with domain D(E + B) = [(H*? ﬂH&’Q) X
Hé’2]3 is an infinitesimal generator of a Cy group of bounded linear operators T'(t)

on' Y satisfying |T(t)] < MeM! —co < t < 400, for some positive constants
M>1andk > 0.

Proof. Let A > 0, and f = (f1,...,fs)7 € Y be arbitrary. Consider the
equation:

(3.16) Ay — By =f, or

AYi — Yi+1 = fi,
(3.17)

AYit1 — Ay = fira
for i =1,3,5. These lead to A\®y; — Ay; = Af;+ fir1, which has a unique solution
y; € H>? ﬂH&’Z for each ¢ = 1,3,5. Define y;41 = Ay; — fi € H&’Q. We obtain a
unique y € D(E) satisfying (3.16), which can also be expressed in terms of the

resolvent as y = R(\, E)f. Multiplying the second equation in (3.17) by y;+1 we
obtain for ¢ = 1,3, 5:

Mlyisllz + /vai+1 -Vyidr = /Qf¢+1y¢+1 dzx.
Substituting y;+1 = Ay; — fi in the second integral, we find
Alyirillze + IVyillZ2) = [o(V VY + fiv1yizr) do
S AIVSill .2 IVyill 2 + I fisall 2 lyisall 22
< (IV£illZe + 1 firall 722U Vil 72 + llyieallz2) 2.
For A < 0, we deduce analogously that:
Mlyirilze +1Vgill72) = =V fill 72 + 1 fieall72) UV will7e + lyirall72)">.

Defining |y| := (|[Vy1ll72 + 92172 + IVysl3> + lyall7z + 1 Vusl7a + llvsl72)"2,
from above we obtain the following:

ly| = |[RO\E)E| < |A7HE|  for all A # 0.
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This leads to:
(3.18) | ROAE) | < [A7"f] forall A\#0, n=1,2,...

Using (3.18) and the Poincaré inequality, we obtain for A # 0,
(319) RN E)[ly < MR\ E)"E| < MAT"[E] < MA"[f]ly,

n = 1,2,3..., for some constant M > 0. From Theorem 6.3, Chapter 1 in
[184] (i.e. Theorem A4-4 in Chapter 6 below), (3.19) implies that E is the
infinitesimal generator of a Cy group of bounded linear operators T' (t) on Y
satisfying | T(t)|| < M, —oco < t < 4oc0. Here, the norm is the usual operator
norm for bounded linear operators on Y. Further, by the perturbation Theorem
1.1 of Chapter 3 in [184] (i.e. Theorem A4-5 in Chapter 6 below), we can assert
that the operator =+ B is an infinitesimal generator of a semigroup of bounded
linear operators T(t) on Y satisfying ||T'(t)|| < M exp{M | B||t}, for t > 0. By
Theorem 5.3 of Chapter 1 in [184] (i.e. Theorem A4-3 in Chapter 6), this implies
that the operator norm of its resolvent satisfies

(3.20)  ||RINE+B)*| < MO\ —M||B|)™™ for A\> M|B|, n=1,2,...
For A > 0,f € Y, one readily find R(A\, —E)f = R(—\,E)(—f), and
R\, —E)"f = R(—\,B)"((-1)"f), forn=1,2...
Thus from (3.19), we obtain:
(3.21) |IRA, —Z)"|| < MA™", for A>0, n=1,2,...

Theorem A4-3 in Chapter 6 thus implies that —= generates a semigroup of
bounded linear operators S(t) satisfying || S(¢)|| < M for ¢ > 0. By means of the
aforementioned perturbation Theorem A4-5 and of the converse part of Theorem
A4-3 in Chapter 6 again, we obtain:

(3.22) ||[R(\,—E - B)"| < M(A— M| B|)™ for A\> M||B|, n=1,2,...

For A < —M]||B||, f € Y, consider the relation:

R\ E 4 B)"(f) = R(—\, —E — B)"((—1)"f).
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Thus we obtain from (3.22) that for A < —M||B|| ( or =\ > M||B||),

IR E + B)M(f)lly = [[R(=A, —E — B)"((=1)"f) ||y
(3.23) )
< M(IN = M|BI)~"[Iff,  forn=1,2,....

From (3.20) and (3.23), we deduce from Theorem A4-4 in Chapter 6, that
the operator E+ B is an infinitesimal generator of a Cy group of bounded linear
operators T'(t) as described in the statement of Lemma 3.2 with k = M||B||.

We will need some estimates concerning solutions of nonlinear equations
related to (3.13). For a given continuous function z : (0o, 7] — X, 0 € H(l)’Q,
and @ € L2, consider the problem with three components w = (w1, wg, w3)7:

wy + uwy = Aw + B(z)w + G(z, w) fort < 1,22 €Q,
(3.24) w(z,t) =0 for t < 7,2 € 99,

w(z,7) =0(x),wi(x,7) = 0(x) for z € Q.

Ijet n= ~(77137727 13,74, 75, 776)T = (91, éla 02, 927 03, 53)T7 where 6 = (01> 02, 03)T>
0 = (01,02,05)T. Denote the solution of problem (3.24) by:

¢(ta TN, Z('a t)) = (w17 arwl/at wa, 8/wQ/ata w3, aw?)/at)Ta for t <

Lemma 3.3. Fort <7, the solution ¢(t;7,m,2(-)) of problem (3.24) satisfies:

lp(t; 7, m,2() — d(t; 7, 7,2()) |y < MeFHMDT=D|1n — f|ly
(3.25)
+ ML ftT e(k+ML)(T_t)Hz(T) —2(r)||adr.

Here L, M and k are the constants described in Lemmas 3.1 and 3.2 above.

Proof. For simplicity, we denote ¢(t;7,m,z) and ¢(t;7,7M,%) respectively by
¢(t) and ¢(t). We will consider ¢(t) as a mild solutions of

¢, =B¢p+Bop+G(z,9) t<T,
(1) =n,

where G = (0,G1,0,G2,0,G3)T, and G = (G1,Ga, G3)T. We use Lemma 3.2 to
obtain an integral representation of ¢ () in terms of the group 7'(¢), and estimate
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by means of Lemma 3.1. We also use the fact that the odd components of G
are zero. We thus obtain for ¢ < 7:

lp(t) = d®)ly < Mg —aly

+ML /; e =9 ||z(s) — 2()||a + | B(s) — P(s)|ly] ds.

From the Gronwall’s inequality (cf. [13]), we obtain:

Mp(t) — oty < Me’”lln—f“/IIYﬂLML/t e™*||z(s) — 2(s)|lads

+/ MLeML(S_t)[Me’”||17—f7||y—|—ML/ T 12(r) — #(r) |adr 1ds.
t S

Interchanging the order of integration and canceling some terms, we obtain
(3.25).

Proof of Theorem 3.1. Recall the definition of the operator A = A(e) =
—e !A on X and the related inequalities (3.7) and (3.8). We will construct
the function ¢*, which represents the invariant manifold, as a fixed point of an
appropriate mapping on a class of functions. For this purpose, we will use the
estimates in Lemma 3.3 above to deduce that the mapping is a contraction.

Let K1 and K5 be arbitrary positive constants. Let A be the class of contin-
uous functions o : Y — X, satisfying:

(3.26) leWlla < K1, lo(y) —o@)lla < Kally = 9llv,

for all yvy €Y. For n = (7717772>7737774>7757776)T € Y7 let w(t) = w(tSOaTIaU) =
(w1, Qwy /O, wa, Ows /O, w3, Ows/Ot)T be the solution of:

wy + uwy = Aw + B(z)w + G(o(w(t)),w) fort <0, z €,
(3.27) w(z,t) =0 for t <0,z € 092,
w(x,0) = (11,n3,75)", Wi (2,0) = (n2,m4,m6)" for z € Q,
where w = (w1, wz, w3)?. As in Lemma 3.3, the growth of w(t) for each t < 0

can be estimated, and we can assert that the solution exists for all ¢ < 0 (cf.
[184]). For a given o € A, define Q(o) : Y — X, by:

0
(3.28) Qo)) = / A PF (0 (w(s)), w(s))ds,

—0o0
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where w(s) = w(s;0,7m,0) is defined above for s < 0. Observe that:
F(o(w(s)),w(s)) = f(o(w(s))+u’, w(s)+v°) —(a(w(s)) +u’) V(o (w(s)) +u’).

Let K1 = K| + ||u’]|o. By hypothesis (3.4) and inequalities (3.12) above, we
find

(3.29) IPF (0 (w(s)), w(s)lx < [IF(0(w), w)llLe < N(K1) +4K7C?

for ||o(w)|la < Kj. Inequalities (3.7) and (3.29) imply that formula (3.28) is
well-defined. Moreover, for € > 0 sufficiently small, we have:

Q) < [ NSO () + 4K ds < K

We next prove that the function Q(o) also satisfy the second property in
(3.26), and will thus belong to the class A of functions. Let 9(t) := w(t;0,n,0(19)),

X A

¥(t) == w(t;0,7m,5(F)) be solutions of problem (3.27) as described above. By
Lemma 3.3, we find that for ¢ < 0, we have

19(t) ~ (1)l
< Mem ML — lly 4+ ML [} e+ 0(9(s)) = 5(D(s)) ads
R
+ ML [ S MDD [9(s5) = D(s)lly + o — 6la}ds
< Mem WM — flly + MI(k + ML)~ [ M0 — 1]l — |

+ ML [ M6 |9(s) — D(s)|[yds,

where ||c — &||p := sup{|lo(y) — 6(¥)|la : ¥ € Y}. For convenience, let A =
(k+ ML); we obtain from above, by means of Gronwall’s inequality:

19(t) = 9(t) |y < Mnp—fflye MHMEE)!
(3.30) + e~ WML N (M LKy + \) Yo — 6]/
—~ ML(MLK3 + A)7Yo — 6]|a-
For © = (91,92,93,04,05,9)7 and & = (J1,74,03,04,05,96)7 as above, we

define for convenience the odd components ¥o(t) := (01,93,95)T and 9y (t) :=
(V1,03,95)T. From (3.8), (3.10), (3.28) and (3.30) we deduce the following:
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(3.31)
1Q(a)(m) — Q(6) (M)«

< [0 M(=5)"€% || PF(0(9(s)), o(s)) — PF(6(D(s)), Do(s))l|xds
< [0 M(=s5)"eC(K1){|lo — 5]|a + Kal[9(s) — 9(s)llv
+[[90(s) — Do(s)||gr2 }ds
< MC(K1) [ u= e Pdullo — &
+MC(K)[Ky + 1] [°(—s) 7P MemWHMLER)s |y — ||y
+ ML(MLKs + X))o — &|[a{e”MtMLE2)s _11]ds
= MCO(K)[Ko + 1M ||[n — flly 62 + MC(K1)||o — 6|a [ 6201 + K2)ML-
(MLKy +A\) "t +60:{1 — (1 + Ko)ML(MLKy + \) "'} ]

< MO(K1)[Ka + 1] M|m — @y 62 + MC(K1)||o — &]|a 02,

where
(3.32) 01 :/ u=% Pldu, Oy :/ u— e Pue+MLK2)u g,
0 0

The last inequality in (3.31) is justified by 0 < 6; < #3. Moreover, in view of
the properties of 3 stated for (3.7), 63 — 01 as e — 0. Hence, for sufficiently
small € > 0, we have

(3.33) MC(K))[Kay+1]M0y < K5, and ~ MC(K1)f; < 1.

The mapping Q(o) is thus a contraction in the class of functions A with norm

|| - [|a; and there exists a fixed point ¢ where Q(c") = o”.

We now prove that if @(t) is a solution of (3.27) for —oo < ¢t < oo with
o replaced by ¥, then (0%(@(t)), W(t)) satisfies (3.9) for —o0 < t < oo, with
w(t) := wo(t), which consists of the odd components of &(¢). From (3.28) and
the autonomous property of (3.27), we have

*(@(t) = Qo) (@(t))
= f e PF(0%(@(s + 1)), W(s +t))ds

= [* AT PF(0%(@ (7)), W(T))dr.
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This shows that @ = 0°(@(t)) is a bounded solution in X, of:
(3.34) @; = — At + PF(c®(&(t), W(t)), —oo <t < oo.

(Note that the nonhomogeneous linear system (3.34) cannot have more than one
bounded solution for —oo < ¢ < oo, since 0 is not in the spectrum of e !A).
Finally for (21, 22, 23)T € H(l)’2 and (24, 25, 26)" € L2, define

(3.35) o (21,22, 23, 24, 25, %)) = 0°(y),

where y = (y1,%2,93, Y4, Y5,6). := (21, 24,22, 25,23, 26) . Then we have the
existence of an invariant manifold as described by S in the statement of Theorem
3.1. Moreover,

the function o* has the boundedness and Lipschitz property as described. This
completes the proof of Theorem 3.1.

Remark 3.3. The local existence and continuation of solution of (3.9) in semi-
group setting with (a1, v, v¢) in X, x Hé’Z x L2 under the conditions of Lemma 3.1
for arbitrary initial conditions can be proved by fixed point methods similar to
that in the proof of Theorem 3.1 or in [84] and [184]. Since the emphasis in this
section is not on this issue, the details will be omitted. A solution (u(-,t),v(:,t))
of (3.1) in this section will always be interpreted as u = @ +u’, v = v + v,
where (0, v, V¢) is a semigroup solution of (3.9) in X, X H(l)’2 x L2,

Remark 3.4. Under the hypotheses of Theorem 3.1, the size of small e for
the existence of the invariant manifold is determined by the two inequalities in
(3.33).

Part B: Dependence on Initial Conditions, Asymptotic Stability of
the Manifold, and Applications.

We next proceed to estimate the dependence of the solutions on initial con-
ditions, and study the asymptotic stability of the manifold. We first inves-
tigate the dependence of solutions on initial conditions and the relationship
between solutions of the original problem (3.1) and solutions on the manifold
found in Part A of this section. In Theorem 3.2, we will consider the asymp-
totic stability of the manifold. Let (u(-,t),v(-,¢)) be a solution of (3.1), and

d=u-u’,v=v-—v?=(9,7,93)7 be the corresponding of solution of (3.9).
Define:
(3.36) ~(-,t) == (01,001 /Ot, By, OV /O, T3, D3/ Ot)T .

Recall that for any y = (y1,92,¥3,.-,96)" € Y, we denote yo = (y1,93,y5)" €
H'2 to be the odd components of y. For 0 < s < t, let 9(s;t) := (1, 2,3, . ..
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Y6)T € Y such that 9v;/0s = 41, fori = 1,3,5, and ¥y (s;t) = Py (s;t, (V(-, 1),
Vi(+,t)),0%(1(s;t)) described above satisfy:

(3.37)
Oy /0s* + pdpy/0s = Apg + B(x)thy + G(0%(2h), 1) for s <t, x €,

Yo(s;t)|zcon =0 for s <'t,

Yo(t;t) = V(1) (Otho/0s)(t;1)

The function ~(s) describes the components in Y for a solution of (3.9), which is
converted from (3.1). The function v (s;t) is the Y components of a solution on
the manifold. For s = ¢, we have 1 (t;t) = ~(t). We now compare the solutions
P (s;t) with v(s) for s < t. They will be related to the function:

(3.38) £(t) == a(,t) — o’ (v(-,1)).

Vi(-, 1) for x € Q.

o

Lemma 3.4. For 0 < s < t, the functions 1(s;t) and ~(s) described above
satisfy:

t
(3.39) lv(sit) —v(s)lly < ML/ exp{[k + ML(K3 + 1)](r — s)}|&(r) [|adr.
Moreover, for s <0 < t,1 satisfies:

(3.40) [9(s;0) =2p(s; 1)y < MQL/O exp{[k+ML(Ky+1))(r—5)}[£(r)ladr.

Recall that L, M, k and Ko are the constants described in Lemmas 3.1, 3.2 and
Theorem 3.1.

Proof. For 0 < s <t, we obtain from Lemma 3.3:

9 (s5) = v ()|l < ML [} e®EFMEE=)]60(3p(r; £)) — Al 7)o dr

< ML [ eBMDE=9{]|00 (4 (r31)) = 0* (v (1))l + l0°(¥(r)) = Gl 7)[la} dr.

Letting £(r) = (-, 7)—0"(y(r)), we obtain the following inequality for 0 < s < t:

t
WM g (5 ) = (s) |y < ML/ BN (r) ot K| (r; ) —(r) |y } dr.

By the Gronwall’s inequality, we find
ML | (5;8) =y (s) |y < ML [} e®+MDT|[g (7)o dr

+ MLE, [feap{MLKy(r — s)}[ML [’ e®+MLT||&(7)|| od7] dr

= [l exp{MLK(r — s)} M Le"+MD" || (7)]| dr.
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This yields inequality (3.39) for 0 < s < ¢.
For s <0 < ¢, we use Lemma 3.3 again to obtain:
9 (s:0) = 9p(si ) [y < Me™EEME195(0;0) — o (051) |y
+ ML [] e®EFMDE=9)| 6% (gp(r; 0)) — 00 ((r; 1)) a dr-
This gives
eFHMES|ap(s;.0) — 9p(s; ) |y < Mv(0) — 9(0: 1)y
ML [ M R4 (r:0) — ap(r )y dr
Gronwall’s inequality gives for s < 0 <t
e (D 9h(s; 0) — (s:t)[ly < Ml|v(0) — (0 )|y
+ MLKs [V exp{M LKy (r — s)}M|~(0) — 4(0; )|y dr
= M|l5(0) =4 (0;¢)[ly exp{—MLKjs}
< M exp{~MLK>s}ML [} exp{[k + ML(Ks + 1)]r}||€(r) o dr.

(Note that the last line above is due to (3.39), with s = 0.) This leads to
inequality (3.40), and completes the proof of this Lemma.

We now prove that solutions of (3.1), which start close to the invariant
manifold described in Theorem 3.1 at ¢ = 0, will tend to the manifold as ¢ — +4o0.
For convenience, we define

M?L(1 + K>)

(341)  q(e) := (C(2K,)M{1 + 30— k= ML( £ )

J0(1 = ),

where I' is the Gamma function, and K7, Ko are the constants defined in the
proof of Theorem 3.1. Also, recall the definition of 3(e) and M in (3.7). We will
use Lemma 3.4 to prove the following asymptotic stability theorem.

Theorem 3.2 (Asymptotic Stability of the Invariant Manifold). Under
hypotheses (3.2)—(3.4), suppose that ¢ > 0 is small enough for Theorem 3.1
to hold. Let (u(-,t),v(-,t)) be a solution of (3.1) such that (u(t),v(t),v¢(t)) €
Xo XY for t >0 and, possibly taking a smaller €, assume that:

(3.42) q(e) < B(e).
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Then the invariant manifold through

(0,u” + 0 (v(-,0) = v*,vy(-,0)), (v (-, 0), v4 (-, 0)))
18 asymptotically stable in the sense that

lu(-,t) — [u® + o*(v(-, 1) = v, vi(-,t)][la <

MR|[u(-,0) — [u® + o*(v(-,0) = v°, v¢(-, 0))]|| a2

(3.43)

fort >0, provided that the norm of the initial data [[u(-,0) — [u® + o*(v(-,0) —

v0 vi(-,0))]|la s small enough. Here R is a constant depending on o. (Note that

(3.42) is always satisfied for e sufficiently small, since 3(e) — +o00 as € — 07;
also, recall 3/4 < o < 1.)

Proof. Using (3.38) and the integral representation of u(-,t), we deduce for
t > 0 that:

(3.44)
&(t) = e ME(0) + [y e A [PR(a(,5), ¥ (-, 5)) — PF(0%(t(s, 1)), 4o (s, 1))lds

+ Jo e I PE(0 (9 (s.1)), ol 1))ds — (v (-, 1)) + e~ (v(-,0)).

Using the autonomous property

o’ ((- 1)) = Q(a”(7(, 1)) =/ e M) PR(0%(th(s, 1)), o (s, 1))ds

and

0
e~ A60((-,0)) = e~ / AP (0 (1 (5,0)), o (5, 0))ds

we can rewrite the last three terms of (3.44) to obtain:

(3.45)
£(t) = e~ 4%(0) + [y e A [PF((-, ), ¥ (-, 5)) — PF(0°(3(s, 1)), 9o (s, 1))]ds

[0, e A [PR(00 (4h(s, 0), 4o (. 0)) — PE(o"(3h(s,1)), (s, £))]ds

As long as [|u(:, s)||a < 2K7, we can use (3.8), (3.10), (3.39) and the fact that
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oV € A to estimate:

(3.46)
Jo lle A= PF(@(-, 5), ¥ (-, 5)) — PF(0°(3h(s; 1), g (5:1))] | s

< M [5(t =)0 PDCRED[a( s) — o ((si1)) ot
ML [!exp{[k + ML(Ks + 1)](r — s)}|€(r)||adr] ds
< M Jo(t — )7 P C2K1)[||€(5)]|a+
ML(Ky + 1) [ exp{[k + ML(Ky + 1)](r — 5)}|&(r)||odr] ds
= NI [ CRE)(t — 5) e P& (s)|ads
+ MCQ2K ) ML(Ky + 1) [ exp{[k + ML(Ks + 1)](r — t)}|&(r)]|-
[L 2 %eap{—(B — k — ML(K» +1))z}dz dr.

Moreover, from inequality (3.40), we can estimate:

(3.47)
2 e A [P (0%(wh(s; 1)), 1o (5:1)) — PF(0°(1(530)), 3o (5; 0))] | ds

<M [° (8 = 5) 7% =IC02K)[[l0° (3 (53 1) — 0°(3(53 0))|a
+b(s:t) — (s 0) [l y]ds
<M [° _(t—s)" e PU=9)CQ2K, ) M?L(Ky + 1)-
3 exp{[k + ML(Ka + 1)](r — 8)}€(r)|ladr ds
= MC(2K1)M?L(Ky + 1) [} exp{[k + ML(Ks + 1)](s — t)}||€(5)]|a-
[z eap{— (B — k — ML(K3 + 1))z}dz ds.

Combining (3.45) to (3.47), we obtain:

€D 0 < Me™(|£(0)]la + M0(2K1)/0 1€(s)llat (s, t)ds,
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where
I(s,t) = (t — )~ Pt=%) 4 M2L(Ky + 1)exp{[k + ML(Ky +1)](s — t)}-

[ 2 exp{—[B —k — ML(Ky +1)]z}dz

< (t—8)"% P09 4 M2L(Ky + V)exp{[k + ML(Ka + 1)](s — t)}-
(t—s)~ [ eap{—[3 —k — ML(Ky + 1)]z} dz

2
= (t— )" P9 {1 4 SALEIRED

We obtain
A t
(3.48) e E®)la < MO + b/O (t— )" ||€(5) | ds,

where b = MC(2K1){1 + M?L(Ky + 1)[8 — k — ML(Ky + 1)]"'}. Inequality
(3.48) holds as long as |[a(:,s)|la < 2K; for 0 < s < t. Hence, inequality
(3.43) follows from (3.48) and the generalized Gronwall inequality (cf. [84]), as
long as ||[illa < 2K;. Here R depends on Kj,a and b. Recall that ||o*]|o <
K; by Theorem 3.1. Consequently, (3.43) holds for all ¢ > 0, provided that
(-, 0) — [u° + 0*(v(:, 0) — ¥0, vi(, 0))la < Ka(NTR).

Remark 3.5. For the reader’s convenience, the generalized Gronwall’s inequal-
ity can be found in Theorem 7.1.1 of [84]. Let w(t) := °*||€(t)||o, Which satisfies
inequality (3.48). Then the generalized Gronwall’s inequality implies that w(t)
satisfies:

w(t) < M||€(0)][«Ce”  for t >0,

where C' is a constant which depends on « and b, and 6 = (bI'(1 — a))V/ (1=,
Here I' is the Gamma function.

We finally consider some special cases when the theories of the last two
theorems can be readily applied. We will restrict the damping constant to be
positive, i.e. g > 0, in the remaining part of this article. Such sign condition is
appropriate for application of (3.1) to most physical problems.

Theorem 3.3 (Asymptotic Stability for Equilibrium on the Invariant
Manifold). Assume all the hypotheses of Theorem 8.2 and h = q = 0,u’ =
v0 = 0, p > 0. Suppose that the origin is on the invariant manifold and is
asymptotically stable with respect to flows on the manifold as t — +oo, then it
is asymptotically stable with respect to solutions of the full system (3.1).
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Remark 3.6. Roughly speaking, if the origin attracts neighboring solutions on
the invariant manifold, then it will attract all neighboring solutions of the full
system. The theorem will be proved by means of Lyapunov’s method.

Proof. The evolution on the manifold is described by the system:
(3.49)
zy + pze = Az + B(x)z + G(0*(z,2¢),z) for x € Q,—oc0 < t < 00,

z(z,t) =0 for € 00, —00 < t < .

Let X = (& X2 X3, - x$)T € Y, and %(t; to, Xo) = (2(t; to, (X$, X3 X X2: X6
X)L,z (5 to, (b, X3, X8, X35 X6, X$)T)) has its first three components as the so-
lution of (3.49) with initial conditions (z(to),z:(t0)) = (X&, X&» X8> X3, X&, x$) T -
Let x(t;to,Xxo) = (21(t),021(t)/0t, z2(t), 022(t) /Ot, 23(t), D23(t)/Ot)T for con-
venience. There exists a small 79 > 0 such that for |xglly < 70, we have
lIx(t;0,x0)l[v < 0(t) — 0ast — +o0o. We may assume that 6(¢) has continuous
negative derivative, thus it has continuous inverse T'(¢),0 < ¢ < 6(0) so that
T(6(t)) = t, with T'(€) — 400 as ¢ — 0. From (3.3), Lemma 3.2 and the repre-
sentation by semigroup, we can show that the mapping xo — x(¢;0,x0),t > 0
has Lipschitz constant JeP? for some constants J and D, if ||x,|lv < 70. As in
Theorem 19.3 in Yoshizawa [239], define g(€) = exp{—1(1 + D)T'(¢)}, g(0) = 0;
and for k =1,2,3,...

Qr(2) = maz{0,z — k~1},

Vi(xo) = 9(1/(k + 1) supr=o{e’Qi(IIx(t 0, x0) ¥} for [xolly < ro.

(Note that the supremum may be taken only on 0 < ¢t < T} := T(1/(k + 1)).)
One can verify that 0 < Vi(xg) < g(1/(k +1))e’#0(0), and

Vi (x (150, x0)) = e "g(1/(k + 1)) supezn{e' Qulllx(t: 0, x0) ¥)} < e "Viilxo)

for small A > 0. Defining V(x,) = 23,2 *Vi(xo), for ||Ixolly < 70, We can
show as in [239] that

(3.50) Vx1) — Vx| < Jllx1 — xallvs
(3.51) V(xo) = lim sup AV (x(h;0,x0)) — V(x0)] < =V (X0);
(3.52) a(llxolly) < Vixo) < JlIxolly

where a(s) is a continuous and strictly increasing function for 0 < s < rg, with
a(0) = 0. Moreover (3.51) and the comparison Theorem 4.1 in [239] imply that

V(x(T;0,%0)) < e "V(xo)-
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For [|xolly < 7o, |[uo — 0%(xp)|la small, define

W (uo, X0) == V(xo) + Pll€olla, where & =uo — o (x),

and P is a large positive constant to be chosen below. Let T' > 0 be a large
number such that:

e T<1/2 and MR AT <1/4,

o(w(-, 1)), and consider the following;
W, T),w(-T)) = V(w(-,T)) + PI&(T)]a
< e V(0 T, w( 1)) — e TV(w(-,0)) + e TV (w(-.0)
+P MR T|€(0)
< e TIIx(0;T,w(-, 1)) = (-, 0)|ly + 27V (w(-,0)) + (1/4)P|€(0)]a
< e TJMLMRIk+ ML(Ky + 1) + g — B] 7 (et ML+ D+a=AIT _ 1) |1£(0) |,

+27V(w(-,0)) + (1/4)P€(0)|-
The last inequality is due to (3.39) and (3.43). Thus by choosing
P> 4eTJMLMR[k + ML(Ky + 1) + g — ]~ (el ML) +a=FT _ 1),

we obtain
W(u(-,T),w(~,T)) < (1/2)W(u('70)7w('70))'

Estimating by (3.43) the norm |[&(¢)||o for ¢t € [0,7], and possibly reducing
1€(0)]l, we obtain

W(u(,t),w(t) < Q27T forall t>0,

where () is some positive constant. This proves the asymptotic stability of the
origin for the full system (3.1).

Remark 3.7. Consider system (3.1) under hypotheses (3.2) to (3.3), without
the boundedness assumption (3.4) on f. Suppose that B(x) is symmetric, p > 0
and g satisfies the additional condition:

Ig(w, V)L < Kllulla
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for all (u,v) € X, x H"? where K is a positive constant. Let Q; and Q
be arbitrary positive constants. We can show by integral representation using
semigroup as in [128], that there exists Qy (which depends on Q; and Q3) such
that [[(v(-, 1), ve(-,1))]lg < Qo for all t > 0, as long as both ||(v(-,0), v¢(-, 0)lly <
Q2 and [[u(-,t)[[a < 2Q; for all ¢ > 0. Define f (u,v) = f(u, vi)(v/Qs)) for
ue X,ve Hé’Z, where 9 : H(l)’2 — [0,1] is a Lipschitzian function satisfying
Y(V) = 1if |¥|ge < 1 and (¥) = 0 if |[V][gre > 2. Let (3.1 — Q2) denote
the system (3.1) with only f(u,v) replaced with f5 (u,v). System (3.1 — Qo)
satisfies hypotheses (3.2)-(3.4). For sufficiently small € > 0, we can thus apply
Theorem 3.1 to obtain an invariant manifold for (3.1—@2) represented by o* € A,
satistying ||o*(v — v0,vi) [ < Q1 for all (v,v;) € Y. If [|(V(+,0),v¢(-,0))||y <
Q2 and (u(-,0),v(-,0),v¢(-,0)) is close enough to the manifold represented by
o*, Theorem 3.2 and the above consideration imply that ||u(-,?)||, < 2Q1 and
(v, 1), ve(- 1)y < Q- for t > 0. From the bound on v we conclude that such
(u(-,t),v(-,t)) is actually a solution of the original problem (3.1) for ¢ > 0. Such
solution of (3.1) thus tends to the part of the manifold represented by o* for
(3.1 = Q2) with [[(v,v¢)|l¢ < Q2 and |o0*||o < Q1, as t — +o0.

5.4 Existence and Global Bounds for Fluid Equations
of Plasma Display Technology

This section considers the fluid model for the discharge of plasma particle species
in display technology. The fluid equations are coupled with Poisson’s equation,
which describes the effect of the charged particles on the electric field. The
diffusion and mobility coefficients for the positive ion particles depend on the
electric field, while those for the electrons depend on the electron mean en-
ergy. The reaction rates are proportional to the products of the densities of the
reacting particles involved in the particular ionization, conversion or recombi-
nation reactions. The ionization and discharge reactions are described by an
initial-boundary value problem for a system of coupled parabolic-elliptic partial
differential equations. The model is adopted from the various investigations on
discharges in plasma display panels by Raul and Kushner [191], Hagelaar [77],
Hagelaar, Klein et al. [78], Veronis and Inan [223]. The system is first analyzed
by upper-lower solution method. By means of the a-priori bounds obtained
for an arbitrary time, the existence of solution for the initial-boundary value
problem is proved in an appropriate Holder space. The rigorous analytical de-
velopment in this section follows the presentation in Leung and Chen [134].
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Part A: Model Introduction, Upper and Lower Estimates.

Many types of plasma particles occupy the cells between the front and rear
glass panels. The voltage in the cell is influenced by the electrodes attached
to the front and rear glass panels, while the electric field inside the cell is also
affected by the charged particles. The space and time variation of the densi-
ties of the plasma particles, electrons and electron energy are described by the
fluid equations. The fluid equations are coupled with the Poisson’s equation
which describes the effect of the charged particles on the electric field, which
is the gradient of the voltage in the cell. We will take only four key positively
charged particles into consideration. They are the two xenon ions Xet, X e; and
the two neon ions Ne™, Ne;. Let nq(x,t),...,nq4(z,t) respectively represent the
densities of the particles Xet, XesS, Net, Nes . Let ns(z,t), ng(z,t) respectively
represent the densities of electron e and electron energy; and V(x,t) represents
the voltage in the cell. We obtain the following seven coupled parabolic-elliptic
equations for the 4 positively charged particles, electrons, energy and voltage.
(4.1)

(01 /0t =V - (DL(VV2)Vn1) + (i (IVV]2) /O[S, aimi — asnaln

—m(IVVP(VV) - V] = enns — ciana,
Iz /0t =V - (Da(|VV 1) Vn2) + (u2(IVV[2) /) [, aimi — asns]ne
—a(|VVIH(VV) - Vng] = coing — coansna,
Oz [0t =V - (D3(|IVV[*)Vng) + (u3(IVV)* /)iy dini — gsns]ng
—u3(|VVIH(VV) - Vng] = c3ins — czanas,
Oy /0t =V - (Da(|VV ) Vna) + (ua(IVV 2 ) [y gini — gsns]na
—s([VVPY(VV) - Vg = cang — caansna,
Ons /0t — V - (Ds(ne/ns)Vns) — (1s(ne/ns)/€)[31—y aini — gsnsIns
+ us5(ne/n5)[(VV) - Vng| = crins + e31m5 — caanang — caanans,
Ang /Ot — (5/3)V - (Ds(ng/ns)Vng)
—(5/3)(15(ne/ns)/€) [ iy gini — gsnslne + (5/3)us[(VV) - Vng]
= eus(VV - VV)ns — eD5[VV - Vns| — ns[320_, diny],

AV = e ' (X, gini — gsns),
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for (x,t) € Q x [0,00). The quantities D; and p; for i = 1,...,5 are the diffusion
and mobility coefficients for the corresponding ¢-th species. For ¢ = 1, ..,4, they
will be assumed to be functions of grad V(z,t) = VV, and are thus coupled
nonlinearly with the seventh equation. The product of e~ 1;(|VV|?) with the
quadratic terms on the left of the equations expresses part of the influence of
the electric field (i.e. grad V(z,t)) on the evolution of the particles. Note that
this quadratic expression is exactly p;div(grad V)n; as described in the seventh
equation. The parameter e represents dielectric permitivitty, e represents the
elementary charge, and ¢; are positive constants for ¢ = 1,...,5. For ¢ = 5, we will
assume the diffusion and mobility coefficients to depend on the so called electron
mean energy 71s/15. The right-hand side of the six parabolic equations describes
the reaction among the ions. The reaction rates are proportional to the products
of the densities of the reacting particles involved in the particular ionization,
conversion or recombination reactions. In the first equation for Xe™ density, the
reactions are due to ionization from Xe to Xe',i.e. e+ Xe — 2e+ Xe™, and ion
conversions from Xe® to Xej or other particles e.g. Xet +2Xe — Xej + Xe
and Xet +2Ne — NeXet + Ne. Note that we assume the densities of Xe
and Ne to be constants. In the second equation for X e; density, the reactions
are due to ion conversion to Xej (this includes e.g. Xet +2Xe — Xej + Xe
or Xet + Xe + Ne — Xej + Ne), and recombination e + Xej — Xe** +
Xe. In the third equation for Net density, the reactions are due to ionization
e + Ne — 2e + Net and ion conversion e.g. Net + 2Ne — NeéIr + Ne, and
Net + Ne+ Xe — NeXet + Ne. In the fourth equation for Nej density, the
reactions are due to ion conversion Net +2Ne — N e; + Ne and recombination
e+ N e; — Ne** + Ne. In the fifth equation for electron density, the reactions
are due to ionizations e + Xe — 2e+ Xe™, e+ Ne — 2e + Ne™, recombinations
e+ Xey — Xe** + Xe and e + Nej — Ne** + Ne. In the sixth equation for
energy, the first two source terms on the right-hand side are due to heating by
electric field, and the last term is due to energy loss in collisions. The terms
involving diffusion and mobility on the left-hand side are due to appropriate
approximation of drift-diffusion, contributing to the electron energy flux.(See
e.g. [77], [78] and [191] for more detailed explanations).

To fix ideas, we assume 2 is a bounded domain in R™, with boundary 92 in
the Holder space C?T9, 0 < a < 1. As described above, we assume in (4.1), for
1 = 1,..,4, that Dz = DZ(|VV)|2), Hi = ,LLZ(|VV|2) and D5 = D5(776/775), M5 =
ts(n6/m5). We will assume that, for ¢ = 1,...,5, D;(z) and p;(2) are respectively
positive C'*® and C® functions in compact subsets of all real numbers; and
further, p;(z) are bounded for all real z, ¢ = 1,...,5. All the parameters c;;
in (4.1) are assumed to be constants. We will consider the system (4.1) with
prescribed initial-boundary conditions:
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ni(x,0) = g;(xz,0) >0 forreQ,i=1,..,6,

(4.2) ni(x,t) = gi(x,t) >0 for (z,t) € 02 x [0,00), 1 =1,...,6,
V(z,t) = ¢(x,t) for (z,t) € 0Q x [0, 00).

In Theorem 4.1, we show that if appropriate coupled upper-lower solutions for
problem (4.1) and (4.2) exist in a certain time interval, they will serve as a-
priori upper and lower bounds for the solutions of the initial-boundary value
problem. We will give examples to show that under appropriate ranges of the
reaction rates c¢;j, Theorem 4.1 can establish bounds for the densities of the
charged particles. Such bounds can determine whether the reaction rates will
lead the densities of the particles to generate light through discharge. Under
more stringent conditions on the coefficients D; and pu;, the a-priori bounds will
also be used in Main Theorem 4.4 to prove the existence of the solutions of (4.1),
(4.2) in appropriate Holder space on the time interval involved. These methods
can be used to study more elaborate systems involving more particles. They
are however too lengthy for this present analysis. Better understanding of these
problems is beneficial for further study of the control of light distribution on the
display panel.

We now define convenient coupled upper-lower solutions for problem (4.1)
and (4.2). They will be used as upper and lower bounds for solutions of the
initial-boundary value problem.

Definition 4.1. A pair of vector functions (f1(z,t), ..., 5 (,t)) and (71 (2, ), ...,
fi5(x,t)) with each component in C?!(Q x [0, T]), where 7; < 7;,4 = 1, ..., 5, with

0< ﬁi(xat) < gi(xvt) < 'ﬁi(xvt)a 1= 1) -'-75> and

(4.3)
0<is(z,t) for (x,t) € (Qx {0H)UOQ x [0,T]),

are called coupled upper-lower solutions for problem (4.1), (4.2), if (nq,...,75)
satisfies in Q x (0,7):
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(4.4)
ony /ot —V - (D1(IVW?)VA1) + (1 (IVW ) Je) [ 1

+ 0 @i — a5z5)An — pa (VW) [(VW) - Vi

\Y]

1125 — C12M,
Ona /0t =V - (Da(|VW?) (Vi) + (2 (|VW]?) f€) [ g2z

+ 2?21,2‘752 Gizi — Qszs|a — pa([VWIA)[(VW) - Vig] > ca1z1 — caazsia,
Ons /0t — V - (Ds(|VW [*)Virg) + (us(|VW?) /) asis

+ iy €% — 0575)0s — pa((VWR[(VIWV) - Vig] > 3125 — ez,
Ong /Ot — N - (Dy(|VW*)Vg) + (a(|[VWI?)/€)[ quita

S i 0% — G525)Ra — pa (VW) [(VW) - Vig] > carzs — canzsina,

Ons 0t — ¥V - (D5(Z)Vis) — (15(Z)/€) [y 4% — asis)is

+us(Z)[(VW) - Vis] > ciinis + c31m5 — Caa22fts — cagz4Tis,

while (721, ..., 5) satisfy (4.4) with corresponding n; replaced by n; and all the
inequalities reversed, at all (z1,...,25) with n; < z; < n;,7 = 1,...,5. Here, for
i=1,..,4,D; = D;([VW|*), ;i = u;(|[VW|?) and W is any C?! function in
Q x [0,T)]. In the 5-th inequality, D5 and ps are allowed to be evaluated at any
C?Y(Q x [0,T)) function Z.

Theorem 4.1 (Searching for A-priori Bounds). Consider the initial-
boundary value problem (4.1), (4.2). Let (ni,...,n5) and (N1, ...,75) be a pair
of coupled upper-lower solutions as described in Definition 4.1, with n; > n; in
Qx[0,7),i = 1,...,5; and (n1,...,n6,V) be a solution of the initial-boundary
value problem with components in C*1(Q x [0,T]). Then the following inequali-
ties are satisfied:

(4.5) ni(x,t) < ni(z,t) < ni(x,t), i=1,..,5

for all (z,t) € Q x [0,T].



5.4. PLASMA DISPLAY FLUID EQUATIONS 461

Proof. For convenience, let f; = fi(z,t, w1, ws,...,ws),i = 1,...,5 be defined by
(4.6)
fi = ctiws — erpwy — e g ([VV (@, 8) ) [ qws — gswsw,

f2 = corwy — expwswe — e s ([VV (x, t)|2)[2?:1 qiw; — gsws)wa,
f3 = ca1ws — caaws — € T us(|[VV (2, 75)|2)[Z?:1 qiw; — gsws)ws,
f1=carws — capwswy — € g (|VV (z, t)|2)[2?:1 ¢iw; — gsws)wy,
f5 = cr1ws — c31Ws — CooWoWs — CapWAWS
+ e s (ne(z, t) /ns (x, t))[Ziil qiw; — gsws|ws.

Since the functions pu; are assumed bounded for ¢ = 1,...,5, the functions f;
satisfies:

5
(4.7) |filw twf, o wd) = filw twy), o wd)] < KO [wf — wl]?)?
j=1

for some K > 0, for all (z,t) € Q% [0,T] and (w, ..., w?), (w), ..., w’) with both
w = wi and w? satisfying

min{n;(z,t)|(z,t) € Q x [0,7]} < w < max{n;(x,t)|(z,t) € Q2 x [0,T]},

i=1,...,5. Let k = minlgigg,{fli(x,t) —ﬁi(l‘,t”(l‘,t) € Qx [O,T]} For0 <o <
(k/2)[1 +3K5Y2T)7',i =1,...,5, define

nEo(z,t) = ni(z,t) £ 1+ 3K5Y %0 for (x,t) € Q x [0,T).

i
By hypothesis, at t =0 for ¢ = 1,..., 5, we have
(4.8) iz, t) <nf(x,t) and n;%(z,t) < Ay(x,t) for (x,t) € Q x [0,T].

Suppose one of these inequalities fails at some point in  x (0,71), where 71 =
min{T,1/(3K5?)}; and (z1,t;) is a point in Q x (0,71 ), with minimal ¢; where
(4.8) fails. At (x1,t1),7; = n;-'“’ or n; ? =n; for some i. Assume that the latter
is the case; a similar proof hold for the former case. (Also, assume that i = 1;
same arguments hold for other cases of 7). First, let i (z1,¢1) = ny % (z1,t1) with
x1 € Q. In the differential inequality (4.4) for upper solution, we evaluate W at

the function V(x,t) and Z at the function ng(z,t)/ns(x,t), which are obtained
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from the components of the solution itself. At (x1,t1), we deduce:
(0/0t)(R1 — 17 )| (g 1) = Of1 /Ot — Oy /Ot + 3o K 51/2
>V (Di(IVV) V(i — 1)) + pa(IVVIA)[(VV) - V(i1 —na)]
— i (IVV e Nqrin + Y1y qizi — g525)
+ (Ve (320 aini — gsns)m
+ 1125 — Clgﬁl — 1115 + c12ng + 30’K51/2
= fl(.l‘l, t1, nl_”, 29y .y 25) — fl(arl, t1,M1, . TL5) + 30‘K51/2,
where z; = max{n; 7 (z1,t1),ni(x1,t1)} or min{n?”(wl,tl),ﬁ(aﬁl,tl)} for ¢ =
2,...,5. (Here, we apply the inequality (4.4).) Since |n;? —nq| and |z; —n;|,i =
2,...,5 are < (14 3K5Y2t)o < 20, we obtain
(0/08) (A1 = 17 (zy.0) = K52 > 0,
contradicting the definition of (z1,¢1). Hence, we must have 1 € 9§). However,
by (4.3), we must have n=7(z,t) < 7;(z,t) for (z,t) € 9Q x [0,T]. Thus (4.8)
must hold for (z,t) € Qx (0,71). Passing to the limit as ¢ — 07, we obtain (4.5)
fori=1,...,5, (z,t) € Qx[0,71]. If ; < T, we repeat the above arguments in the

shifted time interval [71, 2], where 7o = min{T, 7, + 1/(3K5Y2)}. Eventually,
we obtain (4.5) in Q x [0,T] for i = 1,..., 5.

Corollary 4.2. Assume that [i; and [i; are constants such that
0<p; < uz(g) <p forall ¢ eR, i=1,..5.

Suppose there exist positive constants § and C;,1 = 1,...,5 with § < Cs, Z?:l q:Cs
< q5C5 satisfying:

(—(f11/€)(q1C1 — q5C5)Ch + ¢11C5 — ¢12C1 < 0,
—(f12/€)(q2C2 — ¢5C5)Ca + c21C1 — c220C5 < 0,
(4.10) ¢ —(f13/€)(q3C3 — q5C5)C3 + ¢31C5 — 3203 < 0,

—(fta/€)(qaCs — q5C5)Cy + c41C3 — c420Cy < 0,

+(fi5/€)(q1C1 + 202 + ¢3C3 + q4Cs — ¢5C5)Cs + ¢11C5 + ¢31C5 < 0,
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and
(4.11) —(f15/€)q56 + c11 + 31 — €220 — ¢42Cy > 0.
Moreover, suppose that the initial-boundary functions in (4.2) satisfy:

0 < gi(x,t) < Ci, 1= 1, ...,4,
(4.12)
d < gs(x,t) < Cs for (x,t) € (2 x {0}) U (99 x [0,T));

and (ni,...,n6, V') is a solution of the initial-boundary value problem (4.1), (4.2)
with each component in C*1(Q x [0,T]). Then the following inequalities:

0 < n(x,t) <C; fori=1,....,4, and
(4.13)
) < n5($,t) < 05

are satisfied for all (z,t) € Qx[0,T]. (Note that V (x,t) can be readily estimated
by using the bounds for n;(z,t),7 = 1,...,5 in (4.13) and the last equation in

(4.1).)

Proof. Choose n;(x,t) := @ﬁi(x,t) = C, for i = 1,...,4, and ns(x,t) :=
5, n5(x,t) = C5 for (z,t) € Q x [0,T]. Then the inequalities in (4.13) follow
readily from Theorem 4.1.

Remark 4.1. Under further assumptions, we will also deduce bounds for
ne(z,t) in Q x [0,7] in Part B below.

Example 4.1. Suppose that:

@1 =q=¢q3=qs=qs = 1.6 x 10719 coulombs,

1 1

c11 =c31 =6 x 1077 sec™ , Cl2 =C32 = 2.5 X 1078 sec™ ,

1 0—14

o1 =cq1 =100 sec™, e =cao =5 x1 cm? /sec,
fii/€ = fi;/e = 1 cm3 /coulomb-sec, for i =1,2,3,4,

fis /€ = 0.8 x 107 cm? /coulomb-sec, fi5/e = 107 cm?/coulomb-sec.
Then, the inequalities (4.10) and (4.11) are satisfied by choosing:
Ci=0C=0C3=C4 = 10° cm_3; Cs; =4.1 x 10° cm_3; §=1lcm 3.

Consequently, Corollary 4.2 can be applied to obtain bounds for solutions of
(4.1), (4.2). (Here, some of the rates are similar to those in e.g. [78].)



464 CHAPTER 5. TRAVELING WAVES, INVARIANT MANIFOLDS

Example 4.2 (Relation of Bounds with Glow Discharge). From exper-
imental observations, glow discharge occurs when the ions reach concentration
level of the order 10'4. This example shows that when the boundary concentra-
tions of electrons are above a certain sufficient level for ¢, one will need large
constants of the order 10 for upper solutions for the five concentration com-
ponents. Suppose that:

n=q@=qg=qu=q¢g=16x10"",

c11 =c31 =6 X 10_3,012 =30 = 2.5 X 10_2,

co1 =cy1 = 1077, co9 = 4o = 5 x 10717

fii/e = fijJe =1, for i =1,2,3,4, fis/e = 0.8 x 10*, fi5/e = 10*.

Then, the inequalities (4.10) and (4.11) are satisfied by choosing:
01 = 02 = 03 = 04 = 1014; 05 =4.1x 1014; 0= 1012.

Consequently, Corollary 4.2 can be applied to obtain bounds for solutions of
(4.1), (4.2). (Here, the units for corresponding quantities are the same as those
in the last example.)

Remark 4.2. In [134], some of the parameters ¢;; are allowed to depend on
|[VV|?; and the examples there are slightly more complicated.

Part B: Existence of Classical Solutions for the Initial-Boundary Value
Problem.

We now consider the existence of solution for the initial-boundary value
problem (4.1), (4.2) for an arbitrary time interval. We will need additional
assumptions concerning the dependence of diffusivity and mobility of the species
on the electric field and mean electron energy. In the problem (4.1), (4.2), we
assume that for i =1, ...,5:

(4.14) D; = Dyi(z,)\) = oy + Mfi(2), i = p1i(z,A) = Bi + Afi(2)

where o; and (; are positive constants, and X is a non-negative real parameter.
For i =1,2,3,4, the functions f;(z) and their first two derivatives are continuous
and bounded on bounded subsets in R; the function f5(z) and its first two
derivatives are bounded for all real z. The functions ﬁ(z),z =1,...,5 and its first
derivative are bounded for all real z. We will assume that the initial-boundary
functions g;(z,t) defined on (92 x [0, T])U(22x {0}),7 = 1,...,6, can be extended
to be functions g; in the Holder space C>T*(2+0)/2(Q x [0,T]),0 < o < 1. The
boundary function ¢(z,t) will be assumed to be in the class C?+%(2+)/2(9Qrp).
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We will search for solutions of problem (4.1), (4.2) so that the functions n;(x,t)—
gi(x,t), i =1,...,6 are inside sets of the form:

(4.15)
S(Q) = {u e C1H0+/2(Q % [0,T]) : u; = 0 on (9Q x [0,T]) U (2 x {0}),

Jui [T < Q +1,i =1,...,6}
for some large constant (). Deforming D;, i = 1,...,5 in (4.14) by 0 < s < 1:
(4.16) D; = Dj(z,\) = a; + Asfi(z),

and accordingly transforming problem (4.1), (4.2), we will consider a family of
problems for 0 < s < 1:

(4.17)
ons [0t =V - (Di(IVV)Vn3) + s(u ([VVE[2) /e)[Sis, ainf — gsnslng

—sp([VV)(VV?) - Vni] = (enng — ciang)s,
On3/0t =V - (D3(IVV*?)Vn3) + s> (ua(|VV*2) [€) (i ain — gsn3]ns
—sua(IVVEP)[(VV®) - Vns] = ca1nfs® — coanings,
On3/0t =V - (D3(IVV*?)Vn3) + s(us(IV V) /€)1y ain — gsn3]nj
—su3([VVEP)[(VV?) - Vngl = (cs1inf — caand)s,
On3 /ot =V - (D5(IVVH)Vn3) + s2(ua(|VV*[2) /€)X qing — gsni]nj
—sua([VVEA[(VVE) - Vng] = cqnfs® — cionings,
O30t =V - (D3 (g /n3)Vn) — s(ps (g /n) ) [y ain; — gsn3ng
+ sps(ng/nE)[(VV?®) - Vngl = (ciing + csing — caangni — caaning)s,
Ong /0t — (5/3)V - (D5 (ng/n3)Vng)
—5(5/3) (us(ng/n3) /€)[izy ainf — asn3lng + s(5/3)us[(VV?) - V]

= (eps(VV?® - VV)ng — eDE[VV?® - Vng] — ng[>.0_, dinf])s,

LAVS = e (T, ainf — gsnd),
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with prescribed initial-boundary conditions:

nf(z,0) = gf(x,0) >0 forze,i=1,..,6,
(4.18) ni(x,t) = g (z,t) >0 for (x,t) € 92 x [0,00), i =1,...,6,

Ve(z,t) = ¢(x,t) for (z,t) € 9Q x [0, 00).

We will assume that the initial-boundary functions g;(z,t) defined on (0§ x
[0, T)) U (2 x {0}),i =,1,...,6, can be extended to be functions g; in the Holder
space C2(20)/2(Q % [0,T]). We will let ¢¥(x,t) = 0, g} (z,t) = gi(z,t) for
(x,t) € (2 x {0}) U (092 x [0,7T]), @ = 1,...,6. Further, for 0 < s < 1,(z,t) €
(2 x {0}) U (092 x [0,T7]), the functions will be assumed to satisfy:

0 < gf(z,t) < CZ', 1= 1,...,4,
(4.19)
s(1—-0)6 <gi(x,t) <Cs

for a small positive constant ¢. For convenience, we will denote:
Ly = (00 x[0,T))U(Qx{0}), Qp:=Qx][0,T]

To simplify writing, we will not display the dependence of Dy, j1; on the param-
eter A in (4.17) and some following formulas. Let A > 0, and for this part we
assume:
0 < jii < (2 A) < fu

foral 0 <A< A z€R,i=1,..,5.

In order to deform problem (4.1), (4.2) to a simple form, we first deduce
bounds for the spatial derivatives of the solutions for the family of problems
(4.17), (4.18) by the methods presented in Ladyzhenskaya et al. [113].

Lemma 4.1. Suppose that there exist positive constants 6,C;,i = 1,...,5, with
0 < 05,2?:1 q:C; < q5Cs satisfying (4.10), (4.11); and the initial-boundary
functions g satisfy (4.19), for 0 < s < 1. Let (nj,...,n§,V?®), be a solution of
problem (4.17), (4.18) with components in C*(Q2x[0,T)), and ni—g; € S(Q) for
i=1,...,6. Then for each (Q > 0 there exists e (0, \] sufficiently small, so that
for0 <A< ;\, the solution must satisfy for0 < s<1,i=1,....,5,7=1,...,m:

(4.20) Mar(y pery|On; /0x;| < M,
where My is a constant independent of Q, determined by 6, and C;,i =1,...,5.
Proof. In (4.10), the second and fourth inequalities can be modified to:

—(f12/€)(q2C2 — q5C5)C + c21C1 — ca2(1 — 0)0Co < 0,
(4.21)
—(f14/€)(qaCs — q5C5)Cy + c41C3 — c42(1 — 0)6Cy < 0
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provided o is a sufficiently small positive number. For each 0 < s < 1, define the
coupled upper-lower solution pair for problem (4.17), (4.18) to be (Cy,...,C5)
and (0,0,0,0,s[1 — o]d) as described in Definition 4.1, modified by appropriate
scaling with s or s? as in (4.17). By (4.10), (4.11) and (4.21), one readily verifies
that the pair indeed satisfies the appropriate inequalities described in (4.4) for
an upper-lower solution pair. Consequently, using condition (4.19) and Theorem
4.1 we assert that:

0 <nj(z,t) <Cyi=1,23,4, s(1—=0)d <ni(z,t) <Cs

for (z,t) < Q7. These bounds and the last equation in (4.17) then give a bound
for the first spatial derivatives of V* in Q7 by means of W?P estimates and em-
bedding theorem. In the first 5 equations in (4.17), the first spatial derivatives of
n? are multiplied by (8Df/8z)(|VVS|2)ij Vi, or (0D3/0z)(ng/n5)(ng/n5)ay,
and also by the first spatial derivatives of V*. The last equation in (4.17) gives
estimate of ijrk in terms of the Holder norm of nf,i = 1,..,5, which are, by
hypotheses of this lemma, limited by ). Consequently, using the assumptions
on D, for 0 < X < A sufficiently small, the factors multiplying with the first
spatial derivatives of n{ in the first five equations in (4.17) are bounded by a
constant independent on Q, determined by C;,7 = 1,...,5 and §. Moreover, the
assumption on f; implies that for sufficiently small positive A, we have Df > «; /2
whenever they are evaluated in the equations.

Using the growth estimate of the terms in the ¢-th equation with respect to
Vn$ and the lower estimate of the ellipticity, we can apply Lemma 3.1, Chapter
VI, on p. 535 of [113], to obtain the estimate (4.20) in this Lemma. The method
of S.N. Bernstein is used to estimate the gradient on the boundary in proving
the Lemma 3.1 referred in [113].

Lemma 4.2 (Bounds for Spatial Derivatives). Assume all the hypotheses
of Lemma 4.1, and (nf,...,ng,V?) is a solution of (4.17), (4.18) with properties
as described there. Then for each @ > 0 there exists A>0 sufficiently small, so
that for 0 < A < 5\, the solution must satisfy for 0 < s <1, i=1,...,5, j=1,...,m :

(4.22) MAT (, ey |Onf 015 < Mo,

where My is a constant independent of Q, determined by My, 6, and C;,i =
1,...,5.

Proof. As in Lemma 4.1, the first spatial derivatives of V* are bounded by
constants dependent on § and C;,i =1, ...,5. Moreover, we have nf > s(1 —0)d
in Qp; and for each 1 > s > 0, |n$/ng| is bounded by a constant dependent on Q
and s. In each of the first five equations in (4.17), we interpret VV*® and ng/ng
to be given functions on (z,t) substituted into D}, k = 1,...,4 and Dg respec-
tively. We will apply Theorem 4.1 in p. 443 of [113]. In relation to the notations
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of that Theorem, we identify u with nj, p with (n{)s,, and a;(x,t,u,p) with
Di(|IVVEA) (z,t)(ng)e; or DE(ng/ng)(x,t)(ng)s,. For instance, the derivative
OD;(|VV*?)(z,t)/0z; involves terms of the form (8D,§(|VVS|2)/82)V5J_ |
while as explained in the previous lemma the quantities stjm are bounded by a
constant determined by @. Consequently, by assumption (4.16), we can readily
verify that for 0 < A < X sufficiently small, the expressions |D(IVVE?) (2, t)],
ODE(V V) (w,8) /0, |D3(ng/n3)(w,8)| and [9D3(ng/n3)(w,t) /0w are all
bounded by a constant independent of (). On the other hand, the growth of
the other terms in the each of the equations with respect to nj and (nj)s, are
bounded by K + K2|Vn2| for some constants K1, Ko, since n; are bounded for
i =1,...,5. Thus for each equation in (4.17), k = 1, ..., 5, we can apply Theorem
4.1 on p. 443 in [113], to assert that max , yyeq, |0n;/0x;| can be estimated in
terms of 6, C;,i = 1,...,5 and maxr,|0n;/Ox;|. Finally, by Lemma 4.1, we
obtain inequality (4.22).

Lemma 4.3 (Bounds for Electron Energy). Assume all the hypotheses of
Lemma 4.1, and (nf,...,n§, V*) is a solution of (4.17), (4.18) with properties as

described there. Then for each Q > 0 there exists A > 0 sufficiently small, so
that for 0 < X\ < A, the solution must satisfy for 0 < s <1, j=1,...,m:

(4.23) maz, pea,ngl < Ki, maz yeq,|0ng/ox;| < Ko,

where K1, Ky are constants independent of Q, determined by M, Ms, 5, and
Ci,i=1,...,5.

Proof. Consider the 6-th equation in (4.17). The function z = n§ can be viewed
as a solution of the linear nonhomogeneous parabolic problem:

0z/0t — (5/3)V - (D5(ng/n3)V2)
—5(5/3) (5 (n§/n) /€[Sy aims — s3]z + s(5/3)us[(VV?) - V2]
(4.24) { = (eps(VV*-VV*)ng — eDE[VV* - Vng] — ni[320_, dinf])s

for (x,t) € Q x (0,T);

| z(z,t) = g§(,1) for (z,t) € I'r.

By Lemmas 4.1, 4.2 and formula (4.14), the coefficients and nonhomogeneous
terms are all bounded independent of @), for 0 SASA sufficiently small. Let
By, Ba, Yy, Wy be constants such that for (z,t) € Qp,
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|5(5/3) (ps (ng/ng) /)34y ains — qsns]| < Bi,
(4.25) [(eps(VV® - VV)ng — eDE[VV® - Vng] — ng[S.0_, ding])s| < Ba;
Yo <|gg(z,t)| < Wy for (z,t) € I'p.

Define Y (x,t) := Y (t), W(x,t) := W(t), for (z,t) € Qp, to be functions respec-
tively satisfying:

dY/dt231Y—B2, Y(O) :}/0;
(4.26)
dW/dt = B1W + Bs, W(O) = Wp.

The functions Y, W are respectively lower and upper solutions of problem (4.24)
as described in [125] and [183]. Thus we find:

(4.27) Y(t) <ng(x,t) <W(t) for (x,t) € Qr.

We obtain the first inequality in (4.23). The second inequality follows by apply-
ing Lemma 3.1 on p. 535 and Theorem 4.1 on p. 443 in [113], as in the proof of
Lemma 4.1 and Lemma 4.2 above.

By means of the lemmas above, we can now deduce estimates for the time
derivatives of the functions 7;.

Theorem 4.3 (Bounds for Time Derivatives). Suppose that there ex-
ist positive constants 6,C;,i = 1,...,5 satisfying (4.10), (4.11) as described in
Lemma 4.1; and the initial-boundary functions g satisfy (4.19), for 0 < s < 1.
Let (nf,...,n§,V?), be a solution of problem (4.17), (4.18) with components in
C*(Q x [0,T)), and nf — §; € S(Q) fori=1,....,6. Then for each Q > 0 there
exists A > 0 sufficiently small, so that for 0 < A < 5\, the solution must satisfy
for0<s<1,i=1,...6:

(4.28) Maz, ;ca,|0ni /0t < Ms,

where Ms is a constant independent of Q, determined by 6, and C;,1 =1,...,5.
Proof. For (z,t) € QA x [0,T),i=1,...6,0<s<1andh > 0 small, let:

(4.29) ni™ (@, t) = h sz, t + h) —ni(z, t).

7

For convenience, we denote:

G =¢q,i=1,...,4; ¢G5 = —qs.
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Using the first equation of (4.17) at (x,t + h) and (x,t), and writing e.g.
[DY(IVVE2)(z,t + h) — DY(|VVE ) (2, t)]h "
(4.30) = [[ (D} (TIVV*2(x,t + h) + (1= 7)|[VV?(x, t)dr]
< [ (Ve (@t + h) + Vi (2, ) (Ve (2.t + h) = Vi (2, )h 1,

we deduce that ni’h(w, t) satisfy:
(4.31)
ony" /0t =V - AD{(|VV (1)) Vn}"

+ Vni(xz,t+ h) [fol(Df)’(ﬂVVSP(x, t+h)+ (1 —7) |V (z,t))d7]
X[ (Ve (ot 4 ) + Vi (2, 8)] o €7 Gy (2, €) YRy @™ (€, 1) €]}

+se L [ (r[VVER (2, t+ ) + (1= 7)YV (2, 1)) dr
X [ (V3 (@t 4 ) + Vi () fo €7 Gy (@,€) S0y Guni™ (€, 1)de]
X [0 @gni(z,t + h)|ng(z,t + h)

s (IVVE P (e, ) [0y @y (@, 8)]nd (2.t + h)

s (IVVE P, )27, dng (e, 8)]ni" (2, ¢)

— s [ (T|VVE P (@, t 4 h) 4 (1= 7)[VVE2(x,t))dr
X [P (VE (t 4 h) + VE (2, )] o € Gy (,€) S0y @uny™ (€, )]
X [VV5(x,t 4 h) - Vns(z,t + h)]

— s ([VV (2, ) [(Jo Xohey @y (€ 1) VG (2, €)dE) - Vi (x, + h)

+VVE(z,t) - Vi (a,1)]

= (enini"(x,t) — cron"(z, 1))s.

The integral terms over {2 above arise from expressing V> by means of Newtonian
potential and the derivative of the Green’s function G using the last equation in
(4.17), (see e.g. p. 54 in Gilbarg and Trudinger [71]).
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From the first equation in (4.17), we find that nj(z,t) is a solution of a linear
nonhomogeneous parabolic equation with the coefficients and nonhomogeneous
terms dependent on nj(z,t). Thus using the fact that nj — g; are in S(Q), we
can obtain by Schauder’s estimate that |Anf| is bounded. Note that [V, | can
also be shown to have a bound dependent on @ by using Schauder’s estimate
with the last equation in (4.17). Consequently, from (4.31) and similar equations

h
i
(4.32)

Gl — oo, t) Az + [R (2, t) + AR (2,1)] - Vi + X0 Rk (x, 1)z (2, 1)

for n;",i = 2,...,6, we can verify that z;(x,t) = nf’h(a:,t) satisfy in Q x [0,T):

+ Z?:l fQ Z?:I[RZZ(% t) + )‘Rgi;(% t)]sz ($7 S)szj (fa t)d€
FAY ) Jo o Sy Hi (2, 0) Gy (,€) G525 (€, 8) — 25w, )] dE
+A Z?=l @iz (2,t) [oq orey Sohey Hif (2, 1) Ga, (2, E)ui(€)dE = 0,

where of(z,t), R{(z,t), Rg; (z,t), R$, (x,t), HS: (z,t) are bounded continuous
functions in Qr. R§'(z,t), RS (z,t) are also bounded continuous functions in
Qr, however with bounds determined by Q; they are multiplied by the factor A
which arises from differentiating the functions D] and p;. Here, v denotes the
k-th component of the outward unit normal. The last two expressions in (4.32)
arise from applying the operator V in the second term of (4.31) on the integral
over §2. Here, we have also used Lemma 4.1 to Lemma 4.3, and the assumptions
on D; and p; in (4.14) in the assertion concerning the bounds of the coefficients.
We also have the coefficient in (4.32) satisfying o?(z,t) > 0 in Qz for 0 < A < X
sufficiently small.

In order to simplify writing for equation (4.32), we denote:
Fs(x,t, z1(x,t), .., 26 (2, 1); 21(-, 1), oy 25 (-, 1), A) = 25:1 Rgz-zj(x,t)
(4.33)

+ o1 Jo SR B (2. 1) + ARZ (2, )] Gay (2, €)% (&, D) E,
Fz's(xv t, Zl(aja t)) B Zﬁ(aja t); Zl('v t)a ooy 25('7 t)v )‘) = Fs(xv e )‘)
(4.34)  +AT] Jo X i Hib (@, 0)Gaya, (2, €) 512 (€, 1) — 2, )]dE

+A Z?:l szj ($7 t) f(’)ﬂ Z:Ll Zzlzl H;;IZCG:Cr (‘Ta f)ljk(f)dg
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for ¢ = 1,...,6. The function 1:"2-5 satisfies:
|ﬁ’i8($7 t? 21($7 t)? ceey 26(337 t)a 21('7 t)a cee Z5('7 t)a )\)

(4.35) — FS (et 21 (2, 8), o B (1) 21 (1), B (0 £), M)

< Ly -mazeea(X5_y 7(6,1) — (8, 1))/

for some constant Ly > 0, for all (z,t) € Q7,0 <\ < . Let

5 m m
Ly = 5\6_1/2ZZZmaa:QT|/ 5t Gy, (2, &) (€)dE| G

j=1r=1k=1

The proof of Theorem 4.3 is complete by using the following lemma to obtain
bounds for the difference quotients in (4.29). The parameter A is fixed in [0, \).

Lemma 4.4. Let zj(z,t),v;(z,t),w;(x,t),j = 1,...6 be functions in C*(Q x
[0,7]), and has wj(x,t) — vj(z,t) > 0 for all (z,t) € Qr. Suppose that the
functions z; satisfy for (z,t) € Q x (0,T7:

0zj(x,t) /0t — 0% (w,1) Az + [RY (x,1) + ARY (2,8)] - Vz;
(4.36)
+ Fj (@, t, 21(, 1), oy 26 (2, 8); 21 (5 1), ooy 25 (11 ), A) = 0,

and
(4.37) vi(z,t) < zj(x,t) < wj(z,t) for (z,t) € (2 x{0})U (092 x [0,T)).
Moreover, the functions vj(x,t) and wj(x,t),j =1,...,6 satisfy:

Ovj(w,t) /0t — 0% (x,t) Av; + [RY (z,) + ARY (z,1)] - Vv
(4.38)
+ F3(,t, 01(2,8), ey T (2, 8); 01, 1), oy T3 (-, 1), X) < 0

for (z,t) € Q x (0,T], where for each k=1, ...,6,
Op(-,t) = 2i(-,t) + o1 + 3(L1 4 Lo)6'/2t],  provided

(4.39)
vp(2,7) < 0p(2,7) < wp(z,7) + o[l + 3(L1 + Ly)6Y/%T)
for all 7 € [0,t), x € Q, 1 < r < 6. (Here, o is any constant satisfying 0 < o
< minlgigg{wi(x t) Ui ( t) (.1‘ ) € Qx [0,T]}(1/2)[1 —|—3(L1 + L2)61/2T]_1);
and
Ow;(w,1) /0t — o3 (x,t) Aw; + [RY (z,t) + ARY (2,1)] - Vw,
(4.40)

+Fj8(.1‘,t,ﬁ}1(aj‘,t), ...,’11)6(.1‘,75);’11)1(',25), ...,1[15(-,15), )\) >0
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for (z,t) € Q x (0,T], where for each k =1, ...,6,

Wy (-, t) = 2i(-,t) — o[l + 3(Ly + L2)6'2t],  provided
(4.41)
v (2, 7) — o1 + 3(Ly 4 Lo)6Y2T) < oz, 7) < wp(z,7)

for all T € [0,t), z € Q, 1 <r < 6. Then the following is satisfied:

(4.42)  wvj(z,t) < zj(x,t) < wj(x,t) for all (z,t) € Qr, j=1,...,6.

Proof of Lemma 4.4. For (z,t) € Q, define
250 (2,t) = zi(@,t) £ [1 + 3(Ly + L)6Y*t]o.

i
Note that
(4.43)
F(x,t; 21(x,t), ..., 26 (2, 1); 21 (-, 1), .. 25 (4, 1))
—Ff(z,t, 277 (2, 8), o, 26 7 (2, 1) 27 7 (4, 1), oy 25 7 (4 1))
= ﬁ;-s(ﬂf,t;21(ﬂf,t),...,Zﬁ(l’,t);Zl(‘,t), ey 25(4, 1))

- F;:S(.Z‘,t, ZI_U(.Z‘,t), ceey ZG_U($>t); Zl_g('vt)v [EE) 25_0(‘775))
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+ o[l +3(L + La)6" 20N Y0_1 @5 foq Sorty Sy Hip G, (w, )i (€)dE.

By hypotheses, at t =0 for ¢ = 1, ...,6, we have

(4.44) vi(x,t) < 27 (x,t) and 2,7 (x,t) < wi(z,t) for (z,t) € Q.

)

Suppose one of these inequalities fails at some point in Q x (0,71) where 71 =
min{T, (3(L1 + L3)6Y/?)~1}; and (z1,t1) is a point in Q x (0,71) with minimal
t; where (4.44) fails. At (z1,t1), v; = 27 or z;7 = w; for some i. Assume
that the latter is the case; a similar proof holds for the former case.(Also assume
that ¢ = 1, while the same arguments hold for other cases of 7). First, let

wl(azl,tl) = Zl_a(xl,tl) with z1 € Q. At ({L‘l,tl), we deduce
(4.45)
(8/8t)(w1 — 21_0)|(z1,t1) = 6w1/8t — 6z1/6t + 30‘(L1 + L2)61/2
> ojA(wy — 21) + [R + ARSY - V(wy — 21)

+Fls(ml7t17 Zl_a(ml7t1)7 ey Zﬁ_a(mlatl); Zl_a('7t1)7 ey ZE)_U('atl))

— Fls(l‘l,tl, Zl(l‘l,tl), ey ZG(.’L‘l,tl); Zl(',tl), ey 25(',t1)) + 30‘(L1 + L2)61/2.
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We have
|FP (21, tn, 21 7 (@, t1), o, 26 O (@1, t1)5 20 7 (5 t1), oy 25 7 (45 81))
(4.46) — FP(x1,t1,21(21,t1), oy 26 (21, 1) 21(5, 1), o 25 (4 11)) |
< (L1 + L)6Y20[1 + 3(Ly + L)6'/2t1] < (Ly + L2)6'/%02.
Thus from (4.45) and (4.46), we have
(0/0t) (w1 — 2772y 10) = 0(L1 + L2)6'/2 > 0,

contradicting the definition of (x1,¢;). The remaining part of the proof of Lemma
4.4 is the same as the last part of the proof of Theorem 4.1, and will thus be
omitted. The dependence on A is suppressed in the writing. The lemma is
actually true for each A € [0,1),0 < s < 1.

The proof of Theorem 4.3 will be complete by choosing appropriate v; and
w; for the solution z; = nf’h of equation (4.32), and then apply Lemma 4.4 to
obtain the bound (4.28). For i = 1,..,6, (z,t) € Qr, define

vi(z,t) = —KeP', wi(z,t) == Ke'™,

where the constants K and P will now be chosen. The assumptions on g; implies
that (4.37) is satisfied by choosing K sufficiently large. In order to verify (4.38)
and (4.40), we first note that one term in (4.34) satisfies:

A0 Jo Sy STy Hi (@, 6) Gl (2, €) G52 (€, 8) — 2 (2, )] dE
<A Z?:l Jo o S HE (2,1) Gy (2, )G K |€ — 2[*/2dE < R

for some constant R, where K is some Hélder constant for the functions zj =

njh We are able to find such a K for all n;’h under consideration by using the
fact that (n; — g;) € S(Q), and thus

5" (€, t) — 03" (@, 1) = (9/0t)(n5(&,17) — ni(, t7)| < K€ — [/,

Here, t* depends on the pair (z,&), and it satisfies t* € (¢,¢t + h). The con-
stant K depends on ). We have used the fact that nj are solutions of linear
equations related to (4.17), (cf. (4.47) below), so that the bound on the Hélder
norms of the coefficients give rise to a bound to the C2T®(2+2)/2 norms of the
solutions by means of Schauder’s estimates. We may then reduce the size of A
so that R is independent of Q for all \ € [0, 5\) Estimating the other terms of
F#(x,t,01(x,t), ..., V6501 (+, 1), ..., U5(x, t), \), we obtain by means of (4.33), (4.34)

j
and the second inequality in (4.39) that

|F’J$(l‘,t,l~/1(l‘,t), "'7{16; {]1('>t)7 "'765('7t)7 )‘)|

< BIKeP' + o(1+3(Ly + L2)62T)] + R,
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where B is a constant independent of @Q, as long as A € [0, 5\) Here, \ s
determined by (), and we have used the boundedness properties of R;?Z(x, t) as
described for (4.32). Thus (4.38) is satisfied if

—PKeP' + BIKe' + 0(1 4 3(Ly + L2)6'%T)] + R < 0,

for 0 < ¢t < T, which is true by choosing sufficiently large P. Inequality (4.40)
can be verified in the same way as (4.38). This completes the proof of Theorem
4.3.

In order to investigate the solutions for (4.17) and (4.18), we will search for
fixed points of the following related mappings: T : (23, ...,75) — (7], ...,1g),
with (7] —g§,....,7§ —g¢) € S(Q), wheren{ =ni,i=1,...,6, 0 < s < 11is defined
to be the solution in Q x (0,7) of the linear system:

(4.47)
ang ot — V - (D{(|Vag|?)Vng) + s(u (|VAg|?) /e)[Di, aifif — gsng]ng

—spur(|VAS|2)[(VA®)7 - Vng] + sciani = c11ils,
On3 /0t — ¥ - (D3(|V3[)Vn3) + 82 (ua(IV5]2) /) [Siny gty — gsig]ng
— su2(|VAS|?)[(VAS) - Vnj] + scoafiing = co1itfs?,
On3 /0t — V - (D3(IVi3 1) Vn3) + s(ps(IVig?) /)iy ¢y — gsig]ng
—su3(|VRs|2)[(Vag) - Vng] + sczanf = c31fiss,
on3 /0t — V - (D3(IVa3 ) Vng) + s2(na(|Vg12) /€)X imy @i — gsngIng
— spua(|[VAS|2)[(VAS) - Vnj] + scaoning = canfs?,
On3 /Ot =V - (D3 (g /75)Vn3) — s(us (7 /715) /€)Xy aifi; — s3]
+ sps(ng/nE)[(VRg) - Vng] — s(cin + e31 — conf — caonny)ng = 0,
Ong /0t — (5/3)V - (D5(ng/n5)Vng)
= s(5/3) (s (g /3) /€) [y it — asi3lng + s(5/3)us[(V7i3) - Ving]
= (eus (V5 - Vig)ag — eD3[Vivg - Viig] — n§[30,_, difif))s,
ARy = e (D, ] — gs73);

ni(z,t) = gi(x,t), for (x,t) € (02 x [0,T])U (2 x{0},i=1,...6,

né(x,t) = ¢(x,t) for (z,t) € 092 x [0,T].

Ve
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Defining 2 = nf — ¢ Then 2} = Z7 is the solution in Q x (0,7") of the linear
system:
(4.48)

(0210t =V - (DY(IViEP)V2) + s (IVA32) /)Xy ¢ — g57g] =
—spr(|Vaz?) (Vi) - Vzi] + scizzf
= —0§; /ot + Gi(s, 703, ..., nE, [VAg], [67]),
0z3/0t — V - (D3(|IVis2)Va5) + 52 (ua(| Vs [?) /) [, aind — q57i3) =3
— spa(|VAF[1)[(V5) - V23] + scaaitg 23
= —03/0t + Ga(s, 75, ..., i3, [Vig], [33]),
0z3/0t =V - (D3(IVis[2)V23) + s(us (| Viz|2) /) [Ty ity — s3]
—sua(IV3[)[(V3) - V23] + sz
= —05/0t + Ga(s, 73, ... w3, [Viag], [95]).
02;/0t — V - (D5(|Vi[*)V23)
+ 52 (VA3 2 /) [y qits — gsis)z;
— spa(|V*)[(VA3) - Vzi] + scapniz]
= —003/0t + Gu(s, iy, ..., 15, [VAg], [91]),
0z3/0t — V - (D3(ig /73)V25) — s(us (7§ /73) /) [Cimy aifts — g57]23
+ sps(ng/ng)[(Vng) - VzE] — s(cin + 31 — o — caonf) 28
= —093/0t + Gy (s, 75, ..., 3, [A3), [Ag), Vg, [43)),
073/t — (5/3)V - (D3(7g/73)V23)
—5(5/3)(ns (2§ /73) /€)X 1=y @iy — qs7i3)2¢
+5(5/3) 5 [(V3) - V2]
= —005/0t + Go (s, 75, ..., 3, [33], [g), Vs, [G3)),
ARg = e WX, qinif — gsng);

28 (x,t) =0, for (z,t) € (02 x [0,T])) U (2 x {0},i=1,...6,

né(x,t) = ¢(x,t) for (z,t) € 002 x [0,T],
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where

(4.49)
Gi(s, 07, ... 13, [VAz], [97]) = enngs + V- (DY(|VA3[*) V)

— s(m (Va3 /)iy a:if — gsm3]g5 + spa (Vs 2)[(Vi3) - Vi) — seiadi,
Ga(s, 75, ..., 78, V], [33]) = caritis® + V - (D3(| Vs [2)V3)
— 52 (pa(|IV75]2) /) [y ¢y — 4573193
+spa(| Vg 2)[(VA3) - Vi3] — scamiggs,
Ga(s, 03, ..., 73, V], [33]) = ca1ids + V - (D3(|VA3 )V 33)
— s(ps(|\ V) /)Xy @iy — 4573195 + spa(| Vi) [(Vig) - V5] — scsds,
Ga(s, 03, ..., 73, [VAg], [33]) = carigs® + V - (D3(| VA3 [2)V33)
— 2 (pa(IVA%) ) [y ainy — g573)35
+spa(|VAE2)[(VA3) - Vi3] — scafgs,
Gs(s, 05, ... 25, (3], [g], Vg, [95]) = V - (D5 (R /73) V§s)
+ (s (G /13)/€) [y 4 — asi3)g5 — sps (g /3)[(V7ig) - Vgs]
+s(c11 + €31 — c22n§ — ca2nf) GE,
Go(s, 75, ... 725, [Ag], [Ag], Viis, [98]) = (eps (Vg - Vag)ig — eD3[Vis - Ving)
— i3[320y difi))s + (5/3)V - (D3 (7§ /3) V)

o g~ 4 ~ 1A - N
+5(5/3)(us (g /13)/€)[2 i1 @677 — as73]96 — 5(5/3)us[(V7) - V5.

In order to obtain existence of a solution in the appropriate class, we will
need to clarify the assumptions on the initial and boundary functions g;(z,t) in
(4.2) for (z,t) € I'r. We will assume that g;(z,?) is the restriction of a family
of functions g¢f(x,t) := g;(x,t,s),0 < s <1 with:

gi(z,t,1) = gi(z,t); ¢i(x,t,0) =0, for (x,t) € I'r.

Moreover, the functions g_z-(;r,t, s) has extentions g;(x,t,s) to be defined as a
member of C*+®(2+2)/2(Q) x [0,T]) for each s € [0,1]; and as a function of
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s € [0,1] into the Banach space C*t®(2+2)/2(Qy x [0,T]), the function §; is
continuous in s. We will also assume the following usual compatibility condition
at x € 00, t = 0.

(4.50)

891 (.Z‘ 0, S)|x€8ﬂ = Gi(sv ﬁi(x> 0)> ! ﬁg(x> 0)> [V’ﬁ;(l‘, 0)]7 [gl(xv 0, S)])L’ceaﬂ

for i =1,..,4,

96
%(1‘7 0) S) |x€8ﬂ

= G5(s,ni(,0), .., [05(x, 0)], [ (2, 0)], Vg (2, 0), [95 (2, 0, 8)]) lzcon,

%5 (1,0, 5)|zeon

= Go(s,ni(,0), .., [n5(x, 0)], [ (2, 0)], Vi (2, 0), (g6 (x, 0, 8)]) [zcon-

Remark 4.3. Note that 7j(z,0),...,7¢(z,0), Vis(z,0) above actually only de-
pends on g;(x,0,s) because z;(z,0) = 0 for x € Q. They do not depend on the
preimage of T as in appearance. Moreover, the conditions are only imposed for
x € 002 at t = 0, and can be readily satisfied in numerous occasions.

Main Theorem 4.4 (Existence of Classical Solution). Let T" > 0 be
arbitrary, and assume there exist positive constants 6,C;,1 = 1,...,5 satisfy-
ing (4.10), (4.11) as described in Corollary 4.2. Let ¢ > 0 be small enough
so that (4.21) remains true, and suppose that the initial-boundary functions
g, = 1,...,5 satisfy (4.19), with extention properties as described above sat-
isfying compatibility conditions (4.50) for i = 1,...,6. Then for A € (0,5\), A
sufficiently small, the initial-boundary value problem (4.1), (4.2) has a solution
with n; € C2T»C+a)/2(Qr) i = 1,...,6. Moreover, we have

0<ni(z,t) <Cs, i=1,...,4, (1 —0)6 <ns(z,t) <C5 for (z,t) € Q.

(Recall that the coefficient and boundary functions D;(z,\), pi(z,A), ¢(x,t) re-
spectively are assumed to satisfy properties as described at the first paragraph of
Part B. The dependence of D; and p; on X\ in (4.1) is not explicitly displayed.)

Proof. Let B be the Banach space:
B:={uec CHo+9/2(Qr) i u; =0 on Ty, i =1,...,6}

with norm |[jul| = ZZ 1 ||u2||1+a. For £ = (&,...,&) € B, define the mapping:
Ty:B— B,0<s<1, by T,(€) = 2°:=(4,...,53) where z; = 23,i=1,...,6 is
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the solution of (4.48) with

(4.51) =& +3g in Qp, i=1,..,6.
Thus the function

(4.52) n =2 +95, inQp, i=1,..,6,

is a solution of (4.47). In case & = T,(£) = 2, then (4.51), (4.52) give 7 = 77, for
i =1,..,6. We thus have (n{,...,n§) = (77, ...,n§) as a solution of (4.17), (4.18).
Under the assumptions of § and C; of this Theorem, the proof of Corollary 4.2
gives:

4.53 0<ni(x,t) <Cs,1=1,2,3,4, s(1—0)d <ni(z,t) <Cs
Q 5

for ¢ > 0 sufficiently small, (z,t) € Qp. Moreover, if the solution is in S(Q),
for some @) > 0, we can apply Lemma 4.1 to obtain a bound independent of @)
for maxr,|0nf/0x;| for i =1,...,5, for 0 < X < A, A sufficiently small. Subse-
quently, we can apply Lemma 4.2, Lemma 4.3 and Theorem 4.3 to obtain bounds,
independent of @, (determined only by § and Cj,i = 1,..,5) for mazq_|7§|,
mazxq, |0n;/0x;|,i = 1,...,6 for each j, and mazq |0n;/0t,i = 1,...,6. By
Theorem 4.3, on p. 448 in [113], these bounds determine a bound for the norm
of the function (7f,...,7¢) in B. Since they are independent of @), we conclude
that the solution (75, ..., 7g) cannot be on the boundary of the set S(Q) in B for
Q > 0 sufficiently large, for all s € [0,1]. Consider the map H : [0,1] x B — B
defined by:

H(s, &) =& —Ty(8).

The mapping 7T s(&) is compact, and the equation H(0,£) = 0 has a unique
solution & = 0. Thus, by the homotopic invariance principle due to Leray-
Schauder, we conclude that the equation H(1,£) = 0 must have a solution in
the interior of S(Q). (See e.g. [113], [3] or [125].) Since the solution (n}, ..., n})
is a solution of the linear problem (4.47) for s = 1, Schauder’s theory asserts
that n; = n} is in C2T*C+)/2(Qr).

Notes.

Theorem 1.1 and Corollary 1.2 are obtained from the beginning of Hou and
Leung [90]. Lemmas 1.2 to 1.5 and Theorem 1.3 are gathered from Wu and Zou
[234], [235] and Boumenir and Nguyen [14]. Theorem 1.4 and Corollary 1.5 are
modifications of part of Leung, Hou and Li [136]. Theorems 2.1 to 2.9 can be
found in Leung [127]. Theorems 3.1 to 3.3 are proved in Leung [130]. Theorem
4.1 to Theorem 4.4 are obtained from Leung and Chen [134].



Chapter 6

Appendices

6.1 Existence of Solution between Upper and Lower
Solutions for Elliptic and Parabolic Systems, Bi-
furcation Theorems

In the first part of this section, we describe two theorems concerning the exis-
tence of solution between upper and lower solutions for elliptic and parabolic
systems used in various chapters in this book. Let 2 be a bounded domain in
RN with boundary 092 € C?t*,0 < o < 1, and

N N
L= ajp()0®/0z;0ms + Y bj(2)0/0x; + c(x)
7,k=1 j=1

is an uniformly elliptic operator in €2, where @k, bj,c are all in C*(€), with
¢(x) <0 in Q. We consider the boundary value problem

(1.1) Lu = f(x,u) inQ, wu=¢(zr)on 09,

with v = (u1,.co,um), f = (f1,, fm), & = (d1,.., Om) and the operator L is
applied componentwise. For each i we assume f; € C1(Q x R™) and ¢; €

C?2(09). The following theorem was found by Tsai in [221], and is presented
as Theorem 1.4-2 in [125].

Theorem A1l-1. Let L, f and ¢ be as described above. Suppose that there

exist a(z) = (a1(x),...,am(z)) and B(z) = (B1(2),..., Bn(2)), ai(x), Bi(x) in
C?(Q),i =1, ...,m. such that for each i, a;(z) < B;(z) in Q,

0< LOQ(Q?) - fi($7u17 °"7ui—17ai(:p)7ui+17 '-'7um)7
(1.2)
0> LBi(x) — filz,ua, .., i1, Bi(®), Wit 1, ooy Um),

481
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for all z € Q,a(z) <uj < B(),j #i; and
(1.3) a;(z) < ¢i(zr) < Bi(z) on 0N

Then the boundary value problem (1.1) has a solution u with u; € C*T*((Q)
satisfying
a;(z) < ui(z) < Bi(x) in Q, foreach i =1,...,m.

The following theorem considers quasimontone systems. It shows the exis-
tence of steady-state when the components of the initial condition of the corre-
sponding parabolic system are upper and lower solution of the elliptic problem.
As t — o0, the solution of the parabolic problem converges monotonically to a
max-min pair of steady state. The result can be found in Pao [182] and Sattinger
[200], p. 998-999. We define

N N
L; = a37k(m)82/8$]’8$k + Z b;(x)ﬁ/ﬁmj for i =1,2,
Jk=1 j=1
where the operators L; are uniformly elliptic in 2, and its coefficients are in

C*(€2),0 < a < 1. We consider the following two related systems

ug — Liu = fi(z,u,v)
in 2 x [0, 00),
vy — Lov = fo(x,u,v)

u=v=0 on 0% x [0, 00),

\U(.Z‘,O) ZUO(m)v U($¢O) :’Uo(ﬂf) in §,
(here, we assume ug(z) = vo(z) = 0 for = € 90Q);
—Liu = fi(x,u,v)
in €,
(1.5) —Lov = fo(x,u,v)

u=v=20 on 0.

Theorem A1-2. Let (u(x),0(x)) and (u(x),v(x)) be ordered upper and lower
solutions of (1.5) with each component in C%(Q) and vanishing on the boundary
0Q, i.e. u<aand v < v in ), and let (f1, f2) be a quasimonotone nonincreasing
C* function between (i,9) and (i,0). That is, assume

—LlfL > fl(di,a,??), —LQQA) > fg(di,ﬂf))
forx € Q,
_L1a§f1($7~7@)7 —Lov §f2($7a{))

t=u=0=0=0 for x € 00Q2.
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Then the solution (U(x,t), V(x,t)) of (1.4) with initial condition (u(x,0),v(x,0))
= (up(x),vo(x)) = (u(x),v(x)) converges monotonically from above and below
respectively as t — +0o in each component to a solution (Us(x), V() of (1.5);
and the solution (U(z,t),V (x,t)) of (1.4) with initial condition (u(z,0),v(z,0)) =
(u(x),0(x)) converges monotonically as t — +oo from below and above respec-
tively to a solution (U,(x),Vs(x)) of (1.5). Moreover, Us > U,, V, < Vi in Q,
and if (u*,v*) is any solution of (1.5) between (4, V) and (u,v), then it satisfies

U, <u' <Us, Vo <o" <V in Q.

Many more theorems analogous to the two above can be found in e.g. Leung
[125] and Pao [183].

In the remaining part of this section we present a few bifurcation theorems
which are used in many chapters in the book in order to obtain positive solu-
tions in addition to the trivial solution. When the hypotheses of the implicit
function theorem fail at a certain point, one might have more than one solu-
tion in its neighborhood. These theorems discuss sufficient conditions for such
phenomenon to occur.

Let X,Y be Banach spaces and let f € C(O,Y) where O is an open subset
of X. (Here, C(O,Y) denotes the set of continuous function from O into Y).
We say f is (Fréchet) differentiable at a € O if there exists a bounded linear
transformation df, : X — Y (denoted by df, € L(X,Y")) such that

1f(a+€) = f(a) = dfull] = o([[¢]]) as [[€]] — 0.

(Here || - || denotes both the norms in Y or X, whichever is appropriate). The
linear transformation df, is called the (Fréchet) derivative of f at a. We say
f € CYO,Y) if the map a — df, is continuous form O into L(X,Y).

We denote the second derivative d?f, of f € C(O,Y) at a point a € O to be
the continuous bilinear form d?f, : X x X — Y which satisfies

1f(a+€) = fla) = dfoé — (1/2)d* fu(€, &)l = o(|[€]]*) as [[¢]] — 0.

Here d?f, can also be interpreted as a bounded linear transformation from X
into L(X,Y), ie. d®f, € L(X,L(X,Y)). We say f € C?(0,Y) if the map
a — d%f, is continuous from O — L(X,L(X,Y)).

Let Bi, Bo, B3 be Banach spaces and U be open in By X By. Suppose f :
U — Bs and (uj,uz) € U. We say f is differentiable with respect to the first
variable at (uq,us9) if the function g(x) = f(z,uz) is differentiable at z = wuy.
We write dg,, = D1 f(u1,u2). Similarly we define Dy f(u1,u2) as the derivative
with respect to the second variable.

The following local bifurcation theorem is due to Crandall and Rabinowitz
in [34].
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Theorem A1-3. Let X and Y be Banach spaces and f € C*(U,Y), where U =
S x V is an open subset of R x X containing (X\g,0). Let Lo = Daf(Xo,0), L1 =
D1D5f(Xo,0); and N(Lg), R(Lg) denotes the null space and range of Ly respec-
tively. Suppsoe that:

(i) f(A\,0)=0 forall X\ €S,

(i) N(Lg) is one-dimensional, spanned by g,

(iii) dim[Y/R(Lo)] = 1,

(Z"U) Lluo € R(Lo)

Then there is § > 0 and a C'—curve (\,¢) : (=0,0) — R x Z (here, Z is a
closed subspace of X with the property that any x € X is uniquely representable
as x = aug + z for some o € R,z € Z) such that:

(a) A(0) = Ao, #(0) =0, and

(b) fF(A(s), 8(uo + ¢(s)) = 0 for |s| < 4.

Moreover, there is a neighborhood of (Mg, 0) such that any solution of f(A,u) =0
is either on this curve or is of the form ()\,0).

Note that using Taylor’s Theorem, we may write
f\u) = Lou+ (A — A1) Liu+r(\ u),
where Lo = Dy f(Xg,0), Lo = D1 D2 f (Mg, 0) and 7 € C? satisfies
r(X,0) = 0, Dar(Xg,0) = D1 Dar(Ag,0) = 0.

The next two theorems lead to bifurcation results which are more general
and nonlocal. Theorem A1-4 is due to Krasnosel’skii and Theorem A1-5 is the
general bifurcation theorem of Rabinowitz [190]. More detailed exposition can
be found in Smoller [209] and Lépez-Gémez [161].

Theorem A1-4. Let B be a Banach space and f € C(U, B), where U is an open
subset of R X B. Assume that f is expressible as

(1.6) fAu) =u— ALu+ h(\u), where

(a) L : B — B is a compact, linear operator,
(b) the equation Lv = pv has p = 1/Ag as an eigenvalue of odd multiplicity,
(¢) h: U — B is a compact,
(d) h(A\,u) = o(||u]]) as u — 0, uniformly on bounded \—intervals.
Then ()Xo, 0) is a bifurcation point of f(\,u) = 0.
To be specific, let T : (A, u())) be a curve of solutions of f(\,u) = 0 with
(Mo, up) as an interior point on I'. We say (Ao, up) is a bifurcation point with

respect to I' if every neighborhood of (Ag,up) in R x B contains solutions of
f(Au) =0mnot on T
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Theorem A1-5. Suppose that all the hypotheses (a) to (d) of Theorem A1-4
are satisfied. Let G denotes the closure of the set of solutions of f(\,u) = 0 with
u#0. Then G contains a component S which meets (A, 0), and either

(i) S is noncompact in U (Hence, if U = R X B, the compactness of L and h
together with formula (1.6) imply that S is unbounded), or

(ii) S meets u = 0 in a point (\,0), where X # Ao and 1/X is an eigenvalue of
L.

6.2 The Fixed Point Index, Degree Theory and Spec-
tral Radius of Positive Operators

In the first part of this section, we introduce some basic theory involving fixed
point index of a compact map f with respect to a cone. A nonempty subset
A of a metric space X is called a retract of X if there exists a continuous map
r: X — A (called a retraction), such that r|A = ids. It is easily seen that
every retract is a closed subspace of X. By a theorem of Dugundji [54], every
nonempty closed convex subset of a Banach space E is a retract of E. There is
a theory of fixed point index of compact map over an open subset U of a retract
X of a Banach space, with respect to X. The index can be expressed in terms
of the well known Leray-Schauder degree as given below in (2.1).

Theorem A2-1. Let X be a retract of a Banach space E. For every open subset
U of X and every compact map f : U — X which has no fized points on OU,
there exists an integer ix(f,U) satisfying the following conditions:

(i) (Normalization) For every constant map f mapping U into U, ix(f,U) = 1;
(i1) (Additivity) For every pair of disjoint open subsets Uy,Us of U such that f
has no fized points on U\(Uy U Us),

ZX(va):ZX(f7U1)+ZX(f7U2)7

where ix (f,Us) == ix(f|Us, Ur), k = 1,2;

(iii) (Homotopy invariance) For every compact interval A C R, and every com-
pact map h: A x U — X such that h(\,x) # x for (\,x) € A x OU, the integer
ix(h(A,-),U) is well-defined and independent of A € A;

(iv)(Permanence) If Y is a retract of X and f(U) C Y, then

ZX(faU) :ZY(vaﬂY)a

where iy (f,UNY) =iy (fIUNY,UNY). The family {ix(f,U)|X retract of E,
Uopenin X, f: U — X compact without fized points on OU} is uniquely de-
termined by the properties (i)-(iv), and ix(f,U) is called the fized point index
of f (over U with respect to X ).
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Remark A2-1. In the Theorem above, the topological notions (open, closed,
boundary, etc) refer to relative topology of X as a subspace of E.

Outline of Proof. Let {ix(f,U)} be any family satisfying conditions (i)-
(iv). Then by choosing X = FE, conditions (i)-(iii) are precisely the properties
characterizing the Leray-Schauder degree. Consequaently, we have

ZE(fa U) = deg(Zd - f> U>0)>

where deg(id — f,U,0) denotes the Leray-Schauder degree with respect to zero
of the compact map (id — f), defined on the closure of the open set U C E.

Next, suppose X is an arbitrary retract of F/, and denote by r : £ — X an
arbitray restraction. it is readily seen that due to the permanence property, we
have

ix(f,U)=ig(for,r YU)) = deg(id — f or,r1(U),0).

Thus every fixed point index of f over U with respect to X is equal to deg(id —
for,r=1(U),0). We might thus define

(2.1) ix(f,U) = deg(id — f or,r~ 1 (U),0),

where r : E — X is an arbitrary retraction. It can be readily verified by the
excision property of the Leray-Schauder degree (see e.g. Schwartz [205] and
Amann [3]) that this definition is indepedent of the choice of the retraction r,
and (2.1) is well-defined. By means of (2.1) and the basic properties of Leray-
Schauder degree, we can also readily verify the properties (i)-(iv).

From the above Theorem, one can readily deduce the following properties of
the fixed point index.

Corollary A2-2. The fized point index defined in the last Theorem has the
following further properties:

(iv) (Ezcision) For every open subset V. C U such that f has no fized point in
U\V,

(v) (Solution property) If ix (f,U) # 0, then f has at least one fized point in U.

Suppose U is an open subset of X, and is also open in F. Assume xg € U is
an isolated fixed point of some compact map f : U — X. Then there exists a
positive number pg such that xg + pB C U for all p € [0, po], where B denotes
the open unit ball of £. Moreover ,we may assume xg is the only fixed point of
f in xg + pgB. Consequently, by the excision property,

Z(f, 330) = ix(f, X0 + pB),
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is the local index of f at zo, is well-defined and independent of p € [0, po].
Moreover, we can show by means of the permanence property that the local
index i(f,zo) coincides with the local index as defined by

lim,—odeg(id — f,z0 + pB,0),

which is the standard definition of the local index in the Leray-Schauder degree
theory.

Using the theory presented above and the classical Leray-Schauder theory,
we obtain the following theorem concerning diffferentiable compact maps.

Theorem A2-3. Let X be a retract of some Banach space E, U be an open
subset of X, and f : U — X be a compact map. Suppose that xo € U is a fized
point of f, and that there exists a positive number p such that xo + pB C U,
where B denotes the open unit ball of E. Further, assume that f is differentiable
at xg, such that 1 is not an eigenvalue of the derivative f'(xg). Then xg is an
1solated fixed point of f and

i(f, o) = (=)™,

where m is the sum of the multiplicities of all the eigenvalues of f'(xg) which
are greater than one.

Let E be a ordered Banach space, with ordering denoted by >, and P :=
{z € Elz > 0}. For any p > 0, let P, be the positive part of the ball pB,
that is P, := pB(| P = pB*. Observe that P, is an open neighborhood of 0 in
P. Due to the convexity of B and P, the closure Pp of P, in P coincides with
pB( P. Hence the boundary S;r in P is the same as pS[)| P, where S is the
unit sphere in E. Since the positive cone is a closed convex subet of E, we know
by Dungundji’s theorem that it is a retract of E. Consequently, by Theorem
A2-1 above, for any open subset U of P and any compact map f : U — P, the
fixed point index ip(f,U) is well-defined, provided that f has no fixed points on
OU. The following is a very simple useful consequence of the Theroem A2-1.

Theorem A2-4. Let f: P, — P be a compact map such that f(z) # Az for
every x € S and every A > 1. Then ip(f, F,) = 1.

Proof. Define a compact map h : [0,1]x P, — P by h(r,z) := 7 f(x),. Then, by
the homotopy invariance and the normalization properties, we have ip(f, P,) =
ip(0,P,) = 1.

More details of the theories presented in Theorem A2-1 to Theorem A2-4
can be found in Amann [3]. The following theorem is concerned with standard
properties of positive operators and the general Krein-Rutman Theorem. Recall
that an eigenvalue \ of a linear operator 7' is called simple if

(2.2) dim(U2, ker(A —T)F) = 1.
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Theorem A2-5. Let E be a Banach space ordered by a cone P = {z € E|x >
0}, where P is closed with nonempty interior. Suppose T : E — E is a strongly
positive compact bounded linear operator. Then the following are true:

(i) The spectral radius r(T) := limy_oo||T*||'/* is positive;

(ii) r(T') is a simple eigenvalue of T having a positive eigenvector (i.e. in P\{0})
and there is no other eigenvalue with a positive eigenvector;

(iii) For every y € P\{0}, the equation

X —Tx=y

has exactly one positive solution if X\ > r(T), and no positive solution for A <
r(T). The equation r(T)x — Tx = —y has no positive solution. (Here, T is
strongly positive means T(P\{0}) is contained in the interior of P.)

The theorem is proved by applying results in Kranosel’skii [108] or Krein-
Rutman [110], as explained in Amann [3]. Let © be a bounded domain in RV
with C2*#,0 < i < 1, boundary. In the situation when T': C#(Q)) — C?**#(Q) is
the solution operator denoting for every f € C*(Q), by Tf the unique solution
of the problem

—Au=f inQ, u=0 on 0,

the theorem above does not apply immediately to the extension to C(£2). For
an application of the previous theorem, we let e be the unique solution of the
problem

—Ae=1 in2, e=0 on 0N.

Define the subspace C,(£2) to consist of u € C(€)) such that there exists a positive
constant so that —ae < u < ae. This space is given the natural ordering and
topology defined by means of the norm

llulle == inf{a >0 —ae <u < ae},

It can be shown that the solution operator 7' has a unique extension, again

denoted by T', to a compact, strongly positive linear operator from C(£2) into

Cc(2). Moreover, the restriction of T to C(2) is a compact, strongly positive

bounded linear operator on C¢(f2). Theorem A2-5. above can then be applied
to this solution operator.

The following theorem provides a convenient method to deduce the spectral
radius of some positive linear operators. It can be found in [151].

Theorem A2-6. Let E be a Banach space ordered by a cone P with properties
as described in the above theorem, and T is a strongly positive compact bounded
linear operator on E. Suppose there exists a positive element u > 0 (i.e. u €
P\{0}) with one of the following properties:

(i) Tu > u, then the spectral radius of T' satisfies r(T') > 1;
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(ii) Tu < u, then the spectral radius of T satisfies r(T) < 1;
(iii) Tu = u, then the spectral radius of T satisfies r(T) = 1.

Proof. (iii) Tu = u implies that 1 is an eigenvalue of T" with positive eigenvector
u. The conclusion that 7(7') = 1 follows from the theorem above.

(i) Suppose T'u > u for some u > 0. Assume that r(7") = 1, then for some y > 0
the equation r(T)x—Tx = —y has a positive solution = w. This contradicts the
above theorem; thus r(7") # 1. Suppose 1 > r(T'), then y := (—u) —T'(—u) > 0,
and the equation 1lx — T'r = y has exactly one positive solution by the above
theorem. Moreover, the equation 1z — Tz = y has a unique solution because all
eigenvalues are less than r(7"), which is < 1. Consequently the solution x = (—u)
is positive, and we have u < 0. This contradiction implies that we cannot have
1> r(T) also. Thus r(T") > 1.

(ii) The proof is the same as in part (i), by reversing the inequality > to <,
obtaining r(T") < 1.

6.3 Theorems Involving Maximum Principle, Com-
parison and Principal Eigenvalues for Positive
Operators

In this section we assume that Q is a bounded domain in R with boundary of
class C2. Recall the definition of eigenvalues denoted by p1(L) and p1(—L) for
an elliptic operator L in Chapter 1. The first theorem in this section involves
maximum pricinple for W?2P(Q) solution of elliptic scalar equation. The details
can be found in Theorem 2.2 in Delgado, Lopez-Gémez and Suarez [45].

Theorem A3-1. Consider a uniformly elliptic operator of the form

N

(3.1) Z )0;0; +Zb )0, + c(x),

with
(3.2) aij € C(Q), bj, ce L¥(Q), i,j € {1,..., N}
Suppose that

p(L) <O0.

Let p > N and u € W*P(Q) satisfies Lu < 0 a.e. in Q and u > 0 in 09; then,
unless w(z) = 0 in Q, it must satisfy uw(x) > 0 for x € Q, and for those x € N
with u(x) = 0 its outward normal derivative satisfies (Ou/0v)(x) < 0.
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The next three theorems concern properties of W2P(Q) solution of Volterra-
Lotka scalar equation and comparison with upper solutions. Let L be the uni-
formly elliptic operator of the form (3.1) with coefficients satisfying (3.2) in a
domain as described in Theorem A3-1. Consider the equation

—Lw =yw — f(x)w? in Q,
(3.3)
w =0 on 01,

where v € R and f € C(Q) satisfies f(z) > 0 in 2. By means of the maximum
principle above, we readily prove the following theorem by iteration and upper-
lower solution method.

Theorem A3-2. If p > N, then the problem (3.3) has a positive solution in
W2P(Q)N Wol’p(Q) if and only if v > p1(—L). Moreover, it is unique if it exists.
Let the solution be denoted by 0|_y, . 1), then

bima—py (~2y+ O1-1,3,5 = 0

uniformly in €.
More details of the above theorem can be found in Theorem 3.1 in [45]. The
next Theorem can be found in Lemma 3.2 of [45].

Theorem A3-3. Consider the problem (3.3) above. Suppose v > pi1(—L) and
w € W2P(Q), p > N, is a positive strict upper solution of the above problem,
ie. L+ ~yw — f(x)w? <0 ae inQ, w >0 on N, © # 01— L. f(z)] N Q;
then W —0/_1, y f@y) > 0 for x € Q, and (0/0v)(W — 0|1, (@))(x) <O for those
x € 09, where w(x) = 0.

Proof. We have

[L — f(.l‘)(’lf) + 0[_[/7%]0}) + ’}/](QIJ — 0[_[/7%]0}) <0 a.e. in Q,
w — (9[_[/7%]0] >0 on 0.

Moerover, we have

pr(L— f(x)(0~+0_1 . 5) +7) <p1(L— fO_r~5+7) =0.

Thus the conclusion follows from Theroem A3-1 above with L and u respectively
replaced by [L — f(x)(@0 + 0j_r ) +7] and (@ — 01~ 7)-

Theorem A3-4. Let L and 2 be as described in Theorem AS3-1 and O|_r, 4 ()]

be defined as Theorem AS3-2, where we assume b € C(2) and b(x) > 0 for each
x € Q. Then the following holds

. O—L,a,0(x)] 1
lima—oo a ~b(x)

uniformly in compact subsets of §2.
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The above theorem concerning the limit of the solution of the diffusive
Volterra-Lotka equation as the growth rate tends to infinty can be found in
Theorem 3.4 in [45]. The next theorem involves comparison of eigenvalues, and
can be found in e.g. Theorem 2.3 in [45].

Theorem A3-5. Let the operator L be as described in Theorem AS8-1. Let
Vi,Va € L®(Q) such that Vi < Vo and Vi < Vo on a set of positive measure.
Then

p1(—L+ Vi) < p1(—L + V).

The next two theorems concern the solution of scalar equations on R or Rf .
The following is a variant of Liouville type theorem asserting that a bounded
solution has to be exactly zero, and can be found in Lemma 7.5 in Delgardo,
Lépez-Gémez and Suarez [45].

Theorem A3-6. Assume that D = RN or D = Rf, where
RY ={z € RY : zy > 0}.

IfV e L*(D)NC*(D),0 < a <1,V >0,V #0, then 0 =0 is the only bounded
solution of
(~A+V)0=0in D.

Theorem A3-7. Let u(x) be a non-negative C? solution of
Au+u®=0 in RN, N > 2,

with 1 < a < £2. Then u(z) = 0.

The above theorem can be found in Theorem 1.1 in Gidas and Spruck [70].
The following two theorems involve cooperative quasimonotone systems.

Let Lg,k = 1,2, be uniformly elliptic operators as described for L in (3.1)
and (3.2). Let a(z),3(z),v(z) and p(z) be functions in C(Q) with the two
functions B(z) and ~(x) positive almost everywhere in Q. Consider the linear
eigenvalue problem for A in the following cooperative system; that is those A

such that

Liu+ a(z)u+ B(x)v = Au
in €,
(3.4) Lav 4+ vy(z)u + p(x)v = v
u=v=0 on 0,

has some solution (u,v) € W02’p(§2) X Wg’p(Q), (u,v) # (0,0),p > N.



492 CHAPTER 6. APPENDICES

Theorem A3-8. (i) There exists a largest eigenvalue of problem (3.4), denoted
by X* and s called the principal eigenvalue of the problem. This eigenvalue is
simple and has a unique positive eigenfunction, up to a multiplicative constant,
called principal eigenfunction. Moreover, each component of the principal eigen-
function is strictly positive in ; and \* is the only eigenvalue of (3.4) with
such positive eigenfunction. Furthermore, any other eigenvalue X\ of (3.4) must
satisfy:
Re A < \*.

(ii) The principal eigenvalue A* of (3.4) is negative if and only if there exists
(a,v) € W2P(Q) x W2P(Q) such that

in €,

>0 v>0 on 0,

where at least one of the four inequalities above is not identically zero almost
everywhere.

The above theorem can be found in Theorem 8.3 and 8.4 in [45]. The next
theorem is a generalization of the sweeping principle to cooperative quasimon-

tone systems. It can be found in e.g. McKenna and Walter [168] or Lemma 9.3
of [45]

Theorem A3-9. Let z = (u,v) € Wg’p(Q) X Wg’p(Q),p > N, be a solution of
the problem

—Liu= f(z,u,v)
in €,
(3.5) —Lov = g(x,u,v)
u=v=0 on 012,

where f and g are two continuous functions in x and of class C* in (u,v), f is
increasing in v, and g increasing in u. For each t € (to,t1], let 2t = (a',v') €
WOZ’p(Q) X WOZ’p(Q) be a strict upper solution of problem (3.5). Assume that
Zt is continuous and strictly increasing in t € [tg,t1]. Moreover, suppose that
each component of Z'' — z is strictly positive for all x € Q, and the outward
normal derivative 0zt /Ov at OQ is continuous in t. Then we have the following
mequality componentwise:
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We now present a few more general theorems concerning eigenvalues for
positive operators. Let E be a Banach space with a cone K. An operator A
acting in the space F is called completely continuous if it is continuous and if it
maps every bounded set into a compact set. It is called positive if it maps the
cone K into itself.

Theorem A3-10. Let A be a completely continuous linear positive operator
acting on the real Banach space E with cone K. Let the relation

APu > ou (a>0)

be satisfied for some non-zero element u such that —u & K,u =v —w, (v,w €
K ) where p is some natural number. Then the operator A has at least one
etgenvector xg in K:

A.Z‘() = )\033‘0,

where the positive eigenvalue Ao satisfies the inequality

Mo > ()P,

A cone K in the real Banach space F is called reproducing if every element
x € E can be represented in the form

r=u—v for some u,v € K,

where the elements u and v are not defined uniquely in the representation above.
Let ug be some fixed non-zero element of K. We call a linear positive operator
A ug—bounded below if for every non-zero x € K a natural number n and a
positive number « can be found such that

aug < A"z,

Analogously, we call the positive operator A ug—bounded above if for every
non-zero £ € K an m and a (8 can be found such that

A"z < Bug.
Finally, if for every non-zero x € K
aug < A"z < Bug

for some n, then we call the operator A wug—positive.

Theorem A3-11. Let ¢g € K and ¢g be an eigenvector of a ug—positive linear
operator A:

Ago = Aooo-
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Suppose that K is a reproducing cone. Then Ay is a simple eigenvalue of the
operator A. (Recall the definition of simple eigenvalue in (2.2) of Section 6.2.)

Theorem A3-12. Let the conditions of Theorem AS3-11 be satisfied. Then the
positive eigenvalue corresponding to a positive eigenvector ¢ € K is greater than
the absolute magnitudes of the remaining eigenvalues.

Theorems A3-10, A3-11 and A3-12 correspond respectively to Theorem 2.5,
Theorems 2.10 and 2.13 in Chapter 2 of Krasnolsel’skii [108].

6.4 Theorems Involving Derivative Maps, Semigroups
and Stability

We first present a theorem concerning mappings between LP spaces and then
a theorem relating the Fréchet and Gauteau derivatives of mappings between
Banach spaces.

Let g;(uqy,...,un,x),i = 1,...,n be continuous with respect to (uq,...,u,)
for almost all € €, and measurable with respect to = in Q for every fixed
(U1, -oey up), u; € (—00,4+00). Let @;(x),i = 1,...,n, be n real functions in LP(£2),
p > 0. Consider the operator h = (hy, ..., h,) defined for @ = (ay, ..., uy) by:

(4.1) hila] = gi(u1 (), ..., ap (), z), fori=1,...,n,

to give n measurable scalar functions in €.

Theorem A4-1. The operator h = (hy,...,hy) in (4.1) maps [LP(Q)]" into
[LPY(Q)]" if and only if the the functions g, ...,gn described above satisfy for
eachi=1,....,n:

n
|gi(u17 ...,Un,l')| < (IZ(QZ') + bz |uk’|r7
k=1

where a;(x) € LP*(Q),p1 > 0,b > 0,7 = p/p;.

The above theorem is given in Theorem 19.2 of Vainberg [222].

Let X and Y be Banach spaces and F' is an operator where F' : X — Y. The
operator is said to have a Gateaux deriviative at the point zg € X if there exists
a bounded linear operator denoted by DF(xg,h) such that h — DF(xzg,h) €Y
for all h € X and

F(xg +th) — F(xo)
t

l’imt_,() = DF(.Z‘(), h)

The following theorem relates the Gateaux and Fréchet derivatives, and is pre-
sented in Theorem 3.3 in Vainberg [222].
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Theorem A4-2. If the operator F' : X — Y has Gateaur derivatives for all
points in a neighborhood of xog € X and the Gateauxr derivative DF(x,h) is
continuous at x = xq, then F has a Fréchet derivative at xg, denoted by F'(xq),
and

DF(wo, h) = F'(zo)h

forall h e X.

Semigroup theory is used throughout this book to study parabolic and hy-
perbolic systems. An excellent exposition on the semigroup theory of linear
operators and application to partial differential equations can be found in Pazy
[184]. Here, we review a few basic definitions.

Definition A4.1(a). Let X be a Banach space. A one parameter family
T(t),0 <t < oo, of bounded linear operators from X into X is a semigroup of
bounded linear operators on X if
(i) T(0) = 1, ({ is the identity operator on X),
(ii)) T(t+s) =T (t)T'(s) for every t,s > 0.

The linear operator A defined by

THz—z _ drT(t

t dat )$|t:0 for x € D(A), where

A(l’) = limt_>0+

D(A) ={z € X : limy_o+ T(t)tx_x exists} is the domain of A,

is called the infinitesimal generator of the semigroup T'(t).

Defintion A4.2. A semigroup T'(t),0 <t < oo of bounded linear operators on
X is a strongly continuous semigroup of bounded linear operators if

limy_o+T(t)x =x for every x € X.

A strongly continuous semigroup of bounded linear operators on X will be called
a semigroup of class Cy or simply Cj semigroup.

If A is a linear, not necessarily bounded, operator on X, the resovlent set of
A is the set of all complex numbers A for which A — A is invertible, i.e. (A—A)~!
is a bounded linear operator in X. The family R(A : A) = (A\— A)~! of bounded
linear operators, for all A in the resolvent set of A, is called the resolvent of A.

The following four well-known theorems in semigroup theory are used in
various parts of this book.

Theorem A4-3. (Hille-Yosida) A linear operator A is the infinitesimal gen-
erator of a Coy semigroup T(t) on the Banach X satisfying ||T(t)|| < Me“t, if
and only if

(i) A is closed and its domain D(A) is dense in X,
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(ii) the resolvent set of A contains the interval (w,0), and the resolvent (A —
A)~1 satisfies

M

| = A)™"] < o)

forA>w, n=1,2,....

Definition A4.1(b). Let X be a Banach space. A one parameter family
T(t), —oo < t < 00, of bounded linear operators from X into X is a Cy group of
bounded linear operators on X if
(i) T(0) = 1, ({ is the identity operator on X),
(ii) T(t+s) =T (t)T'(s) for —oco < t,s < 00,
(iii) limy—oT(t)x = z for z € X.

The infinitesimal generator A of the group T'(t) is defined by

T(t)x —
A(z) = lim Tt)e—=
t—0 t
whenever the limit exists; the domain of A is the set of all elements x € X for
which the above limit exists.

Theorem A4-4. A linear operator A is the infinitesimal generator of a Cy
group T(t) on the Banach X satisfying ||T(t)|| < Me“!"l, if and only if

(i) A is closed and its domain D(A) is dense in X,

(i) every real A, |\| > w, is in the resolvent set p(A) of A and for such X

n M
1R A" <

< 7 forA>w, n=1,2,....
(IA] =w)m

Theorem A4-5. Let X be a Banach space and let A be the infinitesimal gener-
ator of a Cy semigroup T'(t) on X, satisfying ||T(t)|| < Me“t. If B is a bounded
linear operator on X then A+ B is the infinitesimal generator of a Cy semigroup
S(t) on X, satisfying ||S(t)|| < MeTMIBIDE,

Theorem A4-6. For each i =1,...,k, let A; be an infinitesimal generator with
domain D(A;) of a Cy semigroup S;(t) on Banach space X satisfying ||S;(t)|] <
M;e*it. Suppose that NE_; D(A;) is dense in X and

1(S1(£)Sa(1) - - - Sp(®)"|| < Me*™, n=1,2,....

for some constant M > 1 and w > 0. If for some A\ with Re\ > w the range of
A= (A1 +Ay+ -+ Ayg) is dense in X, then the closure of A1+ Ag+---+ Ay is
an infinitesmal generator of a Cy semigroup, denoted by S(t), on X satisfying
[|S(t)]] < Me“t. Moreover, we have

S(t)x = limy—oo(S1(t/n)Sa2(t/n) - Sk(t/n))"x forx e X,

and the limit is uniform on bounded t intervals.
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Theorems A4-3 and A4-4 are respectively Theorem 5.3 and Theorem 6.3 in
Chapter 1 of Pazy [184]. Theorems A4-5 and A4-6 are respectively Theorem
1.1 and Corollary 5.5 in Chapter 3 in Pazy [184]. Theorem A4-6 involves the so
called Trotter product formula. The following theorem is known as the Trotter-
Neveu-Kato semigroup convergence theorem and can be found in Th. 7.2 of
Chapter 1 in Goldstein [74].

Theorem A4-7. Let A,,n = 0,1,2,..., generate a Cy semigroup T,, on the
Banach space X, satisfying the condition:
(4.2) [T ()] < Me®t, for n=0,1,2,..., t >0,

where M and w are independent of n and t. Let D be a subspace of X, such that
Ag is the closure of its restriction to D. Assume that for each f € D, we have

feliminfn_coD(Ay), and lim,—Anf = Aof.

Then limp—oo T, (t)g = To(t)g for each g € X, uniformly fort in compact subsets
of [0,00). Moreover the resolvents satisfy limp— oo R(A 1 Ap)f = R(\: Ag)f for
each f € X, uniformly for X in compact subsets of (w,00).

For more sophisticated use of the semigroup theory, we need the following
definitions.

Definition A4-3. Let T(t) be a Cjy semigroup on a Banach space X. The
semigroup T'(t) is called differentiable for ¢ > ¢ if for every z € X,t — T'(t)x
is differentiable for t > to. T'(t) is called differentiable if it is differentiable for
t>0.

Definition A4-4. Let 1] = {z: 91 < argz < 12,191 < 0 < 19} and for z € II,
let T'(2) be a bounded linear operator. The family T'(z),z € II is analytic
semigroup in I7 if

(i) z = T'(z) is analytic in I1,

(ii) T(0) = I and lim,—q .cr1 T'(2)x = x for every z € X,

(iii) T(z1 + 22) = T(21)T'(22) for 21,29 € I1.

The semigroup 7'(t) will be called analytic if it is analytic in some sector IT
containing the non-negative real axis.

We next present some useful theory concerning semigroup of linear opera-
tors generated by a system of elliptic linear operator on the m-vector space of
continuous functions. Let © be a bounded domain in RV, N > 1; if N > 1
we assume that ) is uniformly of class C1* for some a > 0 (See for example
Ladyzhenskaya, Solonnikov and Ural’ceva [113], section 4 in Chapter IV). We
define the operators

N N
Li= ) dy(2)0?/0w;0m + Y bi(x)0/0x; fori=1,..,m,

jl=1 =1
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where the boundary 99 is uniformly of class C*t® if N > 1; a;'.’l and b% are all
in the class C%(Q), 0 < a < 1, and each L; is uniformly elliptic for = € Q. We
first consider the linear problem:

G = Ly, in Qx[0,00), i =1,..,m,
(4.3)
ui(x,t) =0 for (z,t) € 9Q x [0,00), i =1,...,m.

We have the following theorem from Theorem 2.4 of Mora [176].

Theorem A4-8. The solution ofAthg linear problem (4.3) determines an analytic
semigroup on the Banach space [C(2)]™ := {u = (u1, ..., um)|u; € C(Q),uilogn =
0,i = 1,...,m.}, with generator A; and its domain is given by D(A) = {u €

[CEI™| (Lyur, ooy L) € [C()]™}.
We next consider the nonlinear problem:

881?' = Liu; + fi(z,u1,...,up), inQxJ[0,00), i=1,..,m,

(4.4)
ui(z,t) =0 for (z,t) € 9Q x [0,00), i=1,...,m.

Here, the functions f;(x,u;, ..., u,,) has partial derivatives ng fi for |B| <1 and

ng (x,u1, ..., ) € C(Q) for all (uy,...,un) € R™. Moreover, The functions
ng (x,u1,...,up,) are locally Holder continuous with respect to (uy,...,um) €
R™, with Holder constants independent of € 2. The following stability result
is given in Theorem 4.2 in Mora [176].

Theorem A4-9. Under the conditions on 2, L; and f;,;1 =1,2,...,m described
above, the nonlinear problem (4.4) determines a semiflow of class C' on the
Banach space [C(Q)]™ described in the last Theorem. Suppose wy is a stationary
(or steady) state of this semiflow, and let L := A + DF(wp) be the linearized
operator for (4.4) at wy on [C(Q)]™, where A is defined in the last Theorem.
Let o* := sup Re a(fL) where a(fL) denotes the spectrum of L. If o* > 0, then

the stationary state is unstable in the semiflow on [C(Q)]™; if o* < 0, then the
stationary state is asymptotically stable in the same flow.

Here F = (f1,..., fm), and DF(wp) : [C(Q)]™ — [C(Q)]™ can be given by
u — Dy F(x,wo)u, where D, F(z,wp) is the Jacobian matrix for F' = (fi, ..., fm)
with respect to u evaluated at u = wg. From the boundedness of €2, we find that
the spectrum of L consists only of eigenvalues. For the definition of stability and
asymptotic stability, refer to the clarification below immediately before Remark
4.1, with the Banach space X replaced by [C'(€)]". The system in (4.3) above
is diagonal; actually the theory in Mora [176] is given in much more general

system which is not diagonal.
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In order to estimate the location of the spectrum for the linearized equation,
the following theorem related to the semicontinuity of the spectrum of closed
operator is useful. It can be found in Chapter 4, Theorem 3.6 in p. 209 of Kato
[102].

Theorem A4-10. Let T be a closed linear operator on a Banach space B, and
S be a bounded linear operator on B, such that S commutes with T. Then the
distance between the spectrum o(T) and o(T + S) does not exceed the spectral
radius of S, and a fortiori, ||S||.

Stabilities of steady states of the parabolic systems (or semiflows) are also
considered in function spaces other than the continuous functions. We now
define some spaces induced by certain linear operators A.

Definition A4-5. A linear operator A in a Banach space X is called a sectorial
operator if it is a closed densely defined operator such that, for some ¢ in (0, 7/2)
and some M > 1 and a real a, the sector

Sap ={A ¢ < |arg(A —a)| < m, A # a}
is in the resolvent set of A and

A =AY < M/|A—a| forall A € S, 4.

Definition A4-6. Let A be a sectorial operator in a Banach space X and
Reo(A) > 0; then for any a > 0

1 o
A = —/ o tem Al gy,
0
Here, {e=4!};~0 denotes the analytic semigroup generated by —A, where

1
e = [ (\+A)7LeMd),
2m Jo

where C' is the contour in p(—A) with arg\ = +6 as |\| — oo for some 6 in
(m/2,7).

It can be shown that if A is a sectorial operator in X with Reco(A) > 0,
then for any a > 0, A™“ is a bounded linear operator on X which is one-one
and satisfies A=*A~F = A=(@+6) whenever a > 0,3 > 0.

Definition A4-7. Let A be a sectorial operator in a Banach space X and
Reo(A) > 0, then for a > 0, A“ is defined as the inverse of A~%, with domain
D(A?) as the range of A=®; A° is defined as the identity operator on X.
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Definition A4-8. Let A be a sectorial operator in a Banach space X. For each
a > 0 define X“ to be the domain of A with the graph norm

ulla = [[ATull, w e X,

where A; = A + al with a chosen so that Reo(A;) > 0. Different chioces of a
give equivalent norms on X%, so the dependence on the choice of a is supressed
in writing.

Let A be a sectorial linear operator in a Banach space X, and f: U — X
where U is a cylindrical neighborhood in R x X® (for some 0 < a < 1) of
(1,00) x {up}. We say ug is an equilibrium point if u(t) = ug is a solution of

(4.5) % + Au = f(t,u), t> to,
ie. if ug € D(A) and Aug = f(t,up) for all t > to.
A solution @(-) on [tg,00) is stable (in X¢) if, for any € > 0, there exists
d > 0 such that any solution u with ||u(to) — @(to)||a < J exists on [tg,c0) and
satisfies ||u(t) —u(t)||o < € for all t > to; that is, if 49 — wu(t; o, Uo) is continuous
(in X%) at g = u(tp), uniformly in ¢ > ty. The solution @ is uniformly stable if
up — u(t; t1,uq) is continuous as u; — u(t1), uniformly for ¢ > t; and t1 > ¢o.
The solution @(+) is uniformly asymptotically stable if it is uniformly stable
and u(t;t1,u1)—u(t) — 0 as t—t1 — oo, uniformly in t1 > tg and ||u; —u(t1)||o <
0, for some constant ¢ > 0.

Remark 4.1. It is shown in Henry [84] or Chapter 7 in Pazy [184], that the
operator —L := diag.(—kA,...,—kA),k > 0, is a sectorial operator on X =
LP(Q) x --- x LP(Q), 1 < p < o0, and L := diag.(kA,...,kA) generates an
analytic semigroup on X. Here, Q is a bounded domain in RY with smooth
boundary. Consequently, we can apply the theory for (4.5) with A replaced by
—L for parabolic systems. The following two theorems concerning stability of
solutions in X are used throughout this book. Note that by choosing p large
and « close to 1, we can obtain information concerning the spatial derivatives
of the solutions.

Theorem A4-11. Let A, f be as described above for (4.5), and further f(t,u)
18 locally Holder continuous in t,t > 7, locally Lipschitzian in u, on U. Let ug
be an equilibrium point, and

flt,up + 2) = f(t,up) + Bz + g(t, 2)

where B is a bounded linear map from X 0 < o < 1, to X and ||g(t, 2)|| =
o(||z]la) as ||z]la — 0, uniformly int > 7.
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If the spectrum of A — B lies in {Re X\ > 3} for some 3 > 0, or equivalently
if the linearization

d
d—i-l—Az:Bz

has the zero solution uniformly asymptotically stable, then the problem (4.5) has
the solution uy uniformly asymptotically stable in X*. More precisely, there exist
p>0,M >1 such that if to > 7 and ||u1 — uol|la < p/(2M) then there exists a
unique solution of (4.5) with initial condition u(ty) = uy defined on tog <t < o0
and satisfying for t > tg

[[ult; to, ur) = uollo < 2M e uy — g o

Theorem A4-12. Let A, f satisfy properties described in Theorem Aj-11. As-
sume Aug = f(t,ug) fort >ty >,

flt,up + 2) = f(t,up) + Bz + g(t,z), ¢(t,0) =0,

lg(t; 21) = g(t, 22)|| < k(p)llz1 = z2lla for ||z1]] < p, [lzall, < p

with k(p) — 0 as p — 0T, and B is a bounded linear map from X% to X.
If the spectrum of L = A — B has the property that o(L) N {Re X < 0} is
a nonempty set. Then the equilibrium solution ugy is unstable. More precisely,
there exist eg > 0 and {un,n > 1} with ||uy, — uglla — 0 as n — oo, such that
for all n,
supe>to||u(t; to, un) — uol|a > €0 > 0.

Here the supremum is taken over the maximal interval of existence of u(-;tg, uy).

Theorems A4-11 and A4-12 above can be found respectively as Theorems
5.1.1 and 5.1.3 in Henry [84].

The following theorem which can be found in Billoti and LaSalle [10], is used
for the study of persistence in Chapter 4. Let X be a complete metric space and
T(t) be a Cy semigroup on X. The semigroup T'(¢) is called point dissipative in
X if there is a bounded nonempty set B in X such that for any z € X, there is
a tg = to(x, B) such that T'(t)x € B for t > t.

Theorem A4-13. If
(i) T(t) is point dissipative in X,
(ii) there is a tg > 0 such that T(t) is compact for t > tg,

then there is a nonempty global attractor A in X. (Here, global attractor is
defined in Part A of Section 4.1 in the familiar way.)
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6.5 W2! Estimates, Weak Solutions for Parabolic
Equations with Mixed Boundary Data, Theorems
Related to Optimal Control, Cross-Diffusion and
Traveling Wave

For the convenience of the reader, we present in this section a few theorems used
in Chapters 3 to 5. The following theorem provides estimates for an arbitrary
Wg 1 solution of a parabolic problem on a given time interval. The theorem is
found in Ladyzhenskaya, Solonnikov and Ural’ceva [113]. It is used to deduce
the existence of time periodic solution of a parabolic problem in Chapter 3. Let
Q be a bounded domain in RY with C? boundary 9.

Theorem A5-1. Let 11,15 be any two numbers satisfying 0 < 17 < Ty, f €
LP(2 x (0,T3]), and ¢ € C*(Q x [0,Ty]). Suppose that u € Wg’l(Q x (0,T»])
satisfies

u—Au+cu=f in Qx(0,Ty),

% =0 on 90 x (0,T3),
then we have

lullyw21 ok 1)) < CrllfllLe@x oy + Collullr@x o,m)-

Here p > 1 is any positive number and 0 < a < 1.

The following two theorems are used for the theory of optimal control of
parabolic systems with mixed boundary data.
Consider the operator:

where a;;(z,t) € C(Q x [0,T]), and —A is uniformly elliptic operator on the
bounded domain © with smooth boundary 99 in RY. We consider the problem

G 1 Ay, = f in Qx (0,T), feL*Qx(0,T)),

(5.1) Q. 4 hyy =0 on 9N x (0,T), h e L2(dQ x (0,T)),

v

yn(z,0) = wo(z),  yo € L*(Q)

where h is prescribed in an admissible set S := {h|0 < § < &(x,t) < h(x,t) <
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&1(z,t) ae. on 9Q x (0,7T), &,& € L0 x (0,T))}; and

ou
v

= aij%cos(u, x;) onofY,
cos(v,z;)is the j-th direction cosine of the outward normal v on 0fQ.

Problem (5.1) is solved in the following sense: we set

V= {yly € H'(Q)},

dp AP
h(t; d, 1) : Z/atha amzd +/8th51/zds.

i,7=1

Theorem A5-2. There exists one and only one function y, such that

Yn € LQ(OaTa HI(Q))7
Ynloax(o.r) € L*(09 x (0,T)),

L(yns ) + an(t; yn(t), ) = (f(t),¢) for all 9 €V,

\yh(O) = Yo-

From the first three lines of (5.2), we obtain the first two lines of (5.1). Then

aatyheL(OTH (),

and thus we can deduce that u € C([0, 1], L?(2)), and consequently the fourth
line concerning initial condition in (5.2) makes sense. Therefore it is reasonable
to define y;, as the solution of (5.1) by means of the above theorem.

The above theorem can be found in Section 15.4 of Chapter 3 in Lions [158].
The next theorem concerns compact embedding involving w,du/dt is given in
Proposition 4.2 of Chapter 4 in Lions [157].

Let V and H be real Hilbert spaces. Assume that V' C H and the injection of
V into H is continuous. If V' denotes the dual space of V', H may be identified
with a subspace of V/, and we may write

VCcHCcCV.

Let Hi(—o00,400;V, V') denotes the normed linear space consisting of elements
of u € L?(—o00,400; V) such that |7|i(r) € L?(—00,+00; V'), with the norm

2
a1y ooy ooty = (2o ooy + TR oo oo 2
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where (t) is the Fourier transform of u(t). Let H1(0,T;V,V’) denotes the space
formed by restriction of elements in Hq(—o0,400; V, V') to (0,T"), with norm

HuHHl(O,T;V,V’) = inf'|‘v‘|H1(—oo,+oo;V,V’) such that v = u a.e. in (O,T)

Theorem AS5-3. Suppose that the injection of V into H is compact. Then the
injection of H1(0,T;V, V') into L?>(0,T; H) is also compact.

The following two theorems are used for the study of positive steady-states
in elliptic systems with cross-diffusion. Theorem A5-4 can be found in Zeidler
[241].

Theorem A5-4. Let M and N be two metric spaces and a mapping G €
C(M,N) satisfies the following two conditions:

(i) G7Y(K) is compact in M for any compact subset K of N;

(ii) G is locally invertible on M.

Suppose also that M is arcwise connected and N is simply connected, then G is
a homeomorphism from M onto N.

Theorem A5-5. Let _Q be a bounded smooth domain in RN, N > 1. Suppose
that w € C%(Q) N CL(Q) is a positive solution to A + c(x)w = 0 in 2 subject to

homogeneous Neumann boundary condition with ¢ € C(Q)). Then there exists a
positive constant Cy = C(N,Q,]|c||c0) such that

mazgw < Cy ming w.

The Harnack type inequality in the theorem above is obtained by Lin, Ni
and Takagi [155], Lemma 4.3.

We now consider a parabolic equation with degenerate diffusion. We first
give the definition of solution and upper or lower solution. Then we state a
comparison result in Theorem A5-6.

For Q= (—L,L), Qr =2 x (0,T], Q = Q x R*, we consider the problem:

Uy = U(U)m + f(u) (.T,t) €Q,
(5.3) w(+L,t) =0 t € (0,00),
u(z,0) = up(x) x €,

where n, f and ug satisfy the following assumptions:

Al. n: R — R is locally Lipschitz continuous, nondecreasing and n(0) = 0,
A2. f: R — R islocally Lipschitz continuous,
A3. ug € LOO(Q).
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Definition A5-1. A solution w of (5.3) on [0,7] is a function u with the
following properties:

(i) w € C([0,7] : L)) N L®(Qr),
(ii) [ u(t)o(t) da:—fot(uqbt—l-n( U)¢zz) dxdt = [ uop(0 da:—l—fo u)¢ dadt
for all ¢ € C?(Qr) such that ¢ >0, ¢ =0at x =+L and 0 <t < T. A solution

on [0,00) means a solution on each [0,7], and a lower solution (upper solution)
is defined by (i), and (ii) with equality replaced by < (>).

Theorem A5-6. Let u be lower solution and U be an upper solution of problem
(5.8) in [0, T] with initial conditions uy and ug respectively. Suppose uy < U in
Q, then u < @ in Q.

The theory here is valid if  is a bounded domain in RN and n(u)s, is
replaced by An(u) or En(u) where E is a suitable elliptic operator. The above
theorem can be found in Aronson, Crandall and Peletier [5].

The following theorem considers the existence of solution with prescribed
limits at oo for second order ODE monotone systems in R. They are used for
finding traveling wave solutions for parabolic systems with prescribed limits at
Fo00.

Let wi <w;,i=1,..,n, and G := (v, w; ) x -+ x (w;,wy,). Let F(u) =
(F1(u), ..., Fy(u)); and for each i, assume F; is continuously differentiable in G
with

OF;
,n, k#£1.
Du  k#
Moreover, for wy := (wf, o wl ), wo = (wy, ..., w;, ), We suppose

We consider finding montonically decreasing solution of the problem
(5.4) Duw" + cw + F(w) =0,

where D is a given diagonal n X n matrix with positive diagonal elements, with
the conditions at the infinities

(5.5) limg— toow(z) = Wy,

and c is a constant. Here ¢ is the wave speed of traveling wave solution of the
form
u(z,t) = w(r — ct)

for the monotone system

2
@:Da—wu—i-F(u).
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We introduce a functional w*; with the aid of this functional we may determine
the minimum speed of a wave. Let K be the class of vector-valued functions
p(z) € C%(—00,00), decreasing montonically and satisfying the conditions at
Fo00:

limg— 100 p(x) = Wy

We set
(56) () = sup, S AU
(5'7) w* = infpeK Qp*(p)

Here dj, and Fj are the diagonal elements of the matrix D and the elements of
the vector F' appearing in system (5.4).

Theorem A5-7. Assume that there exists a vector p > 0, p # 0 such that
(5.8) F(ws +sp) >0 for 0<s < s,

where sg is a positive number.(Here, all vector inequalities are interpreted com-
ponentwise). Furthermore, suppose that in the interval [wi,w_] (i.e. for wy <
w < w_) the vector-valued function F(w) vanishes only at the points wy and
w_ in G. Then for all ¢ > w* there exists a montonically decreasing solution
of system (5.4) satisfying the conditions (5.5). When ¢ < w*, such solutions do
not exist.

The above result is shown in Theorem 4.2 of Chapter 3 in Volpert, Volpert
and Volpert [224].
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